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BbnHOBU CBOMUCTBA HA YacTuUUTe
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ExkcnepumeHTanHM aokasaTtesnicTea

Davisson & Germer, 1927
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Oumpakuma Ha enekTpoHU oT
ANYMUHUEB KPUCTAS
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BbnHoBa cpyHKLUMEA U ypaBHeHWE Ha
lipboAuHrep

KBaHTOBO-MexaHN4YeCKWU: Knacuuecku:

md*x/dt* = —9 V/ox

A\\HE

L h* 92w
in =

— = — V¥
ot 2m 0x? T

el

2 ;. _ | probability of finding the particle
WDl dx = { between x and (x + dx), at time .

+o¢
f W (x, t)|*dx = 1.

oo

[1BM>XEHMETO Ha KBAaHTOBA YacTuua ce onucea ¢ Bb/iHOoBa oyHKUmMA Y(r,t).

BeposTHOCTTa 3a OTKpMBaHe Ha KBaHToBaTa YacTuua, KoATo ce onuncea oT ¥(r,t)

B MOMEHT t, B enneMeHTapeH obem d3r oKomno To4yka I, ce gaBa OT kBajpaTta Ha
Moayna Ha BbITHOBa OYHKLUS:
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BbnHoBaTta doyHKuua ¥(r,t) ce onpeagensa ot ypaBHeHneTo Ha LWWpoaunHrep;

in % w(ft)-[- 2 FUf)]s(ft) =He (it )

o}
E-1h— P> -iav r -
ot

Ha Bcska domanyHa BenmnyunHa ce cbnoctaBs IMHEEH epMnToB onepatop. CTOMHOCTUTE,
KOUTO (PU3NYHUTE BENUYMHM MOraT B3emart, ca COOCTBEHUTE CTOMHOCTUN Ha CbOTBETHUTE
nm onepartopun. Mexay Te3um onepaTtopuTe CbLLECTBYBAT CbLUTE CbOTHOLUEHUS W
TbXOECTBa, KakTo M/y on3ndecKkuTe BENNYMHU B Knacmdeckara MexaHuka.

-
r

= —i.ﬁ?XV

—

L=7xDP

{Gi, Pk} = 6k [fi,Pk] =186k =18 (fidk-0kfli)

AKoO [iBa onepaTopa KoOMyTupar, Te umat obLia cuctema ot coOCTBEHM BEKTOpU!
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CpelHU CTOUHOCTU

oo d(x) J in 9 ( 0¥  wr
(x) =f x|W(x, 0)* dx. I =[x§Illf[2dx =5 | ¥o- (IIJ % ax l[l) dx.
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h o
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m,lm

(0) =fw<x,t>*wa,r>dx
BCﬂKa MexaHn4yHa BeJiM4YnHa

MOXXe [a ce npeacTaBu Kato pyHKLMS Ha (Q) = (V] QW)

KoopguHaTtuTe n uMmnyrcuTte, T.e. Aa ctaHe ornepamop. _
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XaMmunToHUaH
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CboTHOWeHWe 3a HeonpeaeneHocT
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BbnHoBA pyHKLUS U BEpOATHOCTTA
UHTepnpeTaums

1) [lBM>XeHNEeTO Ha KBaHTOBA YacTuua ce onmcea € BbiHOBa pyHKUms ¥(r,t);

2) BeposTHOCTTa 3a OTKpMBaHE Ha KBaHTOBaTa 4acTtuua, KoATo ce onucea ot Y(rt) B
MOMEHT t, B enemeHTapeH obem d3r okono Touka I, ce gaBa OT KBagpata Ha moayna Ha
. - - -

BbMHOBA (DYHKLINA: P(Ft)d®r=g*(r,t)e(rt)dr
3) BvnHoBarta dyHKuna P(r,t) Moxe foa ce npencrasn Kato cyma oT BbiiHu ¥, ¥, ¥, ...,
BCsIKa OT KOMTO OnmncBa ornpeaeneHo CbCTOSIHUE Ha ABUMXKEHNETO: & (F’, t ) = Zgzi
i
KakBo e NonoXxeHMeTo Ha Yyactvua ¢ Maca m 1 UMMNYIc P ako 9 pasrnexgamMe KaTo BbiHa?
. N 1 i > > ]
2 (Pt) = Aer (BB ) - ae (P der < [APde

He 3aBucK OT I = BCUYKM TOYKM B NPOCTPAHCTBOTO Ca PaBHOBEPOATHU!
KakbB e MMNOYJICBHT P HA YaCTuua € Maca m, JIoKarnm3npaHa B TOYKa, ako A pasrnexgame KaTto BbJTHA'
BescmucneH Bbnpoc! A = h/p KakBa e abmkuHata Ha BbiiHaTa B TO4Ka?!

