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SUSY

We are looking for non trivial unification of internal and space-time symmetries
If P is the Space-time group of symmetry

lp..p,l=0 lp.J.)=n,P-n_P)
o d=-n g.0,0.-1,J.-1,J.)

And G is the internal symmetry group

[Tr’Ts] - fmtT’

Coulmen - Mandela No-go theorem

If P and G are Li groups, it is not possible to find group SG, for which G < SG and
P < SG, different from G ® P

l.e. trivial unification

The way out — use something which is not a Li group ?!

Haag — Lopushanski - Sohnius
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SUSY

The solution is a new kind of symmetry — between fermions and bosons
Group - Super group — new spinor generators

Super Algebra — commuting and anticommuting generators

Q,F>~> |B> and QB> > |F>

SM particles form supermultiplets

Equal number fermions and bosons — new particles

However particles in one multiplet have equal masses

Supersymmetry should be broken

Leandar Litov BSM Sofia, May- June 2006



SUSY SM

spin 0 | spin 1/2 | spin 1 | SU(3)¢ | SU(2), | U(l)y
'ﬁ'L:&L ur,dr 3 2 +%
Up UR 3 1 +§
dr dr 3 1 -2
v, €L v, €, 1 2 —1
ER ER 1 1 —2
HI H® | ht R 1 2 +1
HY,H; | A%h; 1 2 —1
g g 8 1 0
wt, o’ | WE, WO 1 3 0
b° BO 1 1 0
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Dimensions

Lets consider the dimension of the variables and fields:
p=m' [dx]=m'  [3,]=m

Action should be dimensionless i.e.  § = jd4xL(¢,8ﬂ¢)
From[S]=0>  [L(#,0,)]=m"

Scalar field: from I ~ aﬂ@w > (6] = m
Spinor field: from L ~yo“yy > [¥]= 32

Vector field: same like scalar one [Aﬂ] =m
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Supermultiplets

Let us consider the scalar field first, and tentatively define
0 =71 0" =1
where 7 is a constant, infinitesimal, anticommuting spinor. Then
0Ls = (8"9) (Bud)n + 7 (8"¢*) (8u¥))

How does ¢ tranform? §v must be left-handed, linear in n, and
must contain one derivative. Only one possibility (up to a
proportionality factor):

0 = —i(Oud)¥'n  OY =iny"Oud"
which tells us that 5 is right-handed, Prn =7, and gives
8Ly = —0(0u™) ¥*7 00 b + ¥ 7"1"0, (Bud) n
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Supermultiplets
Using {v*,v"} = 2¢*" and 0,0, = 0,0, we get

0Ly = —1(0.0")(0"Y) — (0u¥) (0"¢) 7
—10,[(0u8*) Y7 9] + 0 9u[(8"¢") ¥l + B (¥ 0" )

The first row cancels against §L,;, and the rest is a total derivative.
So,

d / d*z Lepizal = 0

Not yet enough to declare that L. 18 supersymmetric: we must
check that the commutator of two transformations is a symmetry
of the theory. For the scalar fields we find

(6??16??2 - 6’*’?26'4'?1)§fJ — _(ﬁ2 ’}'” M — T 'T” ??2) 'ia.uqf’

Good news: td, is nothing but the four-momentum operator P,,
the generator of space-time translations, a symmetry of

space-time. .
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Supermultiplets

Now consider the fermion fields. After some tedious algebra,* we
get

(67?167?2 - 6’?26??1)w — _(ﬁ2 'T” m —h 'T” ??2) ?:apnw
1 .
5 (" m = " n2) in.d o

The first term is similar to what we got for ¢, while the second
one vanishes on the mass shell,

@y = 0.

OK, but it might be useful to close the algebra even off shell.

* For those who wish to try: you need the Fierz identities (and some patience).
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Supermultiplets

This can be done. Let us introduce an auxiliary scalar field F', with
the lagrangian

L,=FF

2

(note the unusual dimension: m” instead of m). It is harmless: the

equation of motion is F' = (0. Now assume
SF = —ify" 0,00 6F* =i0,0+"y
and modify the fermion transformation rules as follows:
8¢ = Pp[~i0u¢v"n+ Fnl 8¢ = [iny"0u¢" + 7F"] Pr

(which amounts to nothing, because the auxiliary fields vanish on
shell).
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Supermultiplets

Things start getting complicated:

1. We can no longer assume that Prn = 1, we must promote it to a
full four-component spinor. In order not to increase the
number of independent parameters, we assume it is a Majorana
spinor:

2. We now have to write explicitly the projector P;, in front of v,
in order to keep ¥ left-handed.

Nevertheless, let us press on ...
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Supermultiplets

... It is immediate to check that
Echiral = ‘Cs T ‘Cf T ‘C’a

is our first supersymmetric lagrangian (not very exciting: it’s a
non-interacting theory), invariant under the transformation

