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BDC!B E;F�GIHKJLF�MON�HKJLPDG N�Q R S�NUTVGIPIHKTUS
W1XZY\[^]`_ba`X#cedfcg[�X�dh[^i�_hXZYkjldh[^ikXZXmceXZ[onhp`_hXZYUqerh]h[^ikXmcZ]fcZd`ikX�q�[mstq�]hYvuLY�X�[

ikY�[orh_`i�q^cZX@i�wmstqZY\phXZ[o]h_
xµ ≡ (x0, ~x) = (x0, xi) = (x0, x1, x2, x3) xzy ]h{�|bs

ph_hXZY~}Z��p`q�_
µ, ν, σ, τ, ...

rh]h[�}�a y q^cZX�i�XZ[^�`d�[oikX�_hXZY��h���������
�o����pbcmXZ[
xµ ∈

M
4 �V� Y�]fcm}^[�X�_fu q1X � dfcZ] �g� Y\ikX�Y\ikX�q�Y\d`c � i�_`ikXZYvuOc~u�Y\]hd`_�Yk�l_`dh_`|`_��

�9�
~

� � � W XmcZph{�q~i�j`��n`c��
x0 = c.t = t

��c
xi

i\c�rh]h[^ikX^]`c�dhikX^qZY\d`_�s
XZY�p*[�[^]^�-_`d`cZX�_ x i = 1, 2, 3

� �`� pbc#j-cZ]`d�[^XZ[�r`]�[o_b vq�Y��lY\dh_hYed`c¡�-q^c@qZYvp�XZ[o]`c
ikY¢�lY\£(_hd`_h]fc9rh[^i�]hY��-ikX�q�[ou¤uLY�X�]`_hn`d`_ba¥XZYvdb \[o]

gµν
��p*[^�hXZ[¦ �c

M
4 _fuOc

i�j`Yk�ld`_ba§q^_��¨�

gµν =




1 0 0 0
0 −1 0 0

0 0 −1 0
0 0 0 −1


 x � � �#�

s2 = gµνx
µyν = xµyµ = xνy

ν = x0y0 − xiyi , x � � �^�
xiyi = ~x · ~y = x1y1 + x2y2 + x3y3 x � � �*�

]
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s2 ¸ _`d�X�Y\]hqoc#jf{¹X�u�Ykº@�`��ik{»}o_�X�_�ahXmc~i�wmstqZYvp�XZ[o]h_

xµ _
yν ��¼ {��½pbcZXZ[

xµ = gµνx
ν ��XZ[

x0 = x0 �D_
xi = −xi ��¾ c�uLY�X^]h_`nhd`_�a�X�Y\db v[^]�_`uDc�uLY

]`c�qZY\d`ikX�qocmXmc��
gµν = gµν gµνgνρ = δµ

ρ x � � wb�
¿ i�d�[oq�d`_�X�Y(£(_b �_hn`dh_Àq�Ykjl_hn`_hd`_ÀikYU[orh_`i�qocmXÁr�[oi�]�Yk�likX^qZ[ou¥wmstqZY\phXZ[o]h_,�

d`c�rh]`_`u�Y\]¡q�Y\p�X�[^]@d`cÂYvd�Y\] y _�ahXmcÂ_¡_fu�r���jli\c
p = (p0, pi) = (E, p1, p2, p3)

�

BDC³Ã E;F�Ä»GDÅDFgQ�Æ,Ç�PÈQONUSÉ NgQ ÊËGDFUÄ»NUÌ
� rh[ouL[oÍÎXmc(d`c(r`]�Y�[^}^]fc# \[oq^c�dh_�ahXmc�dfcgÏe[^]hY\dh|ÁikY�[^ik{�Í¡Y\ikX�qZa`qocmX�r`]�Yks

Ð [v�l_9uLY�ºÑ�f��p*[^[^]^�-_hdfcmX^dh_Òi\_hikX�Yvu�_ �Ó¼ Yk v_ÔX^]`c�dhi�£g[^]fuOc�|h_`_Òrh[��lY\£(_hd`_�s
|h_�aÀ �cZrfc# �q^cmX¢i�pbcmjlc�]hdh[�X�[Õrh]h[^_� vq�Y��fYvdh_hY x uLY\X�]h_`pbcmXmco���fX � Y � x.y = inv �

A′µ = Λµ
νA

ν x � �%Ö �
_

A′.B′ = gµ νA
′µB′ ν = gµ νΛ

µ
τ Λ

ν
σA

τBσ = A.B = gτσA
τBσ x � �Ø× �

¼È� Y � Í¡Y�_`uOc^uLY^�
gµνΛ

µ
τ Λ

ν
σ = gτσ ⇔ Λµ

τ Λµσ = gτσ ⇔

Λµ
τ Λ

σ
µ = δσ

τ x � �%Ù �
_bjl_K�

ΛTgΛ = g x � �ØÚ �
Û¡c¡]fc#  y jfY��-c^uLY��-qZYgp*[^[^]^�-_hdfcmX^dh_Ài�_`ikXZY�u�_

O
_
O′

iU�oi�rh[^]hY��-dh_7p*[�[Zs
[^]^�-_hdfcmX�d`_Ü[^i�_ �



¬Ý®ßÞ\®eà�áâµ�²#ã�¿�ã�µ!±�ä�à�áàÃ#°lå�æ ª µuÃ�ç�Â{Äþ¿oè
Ã�é �$�

êUY\pbc
O′

i�YÂ�lq^_bº�_Ài�r`]oafu�[
O

]`c�q�dh[ouLY\]`dh[@ik{�ii\p*[^]h[^ikX ~V ��d`c�ik[^nhY\dfc
r�[U[oikXZXmc

x �#¼ [ y c�q^c�Y\dhY\] y _ba`X#cÂ_@_fu�rb�#jli\cÂikY�r`]�Y�[^}^]fc# ���qocmX�rh[^i\]�Y��-ikX�q�[ou
£�[o]`u��#jl_�X�Y^�

E ′ =
E − (~V .~p)√

1− V 2
x � �Øë �

px
′ =

px −EVx√
1− V 2

, p′y = py, p′z = pz x � � �\�*�

BDC�ì íOî#HKTVGIFUGIHKJ ïUí�î#SUðÜñUÇ¨ò(HóS ôÔN�Ä»FUõ¹SÉ
W p�jlc�i�_`n�Y\i\pbcmXmc�u�Y Ð c�dh_`pbc�i�p*[^]h[^ikX�X#c�ikY§�fYv£g_`dh_`]fc1pbcmXZ[ ~V = d~x

dt
� W

��¼ ¿ ikY��fY\£(_`dh_`]`c¢X � dfcZ] � ik[�}oikX�qZYvd�[¢q�]hYvuLYo�

dτ 2 = [dt2 − d~x2] = dt2
(

1−
(d~x
dt

)2
)

x � � ���#�
öU]`_ ~V = 0 ⇒ dτ = dt ��÷ p*[�r�[�j`[�º�_fu

γ = 1√
1−V 2

c2

�VXZ[
dτ = dt

γ
�

ÛeYv£g_`dh_`]fc�uLYewmsti�p*[o]�[oikXZXmcÁpbcmXZ[f�

uµ =
xµ

dτ
=
dxµ

dt

dt

dτ
= γ

dxµ

dt
x � � ���^�
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¼È� Y � u = γ(1, ~V ) �-� {ø[�X�q�Y�X�dh[Á �c¡�l]�� y _hXZY�ph_`dhY�X�_`nhd`_Üq�Ykjl_hn`_hd`_§_fuOc^uLY^�

p = mu = mγ(1, ~V ) = (E, ~p) x � � �\�*�
E = mγ x � � �kw��
u2 = 1 x � � � Ö �

ù vr�[�jh �q^cZ�`p`_�XZY� v_e£�[o]`u��#jl_er�[oi�j`Yk�f[oq^cmX�Ykjfdh[Âr�[�jh��nfcZqoc�uLY
p2 = E2−

~p 2 = m2u2 = m2 �hX � Y �
E2 = ~p 2 +m2 x � � � × �

¿ X��lY\£g_`d`_h|`_h_hXZYed`cÎwmstqZY\phXZ[o]h_hXZYgi�Y�r�[�jh��nfcZqocmX@_úi�jfY��-dh_hXZY(ik{¹[^X�d�[Zs
û Y\d`_ba»�

~V =
~p

E
, ~V γ =

~p

m
x � � � Ù �

ö�]h_9r`]�Y Ð [v�3q7rh]h[^_� vqZ[�jfdh[7[^]`_�Yvd�X�_`]fcZdfcÀp*[�[o]^�l_`d`cZX�dfc7i�_hi�XZYvuOc
K ′

�
p*[va`XZ[ÕikYg�-q�_�º�_Üi�r`]oafu�[

K
ierh]h[^_� vqZ[�jfdfc¢i�p*[o]�[oikX ~V X^]`c�i�£�[o]`uDcZ|`_�[od�s

dh_hXZYe �c�p*[^d`_Ô_`uDcmX�q�_b�¹c��

~p ′ = ~p+ γ~V [
γ(~p.~V )

1 + γ
− E] x � � � Ú �

E ′ = γ[E − (~p.~V )] x � � � ë �
BDCâí ü§ÄKò(QOJLSUPIS�HKJ�T�S SUNUPÈQOFUS�QDNUJLS

Ïe[o]�Y\d`|h[^q�_hXZYVi\pbc#j-cZ]`_Ñ_@_ y ]`cmahX�qoc#º�d`cg]h[Zj`a@r`]h_Ñ[^r`_hivcZd`_�Y�X�[(dfci�q�Y�s
X#cÁ[op*[Zjf[�d`c�i � êgcZr`]h_fuLY\]Ò�

p2 = pµp
µ = p′µp

′µ = m2 = inv (p = mu , u2 = 1) x � � �m�o�
ý[ y cZXZ[ÒnfcZikX�_`|fcmXmc9YÔq9rh[^p*[^�

p2 = E2 − ~p 2 = E2 ��¼�� Y � p`q^c#�l]fcmXmc9dfc
Y\d�Yv] y _�ahXmcÜd`cÜn`c�ikX�_`|`c¦q�rh[^p*[^��Y

E2 = m2
0

��ph{K�fY\XZ[
m0

Y7uOcZivcmXmc§dfc
r�[op*[^� �



¬Ý®Óþ�®Ñÿ�±¶åa¿�Á�«$Â�Ã�µ Ã^µ!±�Ä³°�Ã � e
êYvpbc§_fuOc�u�Y��-qZY7n`c�ikX�_`|h_ ⇒ p2 = (p1 + p2)

2 = M2
12

��ph{K�fY\XZ[
M2

12

Y
� Y\£gY\phX�_hq^d`cZX#cÜuOcZivc � dfc<i�_`ikXZYvuOcZX#cÀ[�X<�-qZY¢n`c�ikX�_`|h_ ��¾ c�� n`c�ikX�_`|h_3ÍÎY
_`uOc^uLY¢�

p2 =

(
N∑

i=1

pi

)2

= M2 x � � ���#�
êUY\pbc�]fc#  y jfY��-c^uLYÎr`]�[o_b vq�Y��lY\dh_hY�XZ[7dfcÕ_fu�r���jli�_hXZY��¦_��Ôdfc@�-qZY@n`c�iÝs

X�_h|`_1�

p.k = gµνp
µkν = Eω − (~p.~k) , x � � �����

p�{K�lY�XZ[
p = (E, ~p)

�
k = (ω,~k) �`¼ [ y cZq^c

p.k = p′.k′ = inv x � � �m�o�
¾ c[orh_`i\cZd`_hYVd`cg£(_b v_`n`dh_hXZY�r`]h[^|hY\i�_@Y����f[^}^dh[U�¹cUikY _� vrh[Zj` vq^cZXgi�jfY��`s

dh_hXZYÎqZY�jf_`nh_`d`_K�
s12 = (p1 + p2)

2 = M2
12 x � � ��wb�

W i�_`ikXZYvuOch�lq�p*[�ahX�[
~p1 + ~p2 = 0

Y\£gY\p�X^_hq^d`cZX#c<uOcZivc@_fuOc¢q^_��¹c
s12 =

(E1 + E2)
2 _¦XZ{���pbcmXZ[

s12
YÁ_hd`q^c�]h_fcZdhX7XZ[^qoc<YÑikXZ[o�hdh[^i�XZX#cÔqZ{�q7q�i�a`pbc

_hdhY\]`|h_fc#jld`c~[�X�r`]`c�q�dfc¥i�_`ikXZY�uOc � Û�]�� y c�nhY\ikXZ[¥_� vrh[Zj` vq^c�d`c1q�Ykjl_hn`_hdfc1Y
rh]`_��¹c��lY\d`_ba`X�wmst_fu�rb�#jli����
t = (p1 − p2)

2 �»ph{K�lY�XZ[
p1

_
p2

i\c7ik{ø[�X�q�Y�X�dh[§d`c�nfc#jldh_�ahXÜ_�p`]`c��hd`_ba`X
_`u�r��#jfiedfcÁn`c�ikX�_`|`cÁ��n`c�ikX�q^c�ÍÑcÁq¢d�a`pbc�p�{�qÁr`]�[o|�Y\i	�#qm #cZ_fuL[v�fY\�`ikX�q^_�Y �
BDC�
 �¥JLñUFgQOPDN�S HKS�HKJLÄ»ðÜS

êUY\pbc3]fc#  y j`Yk�-c^uLYÜ]hYvcZp`|`_ba`X#c��
a + b −→ ...