ED,HOBpeMeHHOTO NOo3HaBaHe Ha P U I 3a KBAHTOBUTE CUCTEMU € HEBB3MOXHO — TOYHOTO
n3mMmepBaHe Ha eHa OT Te3n BEJIMYNHU BHACA HeOornpeaesnieHocCT B ,u,pyraTa!

o A A
AXAP 2 — AEAt > — Al Ap 2 — CbOTHOLLEHWS 3@ HeornpeaeneHocT
2 L 2 S 2 Ha XanseHbepr
g(f) = . |A[K) e ¥ &k R o
( ) 2 703/2.[ ( ) A(k) - (Z:L)g/zjg (I:’) el kr d13r
JT

|A (EO) |? Viodern Pn)gl'&alz_Q}F?—ﬁ(Il%)



EaHOMepeH cnyuan

HepenaTtuBucko npnbnuxeHme — ypaBHeHue Ha LLpognHrep —yactmua ¢ maca
m B noteHunan V(x)

ik 0 t B \% t) =H t
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X D=y(X)T{) = I[-ﬂ dx—zzp(x) +V (x) ¥ (x)] = T =E
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[- o dx2 T V(X)] ¥ (X) = By (X)  OT rpaHUYHMTE YCroBUS = el
d \Et Lim.o[¢ (a+€) -4 (a-€)] =0
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CsoboaHa yactuua V(x)=0
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“TbNKOB NoTeHuman, E>V,

...... :6.. .1:1 PUPI AP --‘..-2‘ ...“Z..' .6...... E e
. . 2 mE
o Y1 (X) = A.e ik X + B. e_nklx, k 1 = A\/> 2

d? Yo (X 2m (E-V
2()=_ ( 0) Uy (X)

dx 2 A2
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X,=0 W (X) = C.eteX petkeX |, =\/ -
A
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Limco[¥ (O+e) -4 (0-€)] =0

dy (X dy (X
imeo (S5 2) () Je0 kiA-B) = ke (C- D)
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B=A =
1+ko/kg 1+Kko/kg

KoedumumeHT Ha npemMmnHaBaHe
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CtbnKkoB noteHuman, E<V,

........ VN

2 mE_
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TTpasobrbnHa 6apuepa, E>V

X=0

X=a

g1 (X) = A etiX B e KX ki - V2 mE/ a2

Yo (X) = C. eikeX  p e‘ik?x, Ko = \/2 nm (E-Vp) / &2
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TTpasobrbnHa 6apuepa, E<V;

» @ @

X=0 X=a
J1 (X) = A etkix . B, e‘iklx, ki = \/2 mE / A2

2 1 V2 .
| Al 1+ 5 = (vg_E) sinh 2 (ks a)
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“beskpaviHa noTteHumanHa ama

X<0U X>a
V (X) { 0 O<x<a
¥ = A.Sin(kx) + B.Cos(kx) k* = & ”2E
paHWYHKN yCnoBUS: !
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KpanHa noteHumanHa ama

gy = A eKLX P
U = C etkeX [, eikeX ko= V2 TME/ 52
Y3 = G e‘klx

[‘paHn4YHM ycnoBug:
a.Tan (@) = V-2 P = m§a’/2n°
—a. Cot () =V -2 a=kyas2

| |
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XapMOqueH ocumnamp
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BZBKPGMHG noTeHumanHa sma - 3D

o X, Y, Z<0 X, Y, Z>a
V(X) = { 0 O<X, X, ¥, Z<a

2\3 o ngmxy . g Nyny, N, nz
gnx,n y,nz = (g) S'n ( a ) S'n ( a ) S'n ( a )
as xl
2 2 2
En n v.Nn = (nx + N + nz )
Xt byt z 2 mEZ y
Nx, Ny, ny =1, 2, 3. ...
OCHOBHO CbCTOSIHME 3 .ﬁz 7'('2
=1 ny=1n=1 = Ei11 = >
MbpBO Bb30OYAEHO me
nX=2;ny=1;nZ=1 6h27l-2
nX=1;ny=2;nZ=1 — 511 =
nX=1; n\/:l, nz=2 2mC2