0p =Ny 6¢* =¥
5¢ = Pp [—i0,0v"n + Fn &p = [iny"0.0* + 7F*] Pr
OF = —iqy* 8,9 SF* =i0,~"n

with

(0, 0n, — 09,00, ) X = —(2 ¥ Prm — m Y Pr72) 0, X
for X = ¢, 4, F', both on and off the mass shell. This structure can
be replicated for an arbitrary number of chiral supermultiplets.
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Supermultiplets

The same results they take a much simpler form when recast in
Weyl language. Define Weyl spinors through

Y — v n—

0 —€en

Recalling the definitions of v matrices, we get
0 =Ny

0y = —i(o¥en”) Oud + Fy
SF = —in' 6% 0,0
and

(6??16??2 - 6??26??1 )X — _( Ia.,u e — "'?; ot "'?1) 'ia.uX
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Supermultiplets

Why do we need auxiliary fields? Count fermionic and bosonic
degrees of freedom:

e on shell: ¥ has two helicity states (it is a Weyl fermion): ny =2
¢ is a complex scalar: n, = 2

e off shell: 3 is a complex two-component spinor: ny =4
¢ is a complex scalar: n, = 2
F is a complex scalar: n; = 2

Without the auxiliary fields, the counting rule ny = n; would be
violated off the mass shell.
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Ordinary symmetries: a reminder

Consider a lagrangian density

L(¢,09)

functions of a set of fields ¢;,7 =1,...,n. The transformation
Shi = WATA%, (TA)T — T4, [TA! TB] — jfABOTO
is a symmetry transformation if
5£=¢%Mq%:5ﬂ@=5/ﬁ%£=o

As a consequence, a set of conserved currents exists:

oL .
Doy

oIl =0; J2=The;

QA(t) = / Frlitx)y LQAw) =0 [Q40QP] =if*BoQC
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Superalgebra

The same procedure can be applied to our supersymmetry: a
straightforward task.

The supersymmetry charge ) (a Weyl spinor!) is the space
integral of the 0 component of a conserved current J,,.

One finds that its components obey the anticommutator algebra

{Q,Q"Y=20"P;;  {Q,Q}={Q",Q'}=0

as anticipated.
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Superalgebra

Field representations

Leandar Litov

Field theories, describing the interactions of fundamental particles,

are invariant under Lorentz transformations

Lorentz Group is equivalent to SU(2); x SU(2)g, and therefore

Lorentz group representations are labelled by two indeces (m,n)

Spin O-scalars have (0,0)
Spin 1/2 fermions (1/2,0) (left-handed) and (0,1/2) (right-handed)
Spin 1-vectors (1/2,1/2)
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SUSY Irreducible representations

Additional to J,.,, and P, spinor generators

0, . Oz, rs=12.,N

The N —extended supe’ralgebra IS

{0,.05}=10,,.0;,}=0

[P,.0.1=[P,.0;,1=0
[P,.P,]1=0
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Irreducible representations

From [P,,0,]= [PmaQﬁ,s] =0 jtfollows P2 is a Casimir Operator

= P2 = M? all members of the multiplet have equal masses

Massive Irreducible Representation

Let us consider representation with P2 = - M?
In the rest frame we have P =(—M0,0,0)

(Q:-05,)=2M5 5

{0,.05}=10,,.0;,}=0
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Irreducible representations

Let us introduce new operators
d =] (@) =0,
o W o and o W a,r

They are creation and annihilation operators satisfying
{a,.(ap)"}=2Mo .0,
ap

{ag.azt=1{(a,)".(az)"}=0

Let us define Cliford vacuum Q

a’ Q=0  PQ=-M’Q
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Irreducible representations

where €2 transforms under some irreducible representation
of the Poinkare group. Then the states

1
Q(l’l)Oﬁ ..... a, :_(a21)+.“(a2;n)+£‘2

n r
190> n
\Nn

form irreducible representation of the N'— extended supergroup
Due to anticommutation of the creation operators the supermultiplet has finite

dimension
2N 2N (2N

For every n we have ( j states and d=Y ( j: 2N

n =0 \ 1
As a result we have the same number of bosonic and fermionic degrees of
freedom

. . L 1

The maximal spin in the representation is s=—N

2
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Irreducible representations
Example N=1

s=0 s=1/2 1 s=0
Q  (a,)"Q, ﬁ(aaﬁ(aﬂ)@—Ts”’ﬂ(ay)*(ay)@

if € ; transforms under irreducible representation with spin j
Then the supermultiplet includes states with spins (|, j+1/2, J-1/2, |)
For N=1 and N=2 we have the following multiplcities of the IR
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Superspace

Superspace

e In order to describe supersymmetric theories, it proves convenient to

introduce the concept of superspace.