W  �c�q�_`i�_�s
uL[^ikX3[�X1p*[^d`ph]hY�X�dfcmXmc3 �c#�-c�nfc9YÔ���l[�}od�[��-c�[�X^d�Y\i�Yvu Ð c�]`c�p�X�Y\]h_`ikX�_`p`_�s
XZY�dfc�n`c�ikX�_`|h_hXZY x Y\dhY\] y _ba»�O_fu�rb�#jli�� ����� �Ñp�{¨u ]`cm �jl_hn`dh_½p*[�[^]^�-_`d`cZX�dh_
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i�_hi�XZYvu�_ � êgcZ�bstn�Y\i�XZ[9_b vrh[Zj` vqocZd`_�XZYÀi\cÔj-cm}�[o]`cZXZ[^]`dfcmXmcÒi�_`ikXZYvuDc x Ï � �e_
i�_hi�XZYvuOcZX#cÁdfcÁ|�Yvd�XZ{�]fc¢dfc¢uOcZi\_�XZY x ���� ���
• Ï � ikY_� vr�[�jh �q^cep*[ y cmX�[ÎY��-d`cZX#c�nfcZi�X�_h|fceYUq�rh[^p*[o�Õi�r`]oafuL[Îdfcm}�j���s

�¹cmX�Ykjha»�`X � Y � _`uOc
~p = 0 � W�XmcZph{�q¢i�j`��n`c��

p = (m,~0) �
• ���� Y<i\_hikX�YvuOc��Lq¦p*[�ahX�[

~pa
∗ + ~pb

∗ = 0 ��¾ qZYk k�-_`nhp`_�X�Yú[Z �d`c�nfcZq^cZX
_fuLY\d`dh[`�fnhY(_fu�r���jli�_hXZYÎi\cÑ[�X^d�Y\i�Y\dh_§p�{¨u ������

¾ c¢r`]�YvuO_hdfcZqocZdhY�[�X�Ï � ph{¨u ���� _Ü[�}o]`cZX�dh[úi\cÁdhY�[�} Ð [\�-_fu�_§i�jfY��`s
dh_hXZYÎ£g[^]fu��#jf_,�
• � rh]oaluL[Ñr`]�[o_b �qZ[ZjldfcÎ_`d�Y\]`|`_`cmjfdfcÎ[^X�r`]`c�q�dfc¡i�_`ikXZY�uOc�|hY\d�X�{�]�{øXÑdfc

uDcZi�_hXZY�d`cÁi\_hikX�YvuOc@[�XÑ�-qZY�nfcZikX�_`|`_§_fuOcÁi�p*[^]h[^i�X
~Vc =

~pa + ~pb

Ea + Eb
x � � � Ö �

W X#c�p�{�q i�j`��n`c��=i\rh]oaluL[ Ï � x dhY\pbc¥dfcZr`]`_`uLYv]=nfcZi�X�_h|fcmXmc�� Y3q
rh[^p*[o�l��|�Yvd�XZ{�]h{¹X�dfc¢uOc�i�_�X�YeÍ¡Y�_`uOc@i�p*[o]�[oikX

~Vc =
~pa

Ea +mb
x � � � × �

¾ cÕ���l[�}^i�X�qZ[ÀÍÎYÑ �c�qZ{�]hX�_`u dfc û cZX#c<Ï � �¹XmcZpbc7nhY ~Vc
�-c<ik{�q^r`c#�-c<i

Yk�ldfc([�Xe[^i\_�XZY� x dfcZr`] � z � � W¥XZ[� v_�i�j`��nfcZ�ÕuL[�º¡Y��¹ce_b �r�[�jh vqoc�uLY�� �
ë_ � � �\�ú �cÕ�¹c7[^r`]hY��fY�jf_fu ikXZ[o�hdh[^ikX^_�XZY<d`cÀY\d�Yv] y _`_hXZY�_�_fu�r���jli�_hXZY
dfcÁnfcZikX�_`|`_�XZY��Á_��Ôq ���� �

E∗a =
Ea − (~pa. ~Vc)√

1− V 2
c

E∗b =
mb√

1− V 2
c

x � � � Ù �

~p∗a =
~pa − Ea

~Vc√
1− V 2

c

~p∗b = − mb
~Vc√

1− V 2
c

= −~p∗a x � � � Ú �
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• ö�]hY Ð [v�§[�X ���� qÁÏ � uL[�º¡Yg�-c�ikY(dfcZr`]fcZq�_§[�X�dh[^q�[�ie£�[o]`u��#jl_�X�Y
� �Øë _�� � �\��pbcmXZ[<[�X�nhY�XZY�u �¹nhY¡r`]`c�q�_fu�r`]�Y Ð [v�9ph{¨u Ï � x X � Y � Yk�ldfcmXmc
nfcZi�X�_h|fc x dfcZr`] � �l��YÒq¥rh[^p*[o�l�Õ_ _b vrh[Zj` vqoc�uLY9rh{�]hq�[�XZ[�[�X~��]fcZqms
dhY\d`_ba`X#c�� � � Ùb� ¿ X�XZYk �_�dhY\Í@c�dfc�u�_`]`c^uLY¡i�p*[o]�[oikXZXmc��øp*[�ahXZ[7_`uDc�Ï �i\rh]oaluL[ ���� sÈX\a§Y�]fcZq^d`c¢dfcÁi�p*[o]�[oikXZXmc¢d`c�n`c�ikX�_`|`cZX#c �Ôq ������
¼�� Y � ~VLS = ~V ∗b ⇒

Ea =
E∗a − (~p∗a.~VLS)√

1− V 2
LS

Eb =
E∗b − (~p∗b.

~VLS)√
1− V 2

LS

= mb x � � � ë �

~pa =
~p∗a −E∗a~VLS√

1− V 2
LS

~pb =
~p∗b − E∗b ~VLS√

1− V 2
LS

= 0 x � � ���*�

BDC"! #¡QDTVGDN�S;Æ�Q�H%$'&�F�QDNUÄ»NUSUÄÒNgQ Ä»NUÄ»F�õ¹SÉ�J�Q~SËSUð�ñÇ�ò(H,Q
WI{�q~£g_� v_`pbcmXmc¥dfc1YkjfYvuLY\dhXmcZ]`dh_hXZY�nfcZikX^_h|`_ i�Y¦]fc#  y jfYkº@�-cZX i�jfY��-dh_hXZY
q�_b�f[oqZYÁ]�Yvc�ph|`_`_K�KYkj-cZi�X�_hn`dh[Ô]`cm vikY\�`q^c�d�Y^�¹phqoc# v_hYkj-cZikX^_hn`d�[Ô]fc# �ikY\�`q^cZdhY^�
d�Y�Y�jlc�ikX�_`nhdh[Ü]fc# vi�Y\�hqocZdhY@_3]`cm vrfc�� ��� {ø[�X�q�Y�X�dh[ÔXZYúuL[ y cZX<�-cÔikY¢rh]hY��-iÝs
X#c�qmahX�i Ð Y�uOcmX�_`n`d�[�rh[�i�jfY��ld`_�a§d`c�n`_hd��

A+B −→ A+B x � � �h���

A+B −→ C +D x � � �*���
A+B −→ C +D +E + F + ... x � � ���*�

A −→ B + C + ... x � � �Zw��
öU]`_Ôq^i�_hn`p`_ÀX\a Ð Y(_� vrh{,jfdhY\d7 �c�p*[^d< �cÑ #cZrfc# vqocZdhY(dfc@wmst_`uOrb�#jli\c��

∑

i

pi =
∑

f

pf , x � � � Ö �
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p�{K�lY�XZ[

pi
i\cÕd`c�nfc#jldh_hXZY^�Kc

pf
i\cÕph]fcZ�`d`_�XZY@wmst_fu�rb�#jli�_ � ö�]h_�_� ���n`c�q^c�d�Y

d`c9�l_`dfc�u�_`pbcmXmc�d`c3rh]h[^|hY\i�_�iÔ��n`c�ikX�_hYÜdfcÒYkjfYvuLYvd�XmcZ]`dh_�nfcZikX^_h|`_ _`u�s
rb�#jli�_�X�Y

p
]oab�-p*[¥ikY9_� vr�[�jh �q^cmX~q¥pbc�nhY\ikX�q�[�XZ[�d`c1r`]�[*uLY\d�jf_`q�_ �%¾ c1_`dbs

XZY\]`rh]hY�X�_`]`c�d�Y\XZ[~d`cÒY\p�i�rhY\]h_fu�dhY�Xmc#jldh_¥�-c�dhd`_ _bjl_¥ #c9£�[o]`uL��jl_`]`c�d�Y�X�[
d`c7X�Y�[^]hY�X�_`nhd`_~uL[v�fY�jf_ÒivcÀd�Y\[�} Ð [v�-_`u�_¦�l]�� y _�r`]h[ouLY\d�jl_hq^_K�»dfcZr`]`_`uLYv]
_hd`q^c�]h_fcZdhX�dfcÕuOc�i\c

s
�frh]`_��¹c��lY\dÔ_fu�r��#jfi

t
_7�-] �

ö�]h_ [^r`]�Yk�fYkj`a`dhY�XZ[ d`c¥}^]h[�a=dhYk �cZq^_hi\_`u�_ rh]h[ou�Y\dbjl_`q�_ ÍÎYÒr`]�Yvd�Y�}Zs
]�Y y q^c�u�YÂi\rh_`d`c¡d`cÎn`c�ikX�_`|h_hXZY � Û¡c�]`cm  y j`Y��¹c�u�YÂrh{�]`qZ[¡r`]�[o|�Yvid`c�]fc# �r`c#�
x � � �Zw�����q�p*[^�hXZ[�Yk�ldfc nfcZikX^_h|fc�ikYO]`cm vrfc��¹c dfc�((n`c�ikX�_`|h_ � ý�]fcZ�`d�[^XZ[ik{�ikXZ[Zs
a`d`_�Ygu�[vºÑYvu��-cÎ[^r`_ û Yvu~i

3n
rh]h[ouLYvdbjl_hq^_K�bXZ{��7pbcmXZ[¡ �cÎq^i afpbcen`c�ikX�_`|`c

Yeq¢i\_bj-cÔ� � � ×h�%� Y y cÑd`cmjlc y c^uLYen�Y�X^_h]`_�X�YÎ�oikj`[oq�_�a< #cÑ �cZrfc# vqocZdhY(dfcÁY\dhY\]bs
y _ba`X#c _ _`u�r��#jfivc � êUYk #cZq�_`i�_fu�_hXZYÒrh]h[ou�Y\dbjl_`q�_=ikX#c�q^cZX

3n − 4 � ö[o]`c#�l_
[�X�ik{�i�X�q�_hY�XZ[§dfc<i�r`_hd,�,q7i�_hi�XZYvuOcZX#c7dfc7r�[op*[^�Òdfc7r`]�[v�f��p�X�_hXZYÕdfc7]hYvcZpbs
|h_�ahXmc��`[o]h_hY\dhX#c�|h_�ahXmc�dfcÁi��huOc�]hd`_�X�Ye_fu�r��#jfi�_§d�Y�_ y ]`cmahX¢]h[Zj`aÔ[�X�ph{K�fYks
XZ[Ôi�jfY��lqocmX7[^Í¡Y@�ú�*i�j`[oq�_�a � W p`]`c��hdfc7i\uLY�X^pbcú_fuOc^uLY

3n − 7
dhYk �c�q�_`i�_�s

u�_¢rh]h[ou�Y\dbjl_`q�_ �)� cZi�_hXZYdfcgnfcZi�X�_h|`_hXZYUi�n`_�Xmc�uLY� �c(_� vqZY\i�X�dh_ � êgc�rh]`_`u�Y\]
]`cm vr`c#�-c�d�Y\XZ[§dfcÒ�¢nfcZikX�_`|fcÀd`c§�Àn`c�ikX�_`|h_1uL[�º¡Yvu��¹c7[^r`_ û Yvu=iú�úr`]�[Zs
uLY\d�jf_`q�_ �

êUY\pbc7ikY y c<]`cm  y jfY��¹c�uLY@]�Y�cZp`|h_�ahXmcÒ� � ��� � öU[v�f[^}^dh[7dfc7i�j`��n`cma�d`cÔ]`cm ks
r`c#�Òp`]fcZ�`d�[^XZ[Àik{�ikXZ[�a`d`_hY¡uL[�º¡Ye�¹c�[orh_ û Yvu�i

3n− 4
d�Yk #cZq�_`i�_fu�_�rh]h[ms

uLY\d�jf_`q�_ � öU[^i�[^pbcmXmc�d`c�_fu�rb�#jli\c�d`c�dfc#jl_�XmcZÍ@cmXmcÂn`c�ikX�_`|`c~ �c��¹cZqocVrh[^i�[^pbc
qgr`]�[oikX�]fcZd`ikX�q�[�XZ[ �%¾ cmX�[^q^ceqouLY\ikX�[e��X�]`_hq^_`cmjfd`_�r`]�[*uLY\d�jf_`q�_¢q(i�_`ikXZYvuOc#s
X#c�dfcÜrh[^p*[o�1[^ikXmcZqoc�i\c�uL[ÜY��-d`c�r`]�[*uLY\d�jf_`q^c

φ
�¨p*[�a`XZ[9ik{¹[^X�qZY�X^ikX�q^c�dfc

qZ{�]hXZY\dhYú[op*[Zjf[�[oikXmcÜdfc
~pa

��¾ d`c�n`_�_fuOc^uLY
3n − 5

dhYk �c�q�_`i�_fu�_1rh]h[ouLYvd�s
jf_`q�_,�h[^r`_hi�qocZÍÑ_<p`]fcZ�`d�[^XZ[¢ik{�ikXZ[�a`d`_hY � êgc�n`cmjfdh[�X�[@ik{�i�XZ[�a`d`_�YÂ�¹cZqocÎ[oÍÎY
Y��ldfcÑik{�ÍÎY\i�X�qZY\dfcÎr`]h[ouLY\d�jl_hqocesDp`q^c��-]fcmXmcÁd`cÑr�{,jldfcmXmc¡Yvd�Y\] y _�a

s
��X#c�pbc

n�YÎ[^}^Í¡[ú_fuOc�uLY
3n − 4

d�Y� �cZq^_hi�_fu�_�rh]h[ou�Y\dbjl_`q�_ � êgcZr`]h_fuLY\]¦]hYvcZp`|`_ba»�
q§p*[�ahXZ[�qÔdfcvnfc#jf[�X�[�_fuOc�u�Y<�7nfcmX�_`|h_1_�q§p`]`cma3_fuOc�uLYúik{�ÍÎ[��Àn`c�ikX�_bs
|h_�uL[�º¡Y§�¹c�[orh_ û Y�u i9�Òr`]h[ouLY\d�jl_hq^_ x _b \}o_h]fcmX~ikY

s
_
t
���Èp`]`c��hdh[�X�[

ik{�ikXZ[�a`d`_hYUsÈivc�uL[¢i(Y��-d`c x t � �



¬Ý®+* ®�ç�¾�Ã�Â�Ã�·�Ã��
Á�Ã	��°/Ä ¿^«IÁ�Â{Ä ®E»ÍÃ�µ¶±�Ä³°�ÁV°/Äþ¿&Â�ÃOÄ�¾�Ã�Â�Ã�·�Ã
C = ~ = 1

� z
BDC�, ô.-(SUNUSUÌ�S Æ�Q SUÆ,ð�Ä»FUPÈQONUÄÈC0/�S�HKJLÄ»ð�Q ðÜÄ»FUN�S Ä1-(SÂî

NUS�ÌUS
c = ~ = 1

[p] = eV/c, [E] = eV, [m] = eV/c2

1 GeV ≈ 1, 6.10−10J ≈ 1, 8.10−24g

1 GeV −1 ≈ 0, 7.10−24s ≈ 2.10−14cm

[σ] = bn (barn), 1 bn = 10−24cm2

1 GeV −2 = 0, 389 mbn = 0, 389.10−27cm2WI{�q32¡_� v_hpbcZX#cúdfc�q�_`ik[oph_hXZY¡Yvd�Y\] y _`_§ikYÎ]fcm}^[�X�_¦ik{�iei�_`ikXZY�uOc�uLY\]`d`_
Y��l_`d`_h|`_À �c@p*[�ahX�[

~ = c = 1 � Û¡cÁ]`cm  y j`Y��¹c�u�Ygr`]�[o_b vq�[Zjld`c
[A] = MaLbTC x � � � × �

WI{�qZYkº@�¹c�uLY
A′ =

A

~αcβ
x � � � Ù �

ùÂ v}^_`]`c^uLY
α

_
β

XmcZpbc<nhY
[A] = m �K¼ [^q^c<uL[�º¡Y¡�-cú}^{K�fY@d`c�rh]fcZq�Y\d�[7rh[

i�j`Yk�ld`_ba§dfc�nh_`d,�
[~] = ML2T−1, [c] = LT−1 x � � � Ú �

¼ [ y c�q^c@ÍÎYe_`uDc�uLY^�
[A′] = Ma−αLb−2α−βT c+α+β x � � � ë �

öU[Zj-c y c�uLY
α = −(b + c)