BTopo Bb36yaeHo

nX=2;ny=2;nZ= 91;1271.2
nx=1;ny=2;nz= — 52’1 =

nx=2; ny=1, nz= ng
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LleHTpaneH noTteHuuan
V() = V(r, 6 ¢)=V()
Cdepunynn koopanHatu: {x,y,z} = {r.cos(y)sin(#), r.sin(¢)sin(6), r.cos(t)}

|> e nHTerpan Ha aBwxeHuneTo, T.€. [H,1?]=0

_\=rxp -in | x y z §[|x,|y]=if1|z ' Py
| = -1AT xV | Ox Oy Oz | /
122 (PxP). (FxP) = r°p-T (7.P).D +2iar7.p - r2p2+1%12r26_2 s 2o 2
. D). . - -
o o 2 |2 f12 3 5
122 02p2 w2 2 (2 ) = 1. P - e =
or \ ar ) 20 2m2  2m2 ar ( ar)
[ ne o (26) - V(f)]tlf Byl ¥ (r, 6, ¢) = R(r) e (e) & (¢)
- o~ + + = ' ' =
2mr2 ar or 2 mr2
1 d . o 1 &2
120 = 8% 2 12 -p2{ Sh (8) .
v v {Sln () ae( ()ae)+S|n2(e) a¢2}
1 a .. 3 1 8°
S = A
Usn (©) ae( " e ae)+8in2(e) og2 1 ¥ =AY
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LleHTpaneH noteHuman - brnoea 4yacT

1 d (. 1 &
: Sn (e _ =2
{S|n (6) 86 ( ©) ae)+ Sin 2 (e) a¢2}w v
Y (6, ¢) =6 (8) & (¢)
2
& e +IJ|2§ =0 ey (¢) = et
d¢? VE3
21 +1 (I - 1 Yo
1 d ;. de u o, (0) = [T LTHITH (g
_(S|n6)+[)t— _ Je = 0| A=I(+1) 2 (l+u)
sn e de de sn 2e
=0,1,2,....4=0,#£1, £2,..., H
§u| (¢) ®u| (9) = Y|[1| (9, ¢)
|2Y|[J (el ¢) = 'ﬁzl (l +1) Yl[.l (el ¢) IZYll.l (6! ¢) = huY“.l (6! ¢)
Yo= _
® A
Yi1-1 =\[§e‘”’8in (6) Y10 = 43; Cos (e) Y11 = -\/8?; e"?*Sh (o)
Y2_2 = Y2_1 =\/7§_57r_e—i¢(:os(6) Sin (e) YZO =\/‘;E—35_7: (3C082 () —l) Y2+1 = —\/_SI?;_@WCOS(G) Sn (e) Y2+2 =
=T 3a BCcsAKa CTOMHOCT Ha opOuTanHoOTO KBaHTOBO 5 s 2
= [ 2 g2itgp?2 (6) =,/ — e °3n“ ()
D 7 yncno (I) cewectsysar 21+1 peweHnsa cBbp3aHn C R

MarHMTHOTO KBaHTOBO Yncro ( m,)Modern Physics 2012— 4(24)



TR

TTnbTHOCT, ONpeaeneHa OT braoeaTa YacT

e 3a BCEKU LeHTpPaleH norteHuunarn rorneMmHarta Ha Op6VITaJ'IHVIFI bl10B MOMEHT €

006p0o KBAHTOBO YNCNO: d2)=h?1(1+1), 1=0, 1, 2,....
CnekTpOMETPUYHN O3HAYEHNS
I o) 1 2 3 4 5 6
CUMBON s p d f g h i

*Bb3MOXHO € fa no3HaBaMe caMo eaHa OT KOMMOHEHTUTE Ha opbuTanHMsa bLIMoB
MOMEHT

|, = am, m=0, £1, £2, ... .# _
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TTvneH brnoB MOMEeHT U YeTHOCT

HyknoHuTe (MPOTOHN 1 HEeYTPOHU) MMaT BbTpeLleH cnuH 1/2

(s®) = h®s (s+1) j_\=TA+'§

<Sz> =f1rrs rT3=il/2

(J2y =8°) () +1)

(Jz)y =z +5sz)y = Am; m = -}, -] +1, ... ;] -1, ]

N = M+ Mg =m £1/2 mo=21/2 2372 ¢5/2, .. |} =1 +1/2 wm | -1/2

OsHavenus: | N | j 1815 1P 1Py, 1dgp, 1dgy, 254, Ly, 1fsn 230 2P1)0 19g, 2d5),

(X -X) (r_)r 1 A N Ay 2 Ay (2
|16s>m-06| V() =V (-T) |¢¥(@) | = |¢(-T) |

=N -

r=-r 1y--yj| | |
\z5-2) \¢po>n+¢)
- N 7 2
my () = wy (-T) Iy () = 7%y () T = +
U, 6 ¢) = RI)Yim 6, ¢) TV 6, ¢) = Y (7-6, ¢+7) = (-1)' Yin (6, ¢)
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LleHTpaneH noTeHuUman - paauanHa YacT

o o (" ) * o *VO1Y=5 ¥ (10 9) = R(1) 0 (0) 2 (9)
¥y (r, 6 ¢) =R(r) Y (e, ¢)
h¢ (dZR 2 dR) | (I +1) A }
A el I [V(r) + e ]R=ER