e Apart from the ordinary coordinates z*, one introduces new

anticommuting spinor coordinates #% and f; [0] = [6] = -1/2.
e One can also define derivatives

{0,053} =0; 000 =0;, [0Q,0Q] =2005"P,
5

% = g

B 0P = 6%, 8.(67635) = 26, (14)
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Supersymmetry representation

e Supersymmetry is a particular translation in superspace,

characterized by a Grassman parameter &.

e Supersymmetry generators may be given as derivative operators

Qo =1 |—0p — 000, (15)

e Superspace allows to represent fermion and boson fields by the same

superfield, by fields in superspace

e The operator
D — — U4 + iﬂg“c’?ﬁ
commutes with the supersymmetry transformations.

e So, if a field depends only on the variable y* = z* — i@, the

supersymmetric transformation of it depends also on the y.
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Chiral Fields

e A generic scalar, chiral field is given by

®(z,0,0 = 0) = A(z) + V2 0 ¢(z) + 6> F(z)
®(z,6,6) = exp(—i8,05"6) ®(z,0,0 = 0) (16)

e A, 1 and F are the scalar, fermion and auxiliary components.

o Under supersymmetric transformations, the components of chiral

fields transform like

SA = V26, OF = —ir/2E5+8,,4
5 = —iV20"€8,A+ V2UF (17)

o The /' component transforms like a total derivative.
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Expansion of Chiral Superfield

e In the above, we have only used the form of the chiral field at § = 0.

o However, for many applications, the full expression of the chiral

superfield is necessary. It is given by

B(z,0,0) — Alz) +i0" A(z)00,0 — iE?EA(:r)QEgE

2

+8u(x) —I—i%a“ﬂb(x)cr“é—i—ﬁ'(:c)ﬂg (20)
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Vector Superfields

e Vector Superfields are generic hermitian fields. The minimal

irreducible representations may be obtained by

_ L 1 .
V(z,0,0) = — (60"0) Vi, + i6°0X — i6°0A + S0°6°D  (21)

e Vector Superfields contain a regular vector field V,,, its fermionic

supersymmetric partner A and an auxiliary scalar field D).

e Looking at the form of (), it is easy to see that the D-component of

a vector field transform like a total derivative.

o D=[V]+2;[V,] =[V]+1; [A] = [V] +3/2. If V, describes a

physical gauge field, then V]| = 0.
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Masses and non-gauge interactions

It can be shown that the most general renormalizable
supersymmetric term has the form (in Weyl notation)

1
Lng = —5 Wi piv; + Wi ks + hee.
where )
ow W
W; = Wij = 7 —
0¢; 0¢i0¢;
and W is the superpotential:
1 1
W = §Mij Gi0; + o Visk PiPj Ok,

The constants M;; and y;;;, must be totally symmetric in their
indices.
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The equations of motion for the auxiliary fields F; are now

§ 1
Ff = —Wi = M;; ¢; + Sijn ¢

and therefore

1 1 * * vk *
LogtLa = —5 @j¢@¢j—§mj¢g¢;+mF@+mF@—Fm‘Fﬁ

1 | S .
=~ Wi it — o Wi olg] - Wi W,

The scalar potential is entirely determined by the superpotential:

Vig) = WiW/ =FEF;

= M;;M;o;¢; scalar masses

1 * * Ik 1
+— Mijyﬂm ‘;équl Qsm + §

9 Miyiie 056101 trilinear couplings

1 . . : :
+£_1 YiikYitm OOk D] O quartic couplings
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The remaining terms contain mass terms for the fermions and
Yukawa couplings:

1 1
s Wty — Wl =~ My — —MWN:?

1
o %jk Qi Ve — — 'ymjk qé%'l,b ")bk

Many interaction terms, but couplings related by supersymmetry.
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Some comments:

e The scalar potential is positive semi-definite: (almost) no
problems with the stability of the ground state.

e The quartic scalar self-coupling and the fermion-fermion-scalar
Yukawa coupling are related: Ag = |\ f|2.

e It is easy to check that scalars and fermions have the same
squared mass matrix

(M?)i; = Mix My
which is symmetric and can be diagonalized.

e The analiticity of W requires the introduction of two Higgs
doublets in the supersymmetric version of the Standard Model.
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In summary, we have the following
Recipe

for non-gauge interaction terms of a set of chiral supermultiplets
¢£: T)bir F@:
1. Give a superpotential

1 1
W = §M@j QS@QSj i é‘ym‘jk ¢i¢j¢k:

with M;; and y;;, completely symmetric.