�
β = −b − 2c �¾ c¥]fc�uLYv]hdh[^ikX�X#c dfc ÷r�[�jh��nfcZqoc�uLY^�

[A′] = Mγ �*ph{K�lY�XZ[
γ = a− b− c �h¾ c�p*[^d`p`]�Y�X^dh_<£g_� v_`nhd`_

qZYkjl_hn`_`dh_Ü_`uOc^uLY^�
α~ = 1

�
β~ = 0

�
αc = 0

�
βc = 1 �`¼�� Y �

~
′ =

~

~
= 1, c′ =

c

c
= 1 x � � wo�*�



��3 ©\ª Á�«IÁ¬�®g¯KÃ�ÂoÄ�°�Á\±
Ã#²�Á�Â�ÁYÄ ª Ä³°/Ä Âo±�Á�¿&Â�Ã¢´aÁkµ¶±�Ã�·�Ã
÷ d`cmj`[ y _hn`dh[7_fu�r��#jfi\ch�-Yvd�Y\] y _�ahXmcÕ_9uL[*uLY\dhX#cúdfcú_fu�r��#jfi\cúikY¡_� �uLYv]hqocmX
qh�

p′ =
p

c
, =⇒ [p′] = M,

E ′ =
E

c2
, =⇒ [E ′] = M

m′ = m, =⇒ [m′] = M,

L′0 =
L0

~
, =⇒ [L′0] = 1



/10 ;32¢; 4
5 2¹;=<=8�5�2¢; @�6ñ;ó<?>;:Î;87:9 8?@N6 ?@8S;�2<; <?@
<Ó; 8>=?5â6 >?<>@N@í8 ACB?8?@N6 ?Á8ð;32�; <?@ <Ó;
D ;FEHGâ@í<>I=@í8>@ > B?8?@°6 ?@8S;�2<; <?@ <Ó;
2JGí;=>ó6 5 6 @3Eó?@892=>?@Õ8�5LK >?8Ó;�: M�7 ;Ò8 8?>;AÓ;
<Ó; 8Ó;<G7?y@NE;2¹;=<?@�8<5

Ã C!B �~Æ»N�QPOUÄ»NUSUÉ N�QRQ S�F�QOT
� {�ikXZ[�afdh_hY�XZ[Õdfc¢p`q^c�d�XZ[oqZ[ZstuLY Ð cZd`_`nhdfc x ý � � i�_`ikXZYvuDcÁikYe[^r`_hi�qocÁieqZY\pbs
XZ[^]Àq'S�_bjf}�Yv]�XZ[oqZ[�r`]�[oikX�]fcZd`ikX�q�[¡sOX � dfcZ] � q�{,jfdh[^qocÎ£���dhp`|`_ba

Ψ �UT �l[�}^dh[
Y¡�¹c7ikYÁ_b �r�[�jh vqocmXÀ[� vd`c�nhY\d`_ba`X#c7dfcúÛÎ_h]fcZp¦ #c7qZ{,jld�[oq^cmXmc7£���dhp`|h_�a �,i
| a〉 ikY�[Z vdfc�n`c�q^cÂX � dfcZ] � � ¸ � � qZYvp�XZ[o] x dfcZp`]fcmX�p*[�� ¸ �Ý���mi p*[o��X�[g[� vd`c�nfcZqoc�uLY
cm}^i�X�]`c�p�X�Y\dÀqZY\phXZ[o] x dhY�[�X�dhY\ikYvdÀp�{¨u~d`_`pbcZp`q^c¡[�X�r`]`c�q�dfc@i�_hi�XZYvuOc*����[^r`_`iÝs
q^cZÍ ik{�ikX�[vafdh_hY�XZ[ dfc i\_hikX�YvuOcmXmc ��� pbcmjlc�]hdh[�XZ[�r`]h[^_� vqZY��lY\d`_�Y�d`c��V� ¸ �qZY\phXZ[^]fc¢d`_§rh[Z vq�[Zj`a`qocÑieq^ikY\p`_�� ¸ �V�-c¢c�ik[^|`_`_h]fc�uLYeX � dfcZ] ��� �XWY� � , p*[o��X�[
ikYÂ[Z vdfc�n`c�q^c(XmcZpbc�� 〈a| �[Z WY�¡q�ik{�ÍÑd�[oikXeY£U��d`ph|`_h[^dfcÎ_Õi�YÂq�{�qZYkº@�¹cg �c��¹c
uL[�º¡Yvu9�-c� �c�rh_ û Yvu�i�pbc#j-cZ]`dh[�XZ[Îr`]�[o_b �qZY��lY\d`_�Y�d`cÎ��� ¸ �Dq�Y\phXZ[^]fc x d`c�rh] �
| a〉 _ | b〉 ��rh[�i�j`Yk�ld`_ba§dfc�nh_`dK�

(| a〉, | b〉) = 〈a| b 〉 x � � �#�
� ]
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k���p 〈a| ¸ £U��d`ph|`_h[^dfc#jf{¹XÔik{�i�rh[^i�X#c�qZY\d9dfc.� ¸ �(qZY\phXZ[^]fc | a〉 � ¿ i�qZYvd¦XZ[ms
q^cl� ¸ �<_=cZik[o|h_`_h]fcZd`_�ahX i9dhY y [m�XWn�~i\c1Y\]fu�_hXZ[^q�[ i�r`]�Y y d`cZX�_�Yk�l_`d½dfc
�l]�� y§x | a〉† = 〈a| � �Po �ldh[À[�XÀi�q�[^�`ikX�qocmXmcÀd`c<i�pbcmjlc�]hdh[�X�[§r�[o_b �qZY��lY\d`_�YÁq
[Z vdfc�n�Y\d`_�aÀdfcÑÛÎ_h]fcZp§ÍÎY�_b  y jfYkº@�-c@XmcZpbch�

〈a| b〉 = 〈b| a〉∗ x � � �^�
êYvpbcU]fc#  y j`Yk�-c^uLYVrh{,j`Y\d@[o]�XZ[od�[o]`uO_h]fcZd¢}*c# v_`i |α〉 �ZX � Y � 〈α|α′〉 = δ(α−
α′) �`¼ {��ÔpbcZXZ[�}*c# v_`i\cÑY(rh{,jfY\dÔ_fuOc�uLY¢�

∑

α

|α〉〈α| = 1 x � � �o�
W XmcZph{�q¢i�j`��n`c��7 �c@r`]�[o_b vq�[ZjfY\dÔq�Y\p�X�[^]Üu�[vºÑY��¹cÁikYg �cZr`_ û Y¢�

| a〉 =
∑

α

|α〉〈α| a〉 x � � w��

|〈α| a〉|2 YeqZY\]h[�ahX�dh[^ikX�X#c¡�¹cÁd`c^uLY\]`_`u�i�_`ikXZYvuDcmXmc��`p*[�ahXZ[Á[^r`_`i�q^c^uLY(ip� ¸ �qZY\phXZ[^]fc | a〉 qúik{�i�XZ[�a`d`_�Y |α〉 � êUY\pbc�[^rhY\]`cZXZ[^]fc
Â

�fY\�`ikX�qoc�dfcÕq�Y\phXZ[^]fc
| a〉 _ y [�X�]fcZd`i�£�[o]`uO_h]fc1q1d�[oq�q�Y\phXZ[^] | b〉 �IX � Y � Â| a〉 = | b〉 �ß÷ p*[��hu�s
d�[�º�_`u i�pbc#j-cZ]`d�[3XZ[^qocÒ]fcZq�Y\dhi�X�qZ[�i | β〉 r�[oi�j`Yk�f[oq^cmX�Ykjfdh[3rh[Zj`��nfcZq^c^uLY
�

〈β| b〉 = 〈β| Â | a〉 =
∑

α

〈β| Â |α〉〈α| a〉 x � ��Ö �

〈β| Â |α〉 i�Y�d`c�]h_`nfc¡uOcZX�]h_`nhY\d7YkjfYvuLY\dhX¡dfc�[^rhY\]fcmXZ[o]`c
Â

uLYkº@�f�úik{�ikXZ[Zs
a`d`_ba`X#c |α〉 _ | β〉 �
Ã C³Ã E;F�Ä1-eHKJ�QOPOÉ�NUSÉ N�Q q F�r�G]-eSUNUõ¹Ä»F¢ï�s QutUÆ,Ä»N�ÅDÄ»FUõ S

N�Q PDÆ»QDSUð�G]-(Ä]tgHøJLPISUÄ»JLGwvxQ SUFgQOT�y
T ]`c�q�dhY\dh_hY�XZ[f�*p*[�Y�X�[([orh_`i�qoc�-_`d`c^u�_hpbcZX#cedfc(Y��-d`c(p`q^c�d�XZ[oqZ[ZstuLY Ð cZd`_`nhdfc
i�_hi�XZYvuOcZX#c@Y(��]fcZq�dhY\d`_�Y\XZ[�d`c z ]X{v[v�-_hd y Y\],�

i
∂|Ψ(t)〉
∂t

= Ĥ |Ψ(t)〉 x � �
× �



\v®|\�®}_¶¿GÄ�¾`µ¶±�Á�«Ýé�Â�Ãvé[Â�Á~ac¿dc�ã ¾�Ã�Â#è�Äþ¿�ä�e\Ágf	�qÄ Â�i$Ä ¿oè|Ã\Â�Á,«��
Á�Ã#°Kã ¾ÍÄ�f�µ¶±¶« Ã{Ä¶±�ã��`��Ãa¿�Á�²�� 1��
Ĥ

Y�Sgc�uO_bjfXZ[^d`_fcZdh{¹X¦d`cÜi�_`ikXZYvuOcZX#c � WÈ_�º@�-c^uLY^�»nhYÁ�-_hdfc�uO_hn`d`cZX#c§ �c�q�_bs
i�_`u�[^ikXÑ[�XÑq^]�Y�uLY�XZ[@ikY�dh[^i�_ú[�XÁqZ{,jld�[oq�_�a<q�Y\p�X�[^],��cÑd�YU[^X¡[or�Y\]fcmX�[^]`_�XZYo�
ik{¹[^X�qZY�X^ikX�q^c�Í¡_�d`c§£g_� v_`n�Yvi�ph_hXZY<qZYkjl_hn`_`dh_ �%� j`Y�� uOcmjfp*[�ÍÎY�rh[^pbc#ºÑYvu �
n�YÂYÂqZ{, �uL[�º�dh[(�l_`d`c^u�_`nhdfcmXmce �c�q�_`i�_fuL[^ikX([�XÎq^]�Y�uLY�XZ[(�¹ceikYÂrh]hY Ð qZ{�]�jl_
d`c�r�{,jld�[¢_�jf_§n`c�ikX�_`nhdh[¢[�X¢qZ{,jldh[^q�_hXZYeqZY\phXZ[o]h_Ôph{¨u [^rhY\]`cZXZ[^]`_hXZY �Ó¼ [^qoc
ikYg_� vqZ{�] û qocÎigr�[v� Ð [v�`afÍ¡_ú��d`_�XmcZ]`dh_§[^rhY\]fcmXZ[o]h_ �%¾ c��-c@£(_hp�i\_h]fc�uLYedhY�s
ÍÑcmXmc��v[orh_`i\cZd`_hY�XZ[`�vr`]h_Îp*[^Y�XZ[|�a�j-cmXmc��-_`d`c^u�_hn`dfc� �cZq^_hi�_fuL[oikXV[^X�q^]�Yvu�Y�s
XZ[<i�Y¡d�[oi�_Ü[�Xúq�{,jfdh[^q^_ba¦qZY\phXZ[o]�Í¡Y¡dfcZ]`_hnfc�uLYÑrh]hY��-ikX#c�qmafd�Y x pbc�]�X�_`dfco�
d`c�z ]�{�[v�l_`d y Y\]À_Àq�i\_hn`ph_Àq�Ykjl_hn`_hd`_Ô_Àq�{,jfdh[^q^_ba`X@q�Y\p�X�[^]ÔÍ¡Ygi�dfcm}v�-_`u
i(_`db�fY\p�i��

i
∂|ΨS(t)〉

∂t
= ĤS|ΨS(t)〉 x � ��Ù �

T ]`c�q�dhY\d`_�Y�X�[ód`c�z ]�{�[v�l_`d y Y\]¤Y��-d�[� vd`c�n`d�[ [orh]hY��lYkjha q�]hYvuLYvdhdfcmXmc
Y\qZ[�j��|`_ba9dfcÕq�{,jfdh[^q^_ba9qZY\phXZ[o]¦c�p*[úX�[^�¦Y� �c#�-c#�fYvd�q<d�a`pbcZph{�qúu�[ouLY\dhX
t0 − |Ψ(t0)〉 �¨¼ [^qocÔ[� vd`c�nfcZqoc���nhYúi�{�ÍÎY\ikX^qm��q^cÔ[^rhY\]fcmXZ[o]

Û(t, t0)
��p*[o��s

XZ[�dfc¦d`c�nfc#jldh_�a qZY\phXZ[o] qÒuL[*uLY\dhX#c
t0

ik{�rh[^i�X#c�qma¥qZ{,jld�[oq�_�a qZY\phXZ[o] q
rh]h[^_� vqZ[�j`Yvd§uL[ou�Y\d�X

t

|ΨS(t)〉 = Û(t, t0)|ΨS(t0)〉 x � �ØÚ �
¿ rhY\]fcmXZ[o]�{øX

Û(t, t0)
ÍÎYgdfcZ]`_`n`c^uLY�[or�Y\]fcmX�[^]ÀdfcÎY\q�[Zj}�|h_�ahXmc@d`c@i�_`ikXZYks

uOcmXmc �m¼ [^�ÑYÈ��dh_hXmcZ]hY\d@[^rhY\]`cZXZ[^] x Û †Û = Û Û † = 1̂
���#XZ{��@pbcmX�[gdh[^]fuOcmXmc

d`ceq�Y\p�X�[^]fc |Ψ〉 X�]oa`}^q^c��¹ceikY� �cZrfc# �q^cg_�qZ{�qeq�i�Y\ph_�u�[ouLY\dhXe[�XÎq^]�Yvu�Y��¹c
}�{K�lY�]fcZq^d`cUd`c�Y��-_`dh_`|`c �ß÷ p*[ #c�uLY\i�X�_`u�� �ØÚ q���]fcZq^d�Y\d`_hY�XZ[�dfcwz ]�{�[v�l_`dbs
y Y\]Î_¡[�X�nhY�XZYvuV�mn�Y |ΨS(t0)〉

d�YÈ �c�q�_`i�_�[�XUq^]�Y�uLY�XZ[f�#d`c^u�_h]fc�u�Y���]`c�q�dhY\dh_hY
 �cÑ[^rhY\]`cZXZ[^]fc¢dfc@Y\qZ[�j��|`_�ahXmcÔ�

i
∂Û(t, t0)

∂t
= ĤÛ(t, t0) x � �Øë �

¼ [oq^cÎ��]`c�q�dhY\dh_hYgi�Yg_`d�XZY y ]h_`]fcÎjfY\i�dh[Áp*[ y cmXZ[ Ð c^u�_bjfXZ[odh_fcZdh{¹X¢dfcÑi\_hikX�Y�s
uOcmXmcÁd�Y( �c�q�_`i�_<a`q^d�[¢[^X�q�]hYvuLY�X�[ �%¾ c