AnTepHaTuBeH noaxon
( o) ) 1 8%y 2 u
+

Sin (6) — | + —
a6 r2Sin2 (e) 06¢2 h2

(V(r)-E) ¢ =0

1 o ( 5 az//) 1 o
— —|r +
rz or ar r2sSin (e) aoée

g (r, & ¢) =R(r)Y (e ¢)

Y d , R R _ oY R °Y 2u
—_— — (r )+ _ (Sln (8) —)+ + (V (r) -E) RY=0
rz dr dr r2Sin (e) oe 06 r2sin?2 (g) 0¢2  h?
Y (6, ¢) =0 (0).8 (¢)
Sin () d _ de 1 d?s _
d dRY 2u (s 2. - A.Sin 2 =0
2 N e oln ) =
dr (r dr)+f12 (V(r) -BE) R-AR=0 e de \ ()de}+§ de? ¥ (6)
Sin () d , de .
1 oY R 0%y S — |+ - -B-=
. (Sin (6) )+ . AY = 0 5 %o (Sm (8) de) ASin “ () =-B=0
Sin (e) o&e 06 Sin2 (g) 0¢2
2 B =m?

A=1(+1) % ‘3;

=)



beskpanHa noteHumanHa ama - 3D

| (I +1) ac

nc (d°R 2 dR
__( +__) [V(r) + |R=ER
2m \dr? r dr 2 mr2
U(r) = IR (I’)
1.4 flz " ﬁzl (I +1) _ 2 mE
_ﬁu + > u = Eu o = kr = = r
2,1
d?u (p) I (I +1)
f——— 4 ——— U (p) = U (p) u(p)=‘/;~](p)
dp? P2
= d? d ?
J (o) J (p) ( 1]
2 | + — J =0
e dar +[p+\+2}] (o)

=
N

[E
[HEN

j1 (ka) =0 {&h} Eqy =

n = 1 2 3 4
| =0 (&%) = 3.14, 6.28, 9.42, 12.56,
| =1 {&}} = 4.49, 7.72, 10.90, 14.06,

[N
=

N
(9]

N

2,2

21+1 n3paxxgaHe no m,
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LleHTpobexeH noTeHuman

P()d = j|¢|2dv - r2| R(r) |2dr J-SinedleJ. | Yin |2d1¢ = r?| R(r) |%dr

~ ™
e T e ] ]
2 ke o.8f [ [ P(r) 0.4 1.25
B I T B N IR AR R (R A e
S TAVRVEIEE: B CRN
. f | ] ' 0.1 .
-0.5 O’f l\\j \ O'—/ - ’ 28
0 0.20.40.60.8 1 0 0.20.40.60.8 1 0 0.20.40.60.8 1 ,
n=2 =3
2.2 1.5 8'% z
: 1.25 .
1.5 Ji(kr) 1 0.5 1.5
1 0.75 8-% 1
0.5 0.5 . .
0 0.25 P(r) 0.2 Ji(kr) 0.5
-0.5 ~N 0 0'% 0
0 0.20.40.60.8 1 0 0.20.40.60.8 1 0 0.20.40.60.8 1|=9 0 0.20.40.J50.8 1
n=1 -
1.75 3 22
1.5 2.5 0.8 -
1.25, > 0.6 1.5
_ 1.5 0.4
0.75 1
.ef Jy(kr) 1 P(r '
0'23 | 0.5 () 0'§ JI(kr) 0.5
0 0 l==
5 0.20.40.60.8 1 5O 02040608 1 0 0.20.40.60.8 1 0 0.20.40.60.8 1
=1
n=0 n2l (l
+1)
I=0-const Vg =V (r) + n=0- const
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CpepuyeH XxapMmoHUYeH ocumnatop

T+
4s, 3d,29,1i

3p, 2f.1h 5,

1
V() = Emw%rz

d? R 2 dR 2mE mwj I (1 +1
R A _ °r2-—(+)]R=ER
dr 2 r dr h2 h2 r2
3 Mwo »
RocF(—n,l P r)
2 n2
3 S
Eq =f1wo(2n+| +2) = h wo (N+2)
n=0 1 2 3, . . - paoMaiHO KBaHTOBO WICJIO
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