2. Build the interaction lagrangian as

1
Lng = —5 Wy Yip; + Wi F; + hee.
where ,
oW oW
Wi= Wi; =
O 0¢i0¢;
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Gauge interactions

A gauge supermultiplet contains a vector field A}, and a Weyl
fermion A*. An infinitesimal gauge symmetry transformation with
parameter a® acts on A% as

6gauge)\m =g fﬂ.bc}\bac

a=1... 8, fec fgg}’(g) and g — g, for color
a=1,...,3, f*¢ 5 2% and g = ¢ for weak isospin
a=1, f* 5 0 and g — ¢’ for weak hypercharge.

Counting fermionic and bosonic degrees of freedom, we see that we

should add one real scalar auxiliary field, D® (off shell, n; = 3 from
A, and n; =4 from A). Then

1 1
Loauge = — 3 Fa F** + ixt gD, A + 5 D*D°

where
D”)\m _ 6”)\“' . gfmbcAﬂAc
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The corresponding supersymmetry transformation laws are easily
worked out, requiring that §Af be real, and §D* proportional to
the equation of motion of )\*:

1
a __ — \a at =
4y =~ (70 A% + 2% 5,1
g n FS, +2_pey

oo

V2 V2

44 i — (4 ‘L —
6D -~ 7% (7" D, A* — (DA% 5 5]

SA® = —

With these definitions,
(6??1 67?2 - 67?2 67?1 )X — _(?ﬂ ot 2 — ?}'; at ?}.1) iDﬁX

on X = FJ

pv?

A%, D®,
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Back to the chiral supermultiplet X = ¢, ¢, F'. All of them must be
in the same representation of the gauge group:

6gaugeXi = i ga” (Tu)ij X

where 7% are the generators of the gauge group in the
representation of X. Ordinary derivatives must be replaced by
covariant derivatives everywhere:

Oy — Dy =0, +igA%T®

Is this enough to turn our simple model into a gauge-invariant
supersymmetric theory?
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Not quite: there are other possible gauge invariant and
renormalizable terms that can be formed out of the fields in the
gauge and chiral supermultiplets:

qs* Tﬂ;'l)b)\ﬂ; (qé* Tﬂ;qé)Dﬂ;
They are not taken into account by the covariant derivatives,

because they involve the superpartners of the gauge fields.

They can be added to our supersymmetric lagrangian, with
appropriate coeflicients, provided the transformation laws of the
auxiliary field F' is slightly modified:

0p =Ny
oY = —i(oten™) D, + Fn
SF = —in' 6% D,y + gﬁ(T%&)A”fﬂ*
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Then
L = Lanuge + Laninal + 92 (¢" T* 9 2* + ¢ T2 ) + g(¢" T° ¢) D"
is supersymmetric, provided the superpotential is gauge-invariant:
Ogauge W = W; (Tm)m‘j ¢; =0
The equations of motion for D® are now
D* = —g(¢"T" )
and the scalar potential becomes
V(g) = F{Fi+ o D°D® = WyWi + _g*(6" T" 4)(¢" T° 6)

completely determined by the auxiliary fields. This fact is relevant
for the discussion of spontaneous supersymmetry breaking.
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Couplings in a supersymmetric gauge theory

v o . ¢

: 1 N'-\.*\N ,{f k
(I) - ::-c:
. ,/’ b
k ] ,-f \"-\.l
'} ¢ - 0
(a) (b)
Yijk YijmYeim
i 0
| Fige
1 f" . . . .
vy TN Y L e e Y (I) L e x——e— (])
r\k (])
(a) (b) (c)
M;Yjkm M;; M
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Gauge couplings

0

A A A A ,
- /7/ ’
A A <
\YN
A A A A S 0
(a) (b) (c) (d)

P P A 4
A ANNANNL <’
RN “* AN
v -0 V0. ~ ¢
(e) () (2) (h)
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Soft supersymmetry breaking

The most general soft supersymmetry breaking lagrangian is given
by

* 1 [ A 1 1
Leoty = —(m?)ij¢id; — (§ my A“AY + 2 bijPid; + e AijkPiP; Pk + h.c.)

It can be shown that a theory with exact supersymmetry, plus
Lsopis 18 free of quadratic divergences.

In principle, there could also be

1

) CijkP; 93P + h.c.

Usually negligible in most supersymmetry breaking scenarios.
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A word on gaugino masses. A mass term for a left-handed Weyl spinor
£l et +he.

is called a Majorana mass term. It is allowed by Lorentz invariance, but
generally forbidden if £ belongs to a complex representation of a gauge group.
A simple example: a phase transformation §¢ = iaé. Matter fermions in the
Standard Model (with the possible exception of a right-handed neutrino)
cannot have a Majorana mass term.

The case of gauginos A\? is different: they transform according to the adjoint
representation,

Jga,uge Ag = g fabc’\bﬂfc

which is self-conjugate. This gives

Jga,uge ()‘EE)‘G) = g fabe e ()‘EE/\G + /\EE)‘b) =0

because f,;. is completely antisymmetric.
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