Û(t, t0)
r�[�jh��nfcZqoc�uLY��

Û(t, t0) = exp{−iĤ.(t− t0)} x � � �\�o�
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� d�Y y [^q^c�rh[ouL[oÍ uL[�º¡Yú�-c¦r`]�Y Ð qZ{�]�jf_fu; #cZq�_`i�_fuL[^i�XZX#c�[^XÒq�]hYvuLY�X�[9[�X
qZ{,jld�[oq�_�a�qZY\phXZ[^]3p�{¨u=£(_b �_hnhY\i�p`_�X�YÕqZYkjl_`nh_`dh_ �Ó¼ [^qoc7]`cm �jl_hn`d�[§[^r`_hi\c#s
dh_hY<dfc¦q�]hYvuLYvdhdfcmXmcÜY\qZ[�j��|`_ba¥dfcÜY��ldfc¦p`q^cZdhXZ[oqZ[�uLY Ð cZd`_hn`dfcÜi\_hikX�YvuOc
ikY�dfcZ]`_`n`c~r`]hY��li�X#c�qma`dhY¦d`cFSgc��b \Yvd�}^Y\] y � WI{,jldh[^q�_hXZY�qZY\phXZ[^]`_½_½£g_� v_bs
n�Y\i\ph_hXZYÔqZY�jf_`nh_`d`_�Í¡Y<[� vdfcvnfcZqoc�uLY7iÀ_`d��lY\p�i\c�� ��¾ c¦qZ{,jld�[oq�_�a�qZY\phXZ[o]
_`uOc^uLY^�
|ΨS(t)〉 = exp{−iĤ.(t− t0)}|ΨH(t0)〉 = Û(t, t0)|ΨH(t0)〉 x � � �����
êUY\pbc r`]h_`rh[ou�d`_`u§pbcZp(_b  y jfYkº@�-c�i�]hY��-d`cZX#cVikXZ[^�`dh[^ikXÂd`c��-c#�fYvd`cVphqocZdhXZ[^q�[ms

uLY Ð c�dh_`n`d`cÁq�Ykjf_`n`_hdfc��fp*[�ahX�[¢[^r`_hi�qoc�uLYei([^rhY\]fcmXZ[o]`c
Â

�

〈A(t)〉 = 〈Ψ(t)| Â |Ψ(t)〉 =

∫
d3xΨ∗(t, ~x) ÂΨ(t, ~x) x � � �#���

¾ cÁi�]hY��ldfcmXmcÁikXZ[o�hdh[^i�X�d`c@[or�Y\]fcmX�[^]fc
AS

r�[�jh��nfcZqoc�uLY��
〈ΨS(t)| ÂS|ΨS(t)〉 = 〈ΨH(t0)| Û †(t, t0)ÂSÛ(t, t0)|ΨH(t0)〉 x � � �\�o�

ý�cZXZ[¥_� vr�[�jh �q^c�u�Y�£ecZphX#ch��nhY¦i\]�Y��-d`_�XZY9ikX�[^�`d�[oikX�_½dfc1qZY�jf_`nh_`d`_�XZY3d�Y
X�]oah}oq^c�-c �cZq^_hi�ahXU[^Xgr`]�Yk�likXmcZqZa`dhY�XZ[f��qgp*[�Y�XZ[e]fcm}�[^X�_fuÒdfc�u�_`]`c^uLYVq^_��¹c
d`c@[or�Y\]hY\]fcmXZ[o]`c

Â
q¢rh]hY��-ikX#c�qmafd�Y�dfc�SgcZ�� \Y\dh}�Y\] y �
ÂH(t) = Û †(t, t0)ÂSÛ(t, t0) x � � �kw��

�UY\ikXZ[(ikYV_� vr�[�jh �q^c_@Y��-d�[euLYkº@�-_hd`d�[er`]�Y��-ikXmcZqZa`dhY^�Zr`]h_Áp*[^Y�XZ[gpbc�p�X�[
qZ{,jld�[oq�_�ahX�qZY\phXZ[o]�XmcZpbce_�£(_b �_hnhY\i�p`_�X�YUqZYkjl_hn`_`dh_úi\c(d`cZXZ[^qocZ]hY\dh_úi��-_bs
d`c^u�_hn`dfc� �cZq^_hi\_`uL[oikXÂ[�XUq^]�Yvu�Y�XZ[ �Ø¼ cm v_�pbcZ]hX�_`d`cUikY�d`c�]h_`n`cUrh]hY��-ikX#c�qmafd�Y
d`c§qm �c�_`uL[v�lY\�`ikX�q�_hY�XZ[ x ÛÎ_h]fcZp-��_�q�Ykjl_hn`_hd`_hXZYúqÜd�Yka1ÍÎY¢[� vd`c�nfcZqoc�uLY�i
_hdb�fYvp�i�� �êUY\pbc Ð c^u�_�j`XZ[odh_fcZdh{¹X§�¹c§uL[�º¡Y@�¹cÔikY�r`]hY��li�X#c�q�_�pbcmXZ[¦i��huOc7[^XÀ�-qZY
n`c�ikX�_3�

Ĥ(t) = Ĥ0 + Ĥint(t) x � � � Ö �
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ý�cZXZ[

Ĥ0
[^r`_hi�qoc9i�q�[�}�[v�-d`cZX#cÒi�_hi�XZYvuOch�Oc

Ĥint(t)
s�qm �c�_`uL[v�lY\�`ikX�q�_hY�XZ[ �

÷ d`cmj`[ y _hn`dh[¡d`c�XZ[^qoc��*p*[�Y\XZ[¡dfcZr`]`c�q�_ Ð uLY� �cerh]hY��-ikXmcZqmafd�Y\XZ[¡dfcpSgcZ�� \Y\dbs
}�Y\] y qZ v_fuOc�uLY¡��dh_hXmcZ]hY\dÒ[or�Y\]fcmX�[^]

V̂I(t)
�¹i@p*[^�hXZ[§_� vq�{�] û q^c�u�YÑr`]�Y Ð [v�

[�X¢rh]hY��-ikXmcZqmafd�Yedfc�z ]X{v[v�-_hd y Y\]Àph{¨u�rh]hY��-ikX#c�qmafd�Yed`cÁqZ �cZ_fuL[v�lY\�hi�X�q�_bs
Y�XZ[ x q^u�Y\ikXZ[ |ΨI(t)〉

ÍÎY�r`_ û Yvu |Φ(t)〉 }^Yk (�-cÁ �cm}o]`c�qmafu�Y^�`n�Y�qZYvp�XZ[o]�{øX
YeqÁr`]�Yk�likXmcZqZa`dhY�d`cÁqZ �cZ_fuL[v�fYv�hikX^q�_hY�XZ[����

|ΨS(t)〉 = V̂I(t)|Φ(t)〉 |Φ(t)〉 = V̂ †I (t)|ΨS(t)〉 x � � � × �
¾ c¡[or�Yv]`cZXZ[^]`_�X�Y¡q¢rh]hY��-ikXmcZqmafd�Yedfc¢qm �c�_`u�[\�lY\�`ikX�q^_�Y�X�[�_`uOc^uLY^�

ÂI(t) = V̂ †I (t)ÂSV̂I(t) x � � � Ù �
ý�cZXZ[ �c^uLY\ikX^_`u�dh[^q�_�ahX Ð c�u�_�jfXZ[^d`_`c�dÑ_¡XZYk v_ÑqZ{,jld�[oq�_Ñ£U��d`ph|`_`_Ñq���]fcZqms
d�Y\d`_hY�XZ[Õdfc z ]X{�[v�l_`d y Y\]Àr�[�jh��nfcZqoc�uLY��

i
∂V̂I(t)

∂t
|Φ(t)〉 + i V̂I(t)

∂|Φ(t)〉
∂t

= (Ĥ0 + Ĥint(t)) V̂I(t) |Φ(t)〉 x � � � Ú �
� rhY\]fcmXZ[o]`c

V̂I(t)
���f[oqmjfY�X�qZ[o]oa`qoc���]`c�q�dhY\d`_�Y�X�[�d`cpz ]X{�[\�-_`d y Yv]Îik{�iÈi�qZ[Zs

}�[v�fYvd Ð c^u�_bjfXZ[odh_fcZd
Ĥ0

�

i
∂V̂I(t)

∂t
= Ĥ0 V̂I(t) x � � � ë �

¼ c�pbcÁikX�_ y c^uLYU�l[Á��]fcZq�dhY\d`_�Y\XZ[

i
∂|Φ(t)〉
∂t

= Ĥint(t) |Φ(t)〉 x � � �m�*�
¼ [oq^c<YÑ��]`c�q�dhY\dh_hY�XZ[Üd`c?z ]�{�[v�-_hd y Y\]ÒqÀr`]hY��li�X#c�qma`dhY¢d`c7qZ �cZ_fuL[v�lY\�hi�X#s
q�_hY�XZ[ �L¼ ��p Ð c�u�_�j`X�[^d`_`c�d�{øX¦ �cZq^_hi�_¥[�X

t � ¿ X¦��]fcZq�dhY\d`_�Y\XZ[�� � � Ù uL[�º¡Y
�-cÁr`]�Yvi\uLY�X�dhYvu pbcZp§ikY(_� �uLYvdba`X@[or�Yv]`cZXZ[^]`_�X�YÎi(q^]�Y�uLY�XZ[f�

∂ÂI(t)

∂t
=
∂V̂ †I (t)

∂t
ÂS V̂I(t) + V̂ †I (t) ÂS

∂V̂I(t)

∂t
x � � ���#�
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W d�Y y [  �c�u�Y\ikX�qoc�uLY ∂V̂I(t)

∂t

_ ∂V̂ †
I (t)
∂t

[^X;� � � ë _�Y\]fu�_hXZ[^q�[=i�r`]hY y dfcmXZ[^XZ[
u�� � öU[�jh��nfcZqoc�uLY^�

∂ÂI(t)

∂t
= i V̂ †I (t)Ĥ0ÂS V̂I(t)− i V̂ †I (t)ÂS Ĥ0V̂I(t)

= −i
(
V̂ †I (t)ÂS V̂I(t)Ĥ0 − Ĥ0V̂

†
I (t)ÂS V̂I(t)

)

= −i
(
ÂI(t) Ĥ0 − Ĥ0ÂI(t)

)

= −i
[
ÂI(t), Ĥ0

] x � � ���^�

Ã C�ì R QOJLFUSUÌ�Q N�Q F�QOÆ»HKÄ]tUPÈQONUÄ»JLG
 Y�j`Xmc~d`_�Y��¹c~]�Y û _fu ��]fcZq^d�Yvdh_hY�XZ[�� � �Z� �)o p`q�_`q^c#jfY\dhX�dh[�uL[�º¡Y��¹c y [
 �cZr`_ û Yvu�qZ{�qÁq�_b�-c§�

|Φ(t)〉 = |Φ(t0)〉 − i
∫ t

t0

dt1 Ĥint(t1)|Φ(t1)〉 x � � �m�o�
¼ [úu�[vºÑYe�-cÕikY�]�Y û _�i�_�XZYv]`c�|h_h[^d`d`cúr`]�[o|�Y��f��]fc � ýgcZXZ[úd��#j`Y\q�[Õr`]h_h}Zjl_�s
º¡Y\d`_�YÑ �c |Φ(t)〉 qm v_fuOc^uLY¡dfcvnfc#jldh[�XZ[7�*i�j`[oq�_hYÎ �cúqZ{,jldh[^q^cZX#cú£���dhp`|h_�a
s |Φ0(t)〉 = |Φ(t0)〉 �h¾ c�uLYvikX�q^c^uLY |Φ0(t)〉 q¢� � �Z��_Õrh[Zj`��nfcZq^c^uLY�rh{�]hq�[�XZ[
rh]`_�}�jf_�º¡Y\d`_hYe �c |Φ(t)〉 �

|Φ1(t)〉 = |Φ(t0)〉 − i
∫ t

t0

dt1 Ĥint(t1)|Φ(t0)〉 x � � ��w��

÷ p*[ÕikY y c¡ �c�uLYvikX�_fu |Φ1(t)〉 q7� � �Z�ÁÍÎYer�[�jh��n`_fu qZXZ[o]�[^XZ[úr`]`_�}�jf_�º¡Y\d`_�Y
 �c |Φ(t)〉 �

|Φ2(t)〉 = |Φ(t0)〉+(−i)
∫ t

t0

dt1 Ĥint(t1)|Φ(t0)〉+ (−i)2

∫ t

t0

dt1

∫ t1

t0

dt2 Ĥint(t1)Ĥint(t2)|Φ(t0)〉
x � � � Ö �
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¼ c�pbc�p*[^d`ikX�]���_`]`c^uLY@r`]`_�}�jf_�º¡Y\d`_ba`X#cÕ�l[^pbcZXZ[Õ�f[oikX�_ y d�Y�u� �c#�f[oqZ[Zjl_hXZYkjhs
d`c7X�[^n`d�[oikX��,X � Y � �l[^pbcZXZ[?(bs³XZ[^XZ[¦_ x (}�Ñ���³stqZ[^XZ[§r`]h_h}Zjl_bºÑY\dh_�a�i�Y@]fc# �jl_bs
n`c�q^cmXÁrh[ms uOc#jlp*[Á[�XÁrh]hY��-q^cZ]`_hXZYkjld�[@ �c#�-c#�fY\dfcÑikXZ[^�`dh[^ikX � (bs³XZ[^XZ[�r`]h_h}Zjl_�s
º¡Y\d`_�Y( �c |Φ(t)〉 ÍÎYe_`uOcÁq^_��¹cÀ�

|Φn(t)〉 = |Φ(t0)〉+

+ (−i)
∫ t

t0

dt1 Ĥint(t1)|Φ(t0)〉+

+ (−i)2

∫ t

t0

dt1

∫ t1

t0

dt2 Ĥint(t1)Ĥint(t2)|Φ(t0)〉+ · · · +

+ (−i)n

∫ t

t0

dt1

∫ t1

t0

dt2 · · ·
∫ tn−1

t0

dtnĤint(t1)Ĥint(t2) · · · Ĥint(tn)|Φ(t0)〉 =

= Û(t, t0)|Φ(t0)〉 x � � � × �
¼ ��p

Û(t, t0)
YÁ[^rhY\]fcmXZ[o]�{øXÔd`c<Y\q�[Zj}�|h_�ahXmcÀqÔr`]hY��li�X#c�qma`dhY¢d`c7qZ �cZ_fuL[Zs

�fY\�`ikX�q^_�Y\XZ[`�fX � dfcZ] � [^rhY\]`cZXZ[^]Üd`cÑÛ¡c��hik{�d �
÷ p*[

tn < tn−1 < · · · < t1
pbcm vq^c^uLY^��nhYDrh]h[^_� vq�Y��fYvdh_hY�XZ[

Ĥint(t1)Ĥint(t2) · · · Ĥint(tn)Y
t
stdfcZ]hY��fYvd�[ � W Xmc# �_Àq�]h{, vpbcÎY����f[^}^dh[Î�¹c@ikYgq�{�qZY��lYU[^rhY\]fcmXZ[o]

T̂
��p*[o��X�[

r�[v�-]�Ykº@�¹cÔrh[Ôq�]hYvuLY¢r`]�[o_b vq�Y��lY\dh_hY¢d`c7£���d`ph|`_h_1dfc
t
�KX � Y � p*[o��XZ[ y Y\dhY�s

]h_`]`c���stdfcZ]hY��fYvd�[�r`]�[o_b �qZY��lY\d`_�Y � Û�Y\£(_hd`_h]fc�u�Y
T̂

rh[�i�j`Yk�ld`_ba§dfc�nh_`d,�

T̂
(
Â(t1)Â(t2)

)
=

{
Â(t1)Â(t2)

cZp*[
t1 > t2

Â(t2)Â(t1)
cZp*[

t2 > t1

ÛeYv�hikX^q�_hY�XZ[¢d`c
T̂

qZ{�] Ð �<r`]h[^_� vqZY��lY\d`_�Yg[�X�(À£���dhp`|h_`_Ôdfc'��uL[�º¡Y��-c@ikY
�fY\£(_`dh_`]`c¢X#c�pbc��

T̂
(
Â(t1)Â(t2) · · · Â(tn)

)
= Â(ti1)Â(ti2) · · · Â(tin) x � � � Ù �

pbcmXZ[
tin ≤ tin−1

≤ · · · ≤ ti1
�
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êUY\pbc¢]fc#  y j`Yk�-c^uLYg�lq�Y(�f[oikX#cZXZ{�n`d�[<[�X\�¹c#jfY\n�Yvdh_�r�[<q�]hYvuLY�ik{�ikX�[vafdh_�a

d`c Y��-d`c�phqocZdhXZ[^q�[ms uLY Ð cZd`_hn`d`c i�_`ikXZY�uOc�s |Φ(−∞)〉 _ |Φ(∞)〉 � ýgcZphXZ[
 vd`cZYvu r`]�Y Ð [v�-c3uLYkº@�`��X\a Ð ikYÀ[^r`_hi\q^cÒiÔ[^rhY\]`cZXZ[^]fcÒdfc�Y\qZ[�j��|`_ba`X#c � WXZ[Z v_Üp*[^d`ph]hY�XZYvdÜi�j`��nfcZ�ÔikY�q�{�qZYkº@�¹cÁr�[odba`X�_�Y\XZ[<uOcZX�]`_h|fc�dfc¢]fc# vikYv�hqoc�s
d�Y�X�[Õ_bjl_��ostuDcmX�]`_h|fc ��� �-]b� y _À�`�huO_K�

|Φ(∞)〉 = Ŝ|Φ(−∞)〉 , Ŝ = Û(∞,−∞) x � � � Ú �
WÈ_��¹cÁdfc¢uOcmX�]`_`|`cZX#cÕd`cÁ]hYk vikYv�hqocZdhY�XZ[¢r�[�jh��nfcZqoc�uLYe[^XÕ� � � × �

Ŝ =
∞∑

n=0

(−i)n

n!

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2 · · ·

∫ ∞

−∞
dtn T̂

(
Ĥint(t1)Ĥint(t2) · · · Ĥint(tn)

)

x � � � ë �
ý�c�p�{�qúYÁ£g_� v_`n�Y\i\ph_�ahXÀi\u�_`ik{,jÒdfc?�^s uOcmX^]h_`|`cZX#c��#êYvpbc7]`cm  y jfY��¹c�uLYÑd`c#s
}�[^]ú[�X¡}oc# �_hi�d`_<qZY\phXZ[^]`_ |n〉 � ÛÎc�[Z vdfc�nh_fu~ik{�ikX�[vafdh_hY�XZ[Ñd`cÁý � i�_`ikXZY�uOc
q7u�[ouLY\dhXmc

t = −∞ � |Φ(−∞)〉 i |n0〉 �Ó¼ [ y cZq^c� �c<uL[ou�Y\d�Xmc
t = ∞ uL[Zs

º¡Yvu¥�-cÑ #cZr`_ û Yvu �
|Φ(∞)〉 = Ŝ|n0〉 =

∑

n

|n〉〈n|Ŝ|n0〉 x � � ���o�

¼ [oq^cÕ[Z vdfc�n`c�q^c��ønhYÁuOcZX�]`_hn`dh_hXZY¢YkjfYvuLYvd�X�_9dfc7uOcmX^]h_`|`cZX#cÔd`c<]fc# vikYv�hqoc�s
d�Y�X�[1rh[^qm�l_ y dfcmX�_ dfc�phqoc��-]`cZXÒ�¹cZqocmX1qZY\]h[�ahX�dh[^i�XZX#c� �c3r`]�Y Ð [v�½u�Ykº@�`�
�lq�Y�XZY�ik{�ikXZ[�afdh_�a �



/10 ;32¢; �
� ;<G3532 5�I=@76 7:� @â8>5.; 8�<>51?@8 Gí; 8Ó;<G3BÓ;«6 >
?y@ > @í<?>?@ <Ó; B?8>5�A?@<?

ÛÎc7]fc#  y jfY��¹c�uLY@i�_hi�XZYvuOc<[^XÔn`c�ikX�_`|h_ � êgc�n`cmjfdh[�X�[Ü_fu i�{�ikXZ[�a`d`_�Y¢Í¡YÑ[� ks
d`c�nfcZq^c^uLY�i | i 〉 �Øc@p`]`c��hdh[�X�[¢s�i | f〉 �%� Yei\nh_hX#c^uLY^�fnhYg�lq�Y�XZY�ik{�ikXZ[�afdh_hY
i\cÒu�dh[ y [3r�[Zs³[^X��¹c#jfY\nhY\dh_�rh[3q^]�Yvu�YÀ[�X�q^]�Yvu�Y�XZ[Ò #c¦[^ik{�Í¡Y\ikX�qZa`qocZdhY<dfc
qm �c�_`uL[v�lY\�`ikX�q�_hY�XZ[ � W XmcZph{�q¥i�j`��n`c��K�ØpbcZphXZ[�q�Y\n�Y¦[^XZ}�Ykj`a� #c Ð uLY^��c^u�rbjl_bs
Xm���-cZX#c§d`cÀq�Y\]h[va`X�dh[^ikXZXmc7 #cÀrh]hY Ð [\�~ikYÑ�-c�q^c<[^X 〈f |Ŝ| i〉 �,÷ p*[Ô �cZr`_ û Yvu
uOcmX�]`_`|`cZX#c�dfcg]`cm vikY\�`q^c�d�Y�X�[(q�{�qgq^_��¹c

Ŝ = 1+ iR̂
�^p�{K�lY�XZ[

R̂
i�Y�dfcZ]`_hnfc

uOcmX�]`_`|`c¢dfcÁr`]�Y Ð [v���h �cÁc^u�rbjl_hXm���-cZX#cÕd`cÁ]fc# vi�Y\�hqocZdhY�XZ[¢rh[Zj`��n`c�q^c�u�Y¢�
Afi = 〈f | Ŝ| i 〉 = δfi + i〈f | R̂| i 〉 x � � ���

÷ p*[gik{�ikX�[vafdh_�ahXmc | i 〉 _ | f〉 i\cU]`cm �jf_`n`dh_
δfi = 0 ��� cZX�]`_hn`dh_�ahX(YkjfYvuLY\dhX

〈f | R̂| i 〉 uL[�º¡Y��-cÁ �cZr`_ û Yvu�qZ{�qÁq�_b�-cÀ�

〈f | R̂| i 〉 = (2π)4 δ4(pf − pi)
1

[ ni∏

k=1

Ek V

nf∏

l=1

El V

]1/2
Mfi x � � �^�

Mfi
i�Y<dfcZ]`_hnfc9r`]h_`qZYk�fY\d�uOcmX�]`_`n�Y\d YkjfYvuLY\dhX9_¥ik{�ÍÎ[9_fuOc¦i\u�_`ik{,j dfc

c�u�r�jf_hXm���¹c§dfcÔr`]�Y Ð [v���»c
δ4(pf − pi)

[^i\_ y ��]oafq^cú �c�r`cm vq^c�d�Y\XZ[§dfcÀY\dhY\]bs
y _ba`X#cÁ_§_`u�r��#jfivc � ni

_
nf

ivc¡}o]�[�a`XÁnfcZi�X�_h|`_,�lp*[^_hXZ[Õ_fuOc�u�Y(qÁdfcvnfc#jf[�X�[
1 z
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d3p d3x

(2π)3
x � � �*�
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Ç¨cm  y j`Ykº@�¹c�uLY�i�_hi�XZYvuOcÂ[^X

N
n`c�ikX�_`|h_Ái p*[^[^]^�-_hdfcmX�_

xi
p
� ÏÎc y ]`c�dbº�_fcZdh{¹X

d`c@Xmc# v_§i�_hi�XZYvuOcÁikYg �c�rh_`i�q^c@q�{�q¢q�_b�-c

L (x, ẋ) =
N∑

p=1

3∑

i=1

mp(ẋ
i
p)

2

2
− V (x), x w � ���

cÎ£���dhp`|h_h[^dfc#jf{¹X¢dfc(�lY\�`ikX�q�_hY�XZ[@Y�_`d�X�Y y ]`_h]fcZd`_ba`X¢r�[@q�]hYvuLY�XZ[¡jlc y ]fcZdbs
º¢_fcZd

I =

∫ t2

t1

L (x, ẋ) dt x w � ���
Ç¨cm  y j`Ykº@�¹c�uLY _`d`£g_`dh_hX�_� v_fuOc#jld�[Îr`]hYvuLY\ikX^q^cZdhY dfcUnfcZikX�_`|fc[�X(i�_`ikXZYvuOc#s
X#ch�fp*[�Y�XZ[�i�Y��¹cZqoc@igX^]`c�dhi�£g[^]fuOc�|h_�ahXmc

xi ′
p (t) = xi

p(t) + δxi
p(t) x w � �o�
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� Y�_hi�pbc^uLY�Xmc# �_ X�]`c�dhi\£�[o]`uOc�|h_�a �¹c Y3X#c�pbcZqoc���n�Y��fYv�hikX^q�_hY�XZ[��-c�Y
_hd`q^c�]h_fcZdhX��fX � Y �

∫ t2

t1

L′ (x′, ẋ ′) dt =

∫ t2

t1

L (x, ẋ) dt x w � w��
T i�jf[^q�_hY�XZ[¡ �cÎ_`d`q^cZ]`_fcZdhX�d�[Ñ�lY\�`ikX�q�_hY�ikYg_b vrh{,jldbafq^c��bp*[ y cmXZ[@q^cZ]`_fcZ|`_ba�s
X#c�uL�7ikYg �c�db�#j`a`q^c

δI = I ′ − I =

∫ t2

t1

[L (x′, ẋ ′)− L (x, ẋ)] dt x w �%Ö �
� Y�_� vr�[�jh �q^c�u�Y(i�jfY��-dh_hXZYg�-qZYeYkjfYvuLY\dhX#c�]hd`_Ôr`]�Y\[�}^]fc# \��q^cZd`_�a

δẋi
p =

d

dt
x′ ip −

d

dt
xi

p =
d

dt
δxi

p x w �Ø× �
∂L
∂ẋi

p

δẋi
p =

d

dt

(
∂L
∂ẋi

p

δxi
p

)
−
(
d

dt

∂L
∂ẋi

p

)
δxi

p , x w �%Ù �
 �cÎ�-c¢r`]hY\i\uLY�X^d�Yvu�q^c�]h_fcZ|`_�ahXmc¢d`c¡�lY\�`ikX�q^_�Y�X�[Ü�

δI =

∫ t2

t1

[
∂L
∂x

δx+
∂L
∂ẋ

δẋ

]
dt x w �ØÚ �

δI =

∫ t2

t1

[
∂L
∂x

δx+
∂L
∂ẋ

d

dt
δx

]
dt =

∫ t2

t1

[
∂L
∂x

δx+
d

dt

(
∂L
∂ẋ

δx

)
−
(
dL
dt

∂L
∂ẋ

)
δx

]
dt

⇒ δI =

∫ t2

t1

N∑

p=1

3∑

i=1

(
∂L
∂xi

p

− dL
dt

∂L
∂ẋi

p

)
δxi

pdt+

N∑

p=1

3∑

i=1

∂L
∂ẋi

p

δxi
p(t2 − t1)

x w �Øë �
¿ X

δxi
p(t1) = δxi

p(t2) = 0
ikj`Y��-q^cÁ��]`c�q�dhY\dh_hY�XZ[7dfcÑ�lq^_bºÑY\dh_hYÑdfc¢ÏÎc y s]`c�dbº
∂L
∂xi

p

− d

dt

∂L
∂ẋi

p

= 0 x w � �\�*�

mp ẍ
i
p = − ∂V

∂xi
p

x w � ���#�
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ý�cZXZ[ú]fc#  y jfYkº@�-c^uLY¡rh[ZjfY¡qZ{�qÕq�_b�9dfcÕuLY Ð cZd`_`nhdfc�i�_`ikXZY�uOc�i�}^Yk vp`]`c��hdh[
y [Zj`afu§}^]h[^�Îi�XZY\rhY\dh_�dfcÂi�q�[�}�[v�¹c���uL[�º¡YvuÀ�-cÂrh[^i�X�]�[o_`uÜXZY\[^]`_ba¡dfcÂr�[�j`Y\XZ[
r�[Ñc�d`cmj`[ y _�aÕi�p�j-cZi�_`n�Yvi�pbcmXmcÎuLY Ð cZd`_hpbc � W¥dhYkaÕrh[ZjfY�XZ[@ikY Ð cZ]fcZp`]�Yv]h_� v_bs
]`c¡iÂX � d � £���dhp`|`_baÀd`cÎr�[�j`Y�X�[

u(x)
�*p*[�ahXZ[¡i�{¹[�X^qZY�X�i�X�qm��qocÎdfc�}�Y� vph]fcZ�`dh[

y [Zj`afuó}^]h[^�1ikXZY\rhY\d`_~d`cÜi�q�[�}�[v�¹c �]T ]`c�q�dhY\dh_�ahXmcÜ �c§£U��d`ph|`_`_�XZYÔdfcÜr�[Zs
j`Y�X�[~u�[ y cmX��-c3}�{K�¹cmX1rh[Zj`��n�Y\d`_�[�X1i�_`ikXZYvuDc9j-c y ]fcZd�º¡Y\q^_�£���dhp`|h_`_�i
r�[*uL[^Í@cgdfc(q^c�]h_fcZ|`_�[odhd`_�aÕrh]`_hd`|`_hrúd`c(ikXmcZ|`_�[od`c�]hdh[�X�[e�fYv�hikX^q�_hY^�*c�-_bs
d`c^u�_hnhY\i�p`_hXZY¡r`]�[*uLY\d�jf_`q�_9uL[ y cZX@�-c�}�{K�¹cmXÕrh[^ikX^]�[^Y\dh_¦n`]�Y� ¡qZYkjl_hn`_`dh_,�
r�[v�l[�}^d`_ dfc�ik{ø[�X�q�Y�X�ikX^q^cZÍÑ_�X�YÜqZY�jf_`nh_`d`_ q�c�r`c�]`cZX#c�dfc�p�jfd`i�_`n�Yvi�pbcmXmc
uLY Ð c�dh_`pbc �öU[Àc�d`cmj`[ y _�a¦iÑpbj-cZi�_`nhY\i�pbcmXmcúXZY�[o]h_�aÒi\cÕq�{, �uL[�º�dh_Ü�-q^cúi�rh[^ik[^}oc� �c
r�[oikX�]h[vafq^c�d�YÕdfcÔq�{,jfdh[^qocÀXZY\[^]`_ba1d`c§r�[�j`Y�X�[ �Âo �-_hd`_ba`X§YÕpbc�d�[odh_`nhY\i�p`_
x _�jl_ Ð c�u�_�j`X�[^dh[^q*�Õ£g[^]fuOc#jl_� \{¨u ��c3�-]b� y _ba`X¥Y�jlc y ]`c�dbºÑY\q £g[^]fuOc#jl_bs
 \{¨u � öU[§s�f[�jh�1q¦_b �jf[�º¡Y\d`_�Y\XZ[9ÍÎYúi�Yúi�r`]�Y�uódfcÜq�XZ[^]`_�a1[^X¦X\a Ð � ö�]`_
d�Y y [`�,pbcmX�[Ü_�  Ð [v�-_`u [�XÔjlc y ]`c�dbº�_fcZdfcÔdfcÀi�_`ikXZYvuDcmXmc��»iÁrh[ouL[oÍÑcÀdfcÀq^c#s
]h_fcZ|`_�[od�Yvd r`]h_`dh|`_`r uL[�º¡Y�uË�-c¦rh[Zj`��nh_fu���]fcZq�dhY\d`_ba`X#c�d`c§�-q�_�º¡Y\d`_hY^�
c� #cZrfc# vqocZÍ¡_hXZYÁikYÁqZ{�q7q�]hYvuLY�X�[Õ�-_`d`c^u�_hnhY\i�p`_Òq�Ykjf_`n`_hd`_ÒpbcmX�[ÀY\d�Yv] y _�a
s�_`u�r��#jfi^�- #cZ]oab��_¦X � d � u�[vºÑYvu��¹cú[^r`]�Yk�fYkjl_fu½i@r�[*uL[^Í@c<d`cúXZY�[o]�Y�uOcmXmc
d`cÁê�{�[^XZY\]<pbcmXZ[Á_hd`q^c�]h_fcZdhX�_,�`ik{¹[^X�qZY�X^ikX�q^c�Í¡_7dfcÎ]fc# �jl_hn`d`_<r`]hY�[�}o]`cm ��*s
q^cZd`_�aúd`cÎp*[�[^]^�-_`d`cZX�dh_7i�_`ikXZY�u�_Õ_<£U��d`p`|h_`_7d`c�rh[ZjfY�XZ[ � ÏÎc y ]fcZd�º¡Y\qocmXmc
£U��d`ph|`_�aÜX�]oa`}^q^cÁ�-c�_b vrh{,jldbafq^c@�*i�j`[oq�_hY�XZ[¢ #c�Ð1ÑÓÒ}Ô	Õ�ÖÆ×ØÖªÙ:Õ�ÚÄÔ Ö�ÛÆ×hÔ�ÐªÖ�ÜÔ	Û�Õ�ÛªÝ	Ù:Õ=_�jf_Á_`dhqocZ]`_`c�d�X�dh[^i�X([^X�dh[^i�dh[(rh{,jld`cZX#cgd�Y\Y��ldh[^]h[v�ldfc y ]b��rfcUdfc
Ï([o]�Yvdh| x r�{,jldfc y ]���rfcúdfcÀöÂ��cZd`pbcZ]hY#� � ýgcZphXZ[7Y¡_� vqZYvikX�dh[`�°Þ}ß:ÒXÛªÔ?àáÐ}âdÞªÔÛ}Ô<ã�ÝnÐ1ÑCÛ�ä~i�Y§d`c�]h_`nfc y ]���rfcmXmc�dfcÒYk�ldh[^]h[v�ld`_�jf_`d�Yv�hd`_�rh]hY�[�}o]`cm ���q^c#s
dh_�a d`c�p*[^[^]^�-_hdfcmX�_hXZY§dfc¦nhY�X�_`]h_fuLY\]`d�[3rh]h[^ikX^]`c�dhikX^qZ[¦sgq^]�Yvu�Y^�¨p*[o_�X�[
 �cZrfc# vqocmX¥_`dhqocZ]`_`c�d�X^d`c p`q^c��-]fcmX�_`nhdfcmXmc�£�[o]`uOc _ dhYÒ_� �uLY\d�ahX¥q^]�Yvu�Y�s
qZ[�X�[1dfcZr`]fcZqmjfY\d`_�Y � ù�d`q^c�]h_fcZdhX�dh[^ikXZXmc1[^X�d�[oi�dh[�Xmc# �_ y ]b��rfc3d`c�]h_`n`c^uLYÐ1ÑÓÒ}Ô	Õ�ÖÆ×ØÖªÙ:Õ�Ú�Ôg_�jl_<Ò}ÝnÐ%ÑCÛ�äJÖ�Ûª×�Ô�Ð}ÖªÔ	Û�Õ�ÛªÝ	Ù:Õ �
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Û¡c�ikYqZ{�]`d�Y�u3ph{¨u�£U��d`p`|h_�ahXmc¡dfceÏÎc y ]`c�dbº ��¼ aÕikY�a`qZa`q^ce£���d`ph|`_ba»�

 �cZq^_hikYvÍÑcV[�Xq�]hYvuLY�X�[U_�qpbj-cZi�_`nhY\i�pbcmXmcÂuLY Ð cZd`_hpbc�ikYI �cZr`_`i�q^c�pbcmX�[Ui��huOc
r�[Àq�i\_hn`ph_9uOcZXZY\]`_`cmjfd`_9XZ[onhp`_Òdfc<i�_hi�XZYvuOcZX#c �¹¼ c# v_¦i��huDcÁ �cúd�Yvrh]hY\ph{�iÝs
d`cZX�_9i�_`ikXZYvu�_,�-pbc�phq^_�X�[7ivc�qZ{,jldh[^q�_hXZY@r�[�j`Y�Xmc��¹ikY¡_� v]fc# �afq^c¢n`]�Y� @r`]�[oiÝs
X�]`c�dhi�X�qZY\dh[Õ_`d�X�Y y ]`_h]fcZdhYÎd`cÁr�jf{¹X�dh[^ikX�X#cÕd`cÁ£���dhp`|`_ba`X#cÕd`c@ÏÎc y ]`c�dbº

L(x0) =

∫
L
(
ui(x), ∂µu

i(x)
)
d3x x w � ���^�

2e��d`p`|h_h[^dfc#jf{¹XÕdfc¡�lY\�hi�X�q�_hY�XZ[Õi�YU�¹cZqocÁi(_� v]fc# �c

I =

∫
Ldx0 =

∫ x0
2

x0
1

dx0

∫
L
(
ui(x), ∂µu

i(x)
)

=

∫

V

L
(
ui(x), ∂µu

i(x)
)
d4x

x w � �\�*�
WI{�q�qocZ]`_`c�|h_h[^d`d`_baÎr`]h_`dh|`_`rK��[^}oc�n�Yo�\qZjf_� �c�d�YÈ£U��d`ph|`_�ahXmcd`c�ÏÎc y ]`c�dbº§�
c3�fYv�hikX^q�_hY�XZ[

I
� r�[�jh��nhY\dh[ i�jfY�� _`d�X�Y y ]`_h]fcZdhY�rh[

x0 � ö[o]`c#�l_½XZ[^qoc~Y
�f[oikX#cZXZ{�n`d�[¢�-cÁ]fc#  y jfYkº@�-c^uLY(r�jf{¹X�dh[^ikX�X#cÕd`cÁ£���dhp`|`_ba`X#cÕd`c@ÏÎc y ]`c�dbº

L
(
x0, ~x

)
= L (x) ,

 �cZq^_hikYvÍÑcÀ[^X9n�Y�X^_h]`_¥r`]�[oikX�]fcZd`ikX�qZYvd�[¦s�q^]�Yvu�Y\q�_~r`]�[*uLY\d�jf_`q�_ �O¾ cZdfcZrbs
]�Y��¨�fÍÎYedfcZ]`_hnfc�uLY L (x)

j-c y ]`c�dbº�_fcZd � ö�]h_ÀX�[^q^ch�-cZp*[ L (x)
 �cZq^_hi�_Àivc�s

uL[Á[�X¢ik{�ikXZ[�afdh_�a7dfc@r�[�j`Y\XZ[�q@}�Yk vp`]fcZ�`d�[�uOcmjfpbcÑ[^p*[�jfdh[^i�XÁdfc
x

��X � Y � [�X
ikXZ[^�`dh[^ikX�_<dfc

ui _úph]fcmY\dÕ}^]h[^��dhY\�`dh_ún`c�ikX�d`_úr`]h[^_� vqZ[v�-dh_,�*qm \Y\X�_ÕqeXZ[on�s
pbcmXmc

x
��XZ[ÁXZ[o�ÀikY�dfcZ]`_hnfc�Ò}Ý�Ú�ÔåÒÆÑCÛ�Ò}Ô�àáÐæÔhÛèç�ÖªÔ	Ûf�-cÑik{¹[^X�qZY\X�ikX�qZ��q^cZÍ@cmXmc

XZY�[^]`_�a7sDj`[opbc#jld`c¢XZY�[^]`_�a,�fpbcZp`q^cZXZ[�d`_�Y�ÍÎYe]fc#  y j`Y�ºÑ�¹c�u�Y �
¾ c<q�i�a`pbc¢[^}Zj-cZikX

V
q<rh]h[^i�X�]`c�dhi�X�qZ[^XZ[§dfc � _`dhp*[oq�i�p`_

M (V ⊆ M)]`cm  y jfYkº@�¹c�uLY�rh[ZjfY�X#c
ui,

]�Y û Y\d`_ba§dfcÑ��]`c�q�dhY\d`_�Y�X�[Õd`c¢Ï�c y ]fcZd�º s ¿ �bs
j`Y\] ��¾ c7�¹c¦uL[�º¡Yvu=�¹c�rh]`_�j`[�º�_`u¤qocZ]`_`c�|h_h[^dhY\d~r`]h_`dh|`_`rK�Lq�{�qZYkº@�¹c�uLY
q^cZ]`_fcZ|`_ba~d`cÜrh[ZjfY�XZ[

ui(x)
i@�l[^rh{,jfd`_hXZYkjld�[9rh[ZjfY

hi(x)
X#c�p*[^q^ch�¨nhYÕX�[

ikY� #cZd���j`a`qoc@r�[ y ]fcZd`_`|h_hXZYÎdfc@[�}Zj-cZi�XZX#c
hi(x)|∂V = 0

�
ui(x) −→ ui(x) + εhi(x), ε > 0 x w � ��w��
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¾ cZr`_hi�qoc�uLY��lY\�hi�X�q�_hY�XZ[ÕpbcZXZ[�r`]�[o_hdhXZY y ]`_`]`c�dÜrh[�q�]hYvuLY�X�[Ájlc y ]`c�dbº�_fcZd,�
£U��d`ph|`_�aÜd`cÁdh[^q^_�X�YÎq^cZ]`_`]`c�dh_Ür�[�j`Y�Xmc

I(ε) =

∫

V

L
(
ui(x) + εhi(x), ∂µu

i(x) + ε∂µh
i(x)

)
d4x x w � � Ö �

ÛeYv�hikX^q�_hY�XZ[
I

Y¢ikXmcZ|`_�[od`c�]hdh[Ô #c
ui(x)

_
∂µu

i(x)
cZp*[ ∂I

∂ε |ε=0 = 0,
ph{Ks

�fY�X�[
δI = ∂I

∂ε |ε=0
YÂrh{�]`q^cmXmcÎqocZ]`_`c�|h_�a<dfcg�lY\�`ikX�q�_hY�XZ[

I
X � Y � rh]h[ouLa`dfcmXmc

d`c
ui(x)

i
(x0, ~x)

Y§XmcZpbcZqoc��ÈnhY
ui(x)

]�Y�c#jl_b v_`]fcmX1ikX#c�|h_h[^dfcZ]`dh[^ikX~dfc
�fY\�`ikX�q^_�Y\XZ[ �

¾ cÎ�-cÑ[^i\_ y ��]`_fu y [o]hd`_�X�Y(_� v_`i�phqocZd`_baÔÍ¡Yg_`i�pbc�uLY�jlc y ]fcZd�º¢_fcZdh{¹XÑ�¹c
Ygjf[^]hY\d`|�[oqZ[�i�pbcmjlc�]hdfcÁ£���dhp`|h_�a �
L
(
ui + εhi, ∂µu

i + ε∂µh
i
)

= L
(
ui, ∂µu

i
)
+εhi ∂L

∂ui
+ε∂µh

i

(
∂L

∂(∂µui)

)
+O(ε2) =

= L
(
ui, ∂µu

i
)
+εhi ∂L

∂ui
+ε∂µ

(
hi ∂L
∂(∂µui)

)
−εhi

(
∂

∂xµ

∂L
∂( ∂ui

∂xµ )

)
+O(ε2)

ý�cZXZ[Ü �c�uLYvikX�_fu y [o]�Y\rh[Zj`��nhY\d�[^XZ[¦]`cm vq�_hX�_hY<dfcÀj-c y ]`c�dbº�_fcZdfcÜq�_� v]`cm �c
 �cÎ�fY\�`ikX�q^_�Y\XZ[`�lrh[Zj`��nfcZq^c^uLY

I(ε) =

∫

V

L
(
ui, ∂µu

i
)
d4x+

∫

V

ε

(
hi ∂L
∂ui
− hi

(
∂µ

∂L
∂(∂µui)

))
d4x +

+

∫

V

ε∂µ

(
hi ∂L
∂(∂µui)

)
d4x+

∫

V

O
(
ε2
)
d4x

¼ ]hY�X�_�ahXÔn�j`Y\d9q y [o]hd`_baÒ_� v]fc# @rh[7XZY�[o]�YvuDcmXmc7d`c�é�c\�*ies ¿ ikX�]h[ y ]fc��-i�p`_
ikY(i\qZYkº@�¹c¡�f[

∫

V

ε∂µ

(
hi ∂L
∂(∂µui)

)
d4x = ε

∫

∂V

hi ∂L
∂(∂µui)

dSµ = 0,

XZ{��~pbcmXZ[§�l[^rh{,jfd`_�X�Ykjfdh[�X�[Òr�[�j`Y
hi ��pbcZphXZ[9qZYvn�YÕi\r�[*uLY\dfc Ð uLY^��d�YÁ�¹cZqoc

rh]`_hdh[^i�r�[ y ]`c�dh_`|`cZX#c�dfc1[�}�jlc�ikXZXmc�� q�p*[�ahXZ[ _`dhXZY y ]`_h]fc�u�Y��
hi|∂V =
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0 � öU{�]hq^_ba`X�n�j`Y\d dhY�ik{K�l{�]oº@c

ε
_=ikj`Y��óq^c�]h_hYvc�d�Y�Í¡Y¦�¹c��lY3d���j-c���c

n�Y�X^qZ{�]hX�_ba`X�n�j`Y\d y [9rh]hY\dhY�}^]hY y qoc�uLY ��¼ cZpbc�Y��-_hd`ikX�q�Y\dh[ÒqZXZ[o]h_�ahXÒn�j`Yvd
�-c�q^cÁr`]h_`d�[oiep�{¨u rh{�]hqocmXmcÁq^cZ]`_fcZ|`_ba§dfc¡�fYv�hikX^q�_hY�XZ[

δI =
∂I
∂ε
|ε=0 =

∫

V

N∑

i=1

hi(x)

[
∂L
∂ui
− ∂µ

(
∂L

∂(∂µui)

)]
d4x = 0 x w � � × �

¼ {��ÀpbcmX�[Árh[@�oi�jf[^q^_�Y(q�i�_`n`ph_Ôrh[ZjfY�Xmc
hi(x), (i = 1, ..., N)

i\c@]fc# �jl_`nhd`_
[�XÒd���j-c���X�[Ò[�XÒqocZ]`_`c�|h_h[^d`dh_�a�r`]h_`d`|h_`r�rh[Zj`��nfcZq^c^uLY<��]`c�q�dhY\d`_ba`X#c¦dfc
�lq^_bº¡Yvdh_hYÎd`c@ÏÎc y ]`c�dbº s ¿ �bjfY\]< �cÁrh[ZjfY�XmcmXmc

ui(x)

δI
δui

=
∂L
∂ui
− ∂µ

(
∂L

∂(∂µui)

)
= 0 x w � � Ù �
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íC³Ã êÑÄ»GIFUÄ»ð�Q N�Q ë>r�GDJLÄ»F
¾ cÁ[^r`_hivcZd`_�YÎdfc¢£(_b v_`nhY\i�pbc�i\_hikX�YvuOc¢dhY�Y(�f[oikXmcmXZ{�n`dh[úrh[Z vdfcZqocZdhY�XZ[Õi\c#s
uL[�dfc¦��]fcZq�dhY\d`_ba`X#c�d`c��lq^_bº¡Yvdh_hY � êUY�[^} Ð [v�l_fuL[9YÔik{�Í¡[��-c9�huLY�Yvuó�¹c
_b v]fc# \a`q^c^uLYÁnh]hYk Õ]hY û Y\d`_�ahXmcÀd`cÀXZYk v_Ò��]`c�q�dhY\dh_�a�[oi�d�[oq�d`_�X�YÕ£g_� v_`n�YviÝs
ph_ Ð c�]`c�p�X�Y\]h_`ikX�_`p`_�d`cgi�_`ikXZYvuDcmXmc � ý�c�p�X�[(q�Y\n�Y�i�r�[*uLY\dfc Ð uLYo�#X#c�ph_`q^c� �c#s
r`cm vq^c�Í¡_�ikYq�{�q�q�]hYvuLY�XZ[f��c��-_�X^_hq^dh_<ì	Ö�Û}Ô�íwÖXî�Ñ�Ù:ÚdÖ�×�ÑÓÒXÖ�îæÖ�Û�ÖÁd`c�]h_`n`c^uLY
�l_`d`c^u�_`n�Y\i\ph_Ñ_hd`q^c�]h_fcZdhX�_ x _bjl_Î #cÂph]fcmX�p*[oikX�Ö�ÛÆ×hÔ�ÐªÖªÔ	Û�Õ�Öb� �^¼ c�ph_`q^c��-_bs
d`c^u�_hn`d`_§qZY�jf_`nh_`d`_§uL[�º¡Yvu¥�¹cÁr�[�jh��n`_`u n`]�Y� (XZY\[^]hYvuOcmXmc¢dfcÁcZpbc�� �Æo uO_
ê�{�[^XZY\] �ï ¾Ä»}¬µ¾Ä¸w³ª¼d³ð¯°³òñ�óè»ª¼�¾�¬ y j-cZi\_K�øn�Y×hÙ�ô�Ú�Ý3ÚõÐæÔ	ö�ÛªÝ3Ü�ÞªÔ�ÐèÔåí�ÑCÕ�Ð}Ö�îæÛªÝÛªÑ:Þ�Ð%ÑCÚÄß�Ù:ÛªÔ	Õ�Ý'Þ�Ð%Ñ�Ý	÷nÐæÔåøjÝh×hÔ	Û�ÖÆÑ ù"ø�Ô�×	Ö}Ù�ÑCú�Ý�Ý�Õ

s
ÞªÝ	Ù:Õ�Ý�ôXÛ�Û�Ö�ÞªÔ�ÐèÔåí�ÑCÕ�ÜÐ}Ö�û3ÛªÔ3ÚÄÝØÝnÐªì	ÖXÛªÔ	Õ�Ö�Õ Ñ�Ö�ÞªÝ�ÒªÑõ×ØÖ�Õ Ñ�ü¿âhýXÚdä}Ö�Ö�þÊø�ÔhÛXâ�Òæôª×�Ô	ú�Ý�×hÔ�ÐªÖ}Ôhä}Öæô�ÜÕ�Ô?ÛªÔ�üuâdÛ�Újä}ÖªÝ�ÛªÔåÒ}Ô<ÛªÔ?ì�ÑCöªÙ:Õ ×ØÖÆÑCÕ�Ý�ù�Þ�ÐªÖVâÄÙÓÒ}Ýh×ØÖÆÑ�þ£îXÑNÙnÔÖæø�ÞªßCÒ�ÛªÑ:ÛXÖâ�ÐèÔ�×ØÛÆÑCÛ�ÖèôXÕ�Ô3Û}ÔNì�×ØÖ�çLÑCÛ�ÖÆÑÿû�þ�ÙõßØÝ�Õ�×�ÑCÕ�Ù:Õ ×ØâÄ×�Ô�ÛªÔ
s
ì	Ö�ÛªÔåíwÖ�îXÑ�Ù:ÚdÖFÖ�Û�Ü×hÔ�ÐªÖ}ÔhÛXÕ�Ô�þ¿Õ��ÎÑ��

s
øjÔ	ÞªÔåød×hÔ	ú�Ö<ÙåÑw×�ß�×�×xÐ%Ñ í�ÑCÕ�Ý�ÚÄÝ�í�÷�Ö�ÛªÔ	ä}Ö�Ö<Ý�Õ Þ}ÝgÒªÑõ×ØÖüuâdÛ�Újä}Ö�Ö�Ö<Õ Ñxý�ÛXÖ�Õ ÑpÞ�Ð1ÝåÖèød×hÝ�ì	ÛXÖ �

¾ cÂ�l[^pbcm �cmX�Ykjfi�X�qZ[^XZ[Îd`cgXZY\[^]hYvuOcmXmc(ÍÎYV]fc#  y jfY��¹c�uLY }^Yk vp`]`c��hdh[�uOc#jlp*[
rh]hY�[�}o]`cm \[^qocZd`_�YedfcÁp*[�[^]^�-_`d`cZX�_�X�Y¡_Ôrh[ZjfY\q�_hXZYÎ£���dhp`|h_`_

xµ → x′µ = xµ + δxµ x w � � Ú �
ui(x)→ u′i(x

′) = ui(x) + δui(x), x w � � ë �
p�{K�lY�XZ[ÕqocZ]`_`c�|h_`_hXZY

δxµ _
δui(x)

ikY�_� v]`cm �a`qocmX¢n`]�Yk e}�Y� vph]fcZ�`dh[ÕuOc#jlph_
jf_`d�Yv�hdh[ÕdhYk �cZq^_hi\_`u�_ÀrfcZ]fc�u�Y�X�]`_

δωn
rh[�£�[o]`uL��jl_hXZY

δxµ =
∑

1<n<s

Xµ
(n)δωn x w � �m�*�

δui(x) =
∑

n

Ψi(n)δωn x w � ���#�

∂µui → ∂µu
′
i(x
′) = ∂µui(x) + δ∂µui(x) x w � �����
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WI{�qZYkº@�¹c�uLYeq^c�]h_fcZ|`_�ahXmc¢d`cÁ£g[^]fuOcZX#c¢dfcÁ£���dhp`|h_�ahXmc�qÁX�[^n`pbcmXmc

x

δui(x) = u′i(x)− ui(x), x w � �m�o�
p*[va`XZ[ei�XZ[^n`dh[^ikX��f[(}�Y� vph]fcZ�`dh[euOcmjfp`_ÁnbjfY\dh[^q�Y [�X(qZXZ[o]h_¢rh[^]oa��f{�p¢uL[�º¡Y
�-cÁikYer`]�Y��-ikXmcZq^_§_Ôq�{�q@q^_��¹c

δui(x) = δui(x)− ∂µuiδx
µ =

(
Ψi(n) − ∂µuiX

µ
(n)

)
δωn x w � ��wb�

¾ ceq�i�a`pbc([�}�jlc�ikX
V

dfcer`]�[oikX�]fcZd`ikX�qZ[^XZ[Ád`c � _`dhp*[oq�i�p`_
M (V ⊆M)

i�Y
_b v_`i�p`q^c¡�lY\�`ikX�q�_hY�XZ[

IV =
∫

V L(ui, ∂µui)d
4x

�¹c@Y(_`dhqocZ]`_`c�d�XÕX � Y �
∫

V ′

L
(
u′i(x

′),
∂u′i(x

′)

∂x′µ

)
d4x′ =

∫

V

L
(
ui(x),

∂ui

∂xµ

)
d4x,

p�{K�lY�XZ[
V ′

Y�[�}^]fc# 9dfc
V

rh]`_ X�]fcZd`i�£g[^]fuOcZ|`_ba`X#c
xµ → x′µ = xµ +

δxµ �åT i�jf[^q^_�Y�X�[Â �c�_hd`q^c�]h_fcZdhX�dh[^ikXUdfcV�fYv�hikX^q�_hY�XZ[UikY�_b �r�{,jldbafq^ch�\p*[ y cZXZ[
r�{�]`q^cZX#c¢u��Àq^c�]h_fcZ|`_h[^d`d`c¢r`]h[^_� vqZ[v�-d`cÁikYg �c�db�#j`a`q^c �

δI = δ

∫
L(x)d4x =

∫
L′(x′)dx′ −

∫
L(x)dx x w � � Ö �

L′(x′) = L(u′i(x
′), ∂µu

′
i(x
′)) = L(x) + δL(x),p�{K�lY�XZ[

δL(x) =
∂L
∂ui

δui +
∂L
∂∂µui

δ∂µui = δL(x) +
dL
dxn

δxn,

c

δL(x) =
∂L
∂ui

δui +
∂L
∂∂µui

δ∂µui =
∂L
∂ui

δui +
∂L
∂∂µui

∂µδui x w � � × �

δI =

∫ (
δL(x) +

dL
dxn

δxn

)
dx′ +

∫
L(x)dx′ −

∫
L(x)dx
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2e��d`p`|h_h[^dfc#jld`cZX#c¢�lY�XZY\]fu�_`d`c�d�Xmc¢r`]h_hYvuOcÁq^_��¹c

dx′ = dx′0dx
′
1dx

′
2dx

′
3 =

∂(x′0, x
′
1, x
′
2, x
′
3)

∂(x0, x1, x2, x3)
dx ≈

(
1 +

∂δxµ

∂xµ

)
dx

⇒ δI =

∫ (
δL(x) +

dL
δxn

δxn

)
dx+

∫
L(x)

∂δxµ

∂xν
dx,

[�X�ph{K�fY\XZ[ÕqZYk�ldfc y c@i�j`Yk�lqoc

δI =

∫ [
δL(x) +

d

dxn
(L(x)δxn)

]
dx x w � � Ù �

¿ X@��]fcZq^d�Y\d`_hY�XZ[Õdfc¡�lq^_bºÑY\dh_hYÎdfc@Ï�c y ]fcZd�º s ¿ ��j`Y\]
δL
∂ui

=
∂

∂xµ

(
δL
∂∂µui

)
x w � � Ú �

i�j`Yk�ÜYkjfYvuLY\dhX#c�]hdh[Á �c^uLY\ikX�qocZdhYgq¢_� v]fc# �cÑ �c
δL(x)

�l[^i�X�_ y c�u�Y��l[

δL(x) =

{
∂

∂xµ

(
∂L
∂∂µui

)
δui +

∂L
∂∂µui

∂

∂xµ
(δui)

}
=

d

dxµ

[
∂L
∂∂µui

δui

]
.

ù XmcZpbch�# �c�r�{�]`q^cZX#c�q^c�]h_fcZ|`_ba¢dfc��lY\�hi�X�q�_hY�XZ[([^p*[odhnfcmXZY�jfdh[�r�[�jh��nfcZqoc�uLY
�

δI =

∫
d

dxµ

{
∂L
∂∂µui

δui + L(x)δxµ

}
dx x w � � ë �

¾ cZr`_hi�qoc�uLYgq^cZ]`_fcZ|`_ba`X#c@pbcmX�[Áik�huOc¡rh[Áq�i�_`nhp`_ú�-_hdfc�u�_`n`dh_Ôr`]h[ouLY\d�jl_hq^_
�

δI = −
s∑

n=1

∫
∂µ

[
Θµ

(n)(x)
]
dxdωn, x w � ���*�

p�{K�lY�XZ[
Θµ

(n) = − ∂L
∂∂µui

(
Ψi(n) − ∂νuiX

ν
(n)

)
− L(x)Xµ

(n) x w � ���#�
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¿ X1�*i�jf[^q�_hY�XZ[¥ �c3 �cZd��#jhafq^c�d�Y¦d`c1rh{�]`q^cmXmc~qocZ]`_`c�|h_h[^d`d`c rh]h[^_� vq�[\�-dfc��
i�j`Yk�lqoc

δI
δω

= −
∫
∂µ

[
Θµ

(n)(x)
]
dx = 0

ý�cZXZ[�_b �r�[�jh vqoc�uLY�rh]h[^_� vqZ[�jfd`_�a¢_� \}^[^]Ád`cg_`d�XZY y ]`c�|h_h[^d`dfcmXmce[�}�jlc�ikX���r�[Zs
jh��nfcZqoc�uLY(��]fcZq�dhY\d`_�Y\XZ[Á �cÁdhY\rh]hY\ph{�i�dfcmXZ[oikX

d

dxµ
Θµ

(n)(x) = 0 x w � �*���
� jfY��9r`]hY�[�}o]`cm ���q^c�d�YÎdfcÑ�fa`i�dfcmXmc�nfcZikXúd`c x � � �Ø�#��r�[úXZY�[^]hYvuOcZX#cÕd`c.é�c\�oi
s ¿ ikX�]h[ y ]`c#�li�p`_9uL[�º¡Yvu��¹c�rh[Zj`��n`_`u  �cZrfc# vqocZÍÑ_�XZYÑikYÎqZYkjl_`nh_`dh_,�øik{¹[^X#s
qZY�X�i�X�q^c�Í¡_�dfc(r�[�jh��nhY\d`_�XZYrh[^q�{�] Ð dh_`dhd`_�_`d�X�Y y ]fc#jl_ � ýgcmXZ[Î_fuOc^uLY�r`]�Yk�
q�_b���LnhYÔq x � � �	����_hdhXZY y ]h_`]`c^uLYÀq9[�}�jlc�ikX��LdhY�[ y ]`c�dh_`nhY\d�[Ò]fc#  û _`]oa`q^c�ÍÑc
ikYÀqÒrh]h[^i�X�]`c�dhi�X�qZY\dh[^rh[v�f[^}^d`_�X�YÜdfcZr`]`c�qmjfY\dh_�a�_�[ y ]fcZd`_`n�Y\dfc9q�{�q9q�]hY�s
uLY\rh[\�l[�}odh_hXZYÎdfcZr`]`c�qmjfY\d`_ba�[�XÕr`]�[oikX�]fcZd`ikX�q�Y\d�[or�[v�l[�}odh_hXZYÑrh[^q�{�] Ð dh_`d`_
σ1

_
σ2

_�rh]`_1rh]hY��-r�[�j`[�º¡Y\d`_hY^��nhY�d`c y ]fcZd`_h|fcmXmc§dfcÀ[^}Zj-cZikX�X#cÜr�[�j`Y\XZ[
rh]fcZphX�_`n�Y\i\ph_ÜY(]fcZq^d�[�dfcÁd���j-c��`X�[�r�[�jh��nfcZqoc�uLY

∫

σ1

dσµΘ
µ
(n)(x)−

∫

σ2

dσµΘ
µ
(n) = 0 x w � ���*�

éo[^]`dh[�XZ[¦��]fcZq^d�Y\d`_hY<£ecZphX�_`n�Y\i\ph_�r�[opbc# vqoc���n�Y7r�[oqZ{�] Ð dh[^ikX^dh_hXZYÀ_hdhXZY y s
]`cmjf_

Cn(σ) =

∫

σ

dσkΘ
k
(n) = const(σ)

d�Y #cZq�_`i�ahXÎ[^X@rh[^q�{�] Ð d�[oikXZXmc
σ � W nfcZikX�d`_�a7i�j`��nfcZ�,��p*[ y cZXZ[Ñrh[^q�{�] Ð d�[oiÝs

X�_�X�YÁr`]hY��li�X#c�qmj`a`q^cZX<ivc�uOcZX#c7�¢s r�jf[^i�p*[oikX
x0 = t = const

�ø_`d�XZY y ]h_`]fc�s
d�Y�X�[ÜikY¢[oik{�ÍÎY\i�X�qmafq^c<qÔX�]`_fuLY\]`d�[^XZ[�p*[odh£(_ y ��]`c�|h_h[^d`dh[�r`]�[oikX�]fcZd`ikX�q�[
_Ô_hdhXZY y ]`cmjf_hXZY

C(n)

(
X0
)

=

∫
dxΘ0

(n) = const. x w � �mw��
d�Y( �c�q�_`i a`XÑ[^X�q�]hYvuLY�XZ[ �
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¥§¦ Íb¦"¨ ï ¾�¯ � »ª¬ ¯°³l¾�¯µ¾�¬���®PÏb¼�³0® ®µ¸w²��è¹µÀd³
öU]`_ _`dh£(_hd`_hX�_b �_`uOcmjfd`_½r`]h[^ikX�]fcZd`ikX�q�Y\dh[�sÑq�]hYvuLY\q^_ X�]fcZd`i�j-cZ|`_h_,�ÈX � Y �X�]`c�dhi\£�[o]`uOc�|h_`_Ü[�X�q�_b�¹c

x′µ = xµ + δxµ x w � � Ö �
p�{K�lY�XZ[ÀrfcZ]fc�uLY�X�{�]�{øX<Y@Y\p`q�_`q^cmj`Y\dhXZY\d9dfcú}�Yk �ph]fcZ�`d�[ÔuOcmjfp*[^XZ[Àrh]hYvuLYviÝs
X�q^c�d�Y^�¹c¢_`u�Y\dhdh[

δωn ⇐⇒ δxµ,
d`c^u�_h]fc�u�Y^�fn�Y

X ν
µ = δ ν

µ

_
Ψiµ = 0 �

¼ [ y c�q^c@qZYkjl_`nh_`d`cZX#c
Θµ

(n)

ikYerh]hY\q^]�{�Í@cÁqÑX�Y\db v[^]Ô[^X¢qZXZ[o]h_�]`c�d y
T ν

µ =
∂L
∂∂νui

∂µui −L(x)δ ν
µ , x w � � × �

p*[^�hXZ[ÕikYed`c�]h_`nfcÁXZY\d� \[^]§d`c@Y\d`] y _ba`X#cÁ_§_`u�r��#jfivc �
Pµ =

∫
T 0

µ dx = const. x w � � Ù �

P0 =
∂L
∂∂0ui

∂0ui −L(x) = H x w � � Ú �
öU]`_Õn`_`ikX�_úÏ([o]�Yvdh|h[^q^_�qZ{�]hXZY\d`_ba7_�X�]fcZd`i�£g[^]fuOcZ|`_`_Õ[^X¡q�_b�-c x � � �Ø�#��r�[Zs
jh��nfcZqoc�uLY

δxµ = ωµνx
ν x w � � ë �

_ÀXZY\d� \[^]Üd`c¢u�[ouLY\dhXmcÁd`cÁp*[�jf_`n�YvikX�qZ[^XZ[Á�-q�_�º¡Y\d`_�Y
M τ

µν = xµT
τ

ν − xνT
τ

µ x w � wo�*�
¿ X x � � �Ø�#� i�jfY��lqoc

∂τM
τ
µν = 0,

[^X�p�{K�lY�XZ[7rh[Zj`��n`c�q^c�u�YÎr�[7cZdfc#jf[ y _�aÜi
x � � �Ø�#���»nhYúuL[*uLY\dhX#c§d`c§p*[Zjl_hnhY\ikX�q�[�XZ[§�-q�_�º¡Y\d`_�YúYÁ �cZrfc# vqocZÍ@cÀikY�qZY�jf_bs
nh_`d`c

Mµν =

∫
M0

µνdx = const. x w � wf���
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���Å]¬°³}¯µ¾�¯°®°¾¯°³ � ³}¬%Ï1½u³

u′i(x) = eiΛui(x) x w � w����
u∗′i (x) = e−iΛu∗i (x) x w � wo�o�
δui(x) = iΛui(x) x w � w�w��
δu∗i (x) = −iΛu∗i (x) x w � w Ö �

¿ X y [^]`dh_hXZYÎX^]`c�dhi�£g[^]fuOc�|h_`_9i�jfY��lqoc��fnhY
Xµ

n = 0
_

Ψi = iu
(∗)
i (x) �

¼ c�pbcÑ �c@qZY\phXZ[^]h{¹X�dfc@XZ[opbc¢r�[�jh��nfcZqoc�uLY

jµ = −i
(

∂L
∂∂µui

ui(x)−
∂L
∂∂µu

∗
i

u∗i

)
x w � w × �

÷ d`cmj`[ y _hn`dh[Îd`ceuL[*uLY\dhX#c(dfcgp*[�jf_`nhY\ikX�q�[�XZ[(�-q�_�º¡Y\d`_�YÂ[^X x � � �	�#��rh[Zj`��n`c#s
q^c�u�Y(_7��]fcZq^d�Yvdh_hY�XZ[¢ #cÑdhY\r`]�Yvp�{�i�dfcmX�[^ikX

∂µj
µ = 0, x w � w Ù �

i�j`Yk�likX^q�_hYÁdfc7p*[�Y\XZ[`�»uL[�º¡Y�u �¹c< �c�rh_ û Y�u½_¦ #cZrfc# vqocZÍÑcZX#c7i�Y@q�Ykjf_`n`_hdfc
Ykj`Yvp�X�]`_`n�Y\i\ph_Ô �cZ]oa��

Q =

∫
j0dx = const. x w � w Ú �

¥§¦ Íb¦� 
�º]³�¹Â³}¬P¯µ»�²°»}¹µ¾
ϕ(x) = ϕ∗(x) x w � w ë �

L =
1

2

(
∂µϕ∂

µϕ−m2ϕ2
) x w ��Ö �*�

(
� +m2

)
ϕ(x) = 0, x w �%Ö ���

p�{K�lY�XZ[
� = ∂µ∂

µ = ∂2

∂x2
0
−∇2 Ye[^rhY\]fcmXZ[o]�{øX�d`c¡��� ÷ j-c�uL}^Y\] �
T ν

µ = ∂µϕ∂
νϕ−Lδν

µ x w ��Ö �^�
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Pµ =

∫
T 0

µd
3x x w ��Ö �*�

P0 = H =
1

2

∫ [
(∂0ϕ)2 + (∇ϕ)2 +m2ϕ2

]
d3x x w ��Ö wb�

¥§¦ Íb¦+¥ 
�²°®P¯µ»}¬°¯°»�²µ»�¹µ¾
(iγµ∂µ −m) Ψ(x) = 0 x w �%Ö^Ö �
i∂µΨγ

µ +mΨ(x) = 0 x w �%ÖZ× �
L = Ψ (iγµ∂µ −m) Ψ x w ��Ö�Ù �

Ψ′(x) = eiΛΨ(x) x w �%ÖZÚ �
Ψ
′
(x) = Ψ(x)e−iΛ x w ��Ömë �

p�{K�lY�XZ[
Ψ(x) = Ψ†(x)γ0 YU�-_h]fcZp*[oqZ[Õi\rh]hY y dfcmX�_�a§i�r`_hdh[^] �

T ν
µ = iΨγµ∂µΨ x w �
× �*�
jµ = ΨγµΨ x w �
× �#�

Pµ = i

∫
Ψγ0∂µΨd

3x x w �
× �^�

Q =

∫
Ψγ0Ψd3x x w �
× �*�
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A2BDCEBFC GIH�JLKNMPO�HLJRQLO�SUTEVPO�MPWYX*ZEMEH�J�[
\5]_^a`cbd]�_ae�fhg�]`_c^jilkmion(_cp�_q`cblg�bqrs]hth[^]qf	uvglf�[^]qfwe7blg�bRxyb{z(|v[Yglf\]2r}iZ[wu-_
uf[~xab��l_q�`_�f�gZ[�xab�p�bltab�pwi�bl�¡_?]�f�ilf��l_q�`_yxh_2�2�Lb�`cb�r�xyb�th]`_ae�f\]2r�iI]	�y���ab�^
xyb~t`]h[Y]�g�]ablxy]�g�i�f�xh[^_�]�_ae�fhg�]`_h_��o[NeL[Y�hf�xqxh[Y]hglg�b�xyb�th]h[Y]�g^]yb�xq]�gYiZ[�g�[?xab
�À_yxy`*[Yi�]�`h_�iZ[wul_�uf[�p�bltab�pwi�blxqf�xab�f�xqf\]q�\_c^yg�bqrUbe_cp\[Yg�]h[Ytyx�[�]�glg�b�eL���mul[
p�bltab�pwi�blxqf�xab�eL[�x�f�xqg�b�xybÁ_ae0t����P]�bÁ_�]�th_yxybq�

Pµ → p2 = m2 → m ��� ���� 

Mµν →Wµ = εµνρσM
µνpσ →WµW

µ = S → s ��� �¢¡� `�k=uPfhgZ[
Pµ

f¤£l�¥i�f�`qgZ[^]ab�xab�_ae0tc���P]�b�ra¦ f�e7b�]�b�g�b�r
Mµν

f¤glf�x�p\[^]ab�xab
eL[�e�fwx�g�b�xybÁ_ae0t����a]�bqrab

s
f¤]ht`_qxab��

\v`yiYb�x�g�[YiYblg�b§e�f��Ublx`_y`cb¨i�f\]h[w^yg�xh[Y]�glg�b�p�b¨th]qf	�o[wu [Yg?xab��yb��axh[�]�km]©�
gZ[�^yx`_�f |i > iª``]abl«yx�[�]�km]�gZ[�^axh_qf |f > ]hf;p�b�u¬bli�b�](e,b�g�]`_q�yx`_c^If��afwe�f�xqg
xyb

S
�e7blg�]`_q®ab�g�b

< f |S|i > �P¯°]	�f[Yi^_�fhg�[±p�bÕ_qxyiYb�]h_ablxqg�xh[Y]�g~t`]h_�t`]qf�[�²l�
]yb�ph��iYb�xh_�^³xab~ilf�`qgZ[o]h_qglf±xab~]�km]�g�[w^axh_�^qg�b |i > _ |f >

]�e7blg�]`_q®ab
U
�

|iU >= U |i > f([Ytqf\]ab�gZ[o]yb
U
u¬b�f���xh_qg�bZ]qf�x=ryg��´fY�

U+U = 1
�

µ�¶
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< iU |iU >=< i|U+U |i >=< i|i > ⇔ U+U = 1 . ��� �ÆÅ� �V]�^y²YiYb�uEb�]�fÎ_ae7b�t`]qf	uPi^_Uu�rl[Y²�b��qfYrE�qf¤��]��`[�i�_qfhgZ[�p�b���xh_qg�bZ]yx�[�]�g~x�f
[Y��]ablx`_q�abli�b���]���tab�g�b�xab�]�_ae�fhg�]`_`_ú_�g�^~eL[�Çªf�u¬b¤f9t`]�[o_cpwi�[l�Pxyb � x�f���x`_c�
g�b�]qxab� »rPxh[�g�]�^q²�iYbªu¬b�]�fe]ybl²�[�g^_�].��xh_qg�bZ]yxh_qglfª«�t`]qf	uP]hg�b�i�^yx`_�^2�

S
�e7blg�]`_q®ab�g�b?i�`qi�blxqgZ[Yi�b�g�b§e�f	�Ub�xh_y`cb~]�f�p�b�u¬bliYb�`cb�gZ[?n9��xy`q®`_�^�xab

È.b�e�_��yg�[Yx`_yb�xyb³�
S = f(Hn)

r,`cblgZ[���]	�f[Yi^_�f�gZ[Ép�b�_yxyiYbZ]`_ablxqg�x�[�]�gÊxab
e7b�g�]`_y�qx`_�g�f.«�f��afwe�fwx�g�_�th]`_���x`_qg�b�]qx`_�t`]qf�[�²o]yb�ph��iYb�xh_�^±iZ[wu-_�uf[�]�k¹[Yg��
x�[�Ë�f�x`_c^yg�bq�

< f |S|i >=< fU |S|iU >=< f |U+SU |i > ⇔ [S, U ] = 0 ��� �s£U 

S = f(Hn) => [H,U ] = 0 ��� � �  
A2BDCEBÍÌ Î¤JLQ�TEZES�QLO�SUTEVPO�MPWYX*ZEMEH�J�[
ÏU]qf�[Y²^]ab�ph��i�blx`_c^yg�b~p�bltab�pwi�bl�Ñ_³n(_cp�_q�yxh_qglfIilf��l_y�h_yxh_Ð]hfÕ]yb�p�uPf��q^yg§[�]©�
x�[�i�xh[�xybªuEiYb�g�_ytab��5xqf�th]qf�`qkm]hxab�g�_Ü_Ñul_y]h``]�f�g�xh_¨th]qf�[Y²^]ab�ph��i�blx`_c^*�
Ò�ÓÆÔ(Õ�Ö�×�Õ�Ø�Ù�Ú	ÛqÜ�Ý�Þ¨Ö�×qÕhßlàl×qÜwá�âUãlÜ�ÛqÞcäPå z9f�t`]�fw`�km]hxab�g^_�glf�th]qf�[�²o]yb�ph��iYb�xh_�^
]�f�p�b�u¬bliYblgÐ]?e7blg�]`_q®ab

U = eiεF r5`�k=uPfhgZ[~[�t�fv]yblgZ[^]ab
F
f¨f\]ae�_qgZ[Yi~_

io]	�q���ab�^�xab�_qxyn(_qx`_�g�f�pv_ae7b��Pxh_æt`]�f�[Y²^]ab�ph��i�blx`_c^{p�b
U

]�f�t�[��q���abli�b
U = 1 − iεF �¢ç(tqf\]ab�gZ[o]h_qglf

F
]�b���f�xqf\]ab�gZ[o]h_§xab±��]���tab�g�b�xab�]�_ye0fhg�]`_c^

� [Y²^_y`qxh[Yi�f�xh[Ñ��]���tab�xab�è�_E ér¬êcb�gZ[~eL[��©blg�uEb�]�f�]hi�k�]�Ç�b�gÑ]�xab�²l�Pëìu¬b�f�e7b
p�b�]�_y]�glfwe7blg�bªilf��l_y�h_yxybqrNg��Æ`=�

[S, U ] = 0 => [S, F ] = 0
r�g��´f��

F
f4p�bltab�p��

iYbl��b�]�f�i�f��l_q�`_qxab��

F |i >= Fi|i >;F |f >= Ff |f >=>
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=> 0 =< f |[S, F ]|i >=< f |SF |i > − < f |FS|i >= (Fi−Ff) < f |S|i >= 0 <=>

<=> Fi = Ff , < f |S|i > 6= 0 , ��� �îù� g��´f��
F
f¤`*[Yxy]�g�blxqg�b�xybªuEi�_�Çªf�x`_�f�gZ[y�

z9f�th]qf�`qkm]hxab�g�_qglf³t`]h[Y]�g�]ablxy]�g�i�f�x`_úg^]yb�xq]hng[^]ae7b�®h_`_;_ú]hk¹[�gYilfhg�x`_qglf
p�bl`*[�xh_Ip�b�p�bltab�pwi�blxqf�eL[��©blg�uEb�]�f�`��Pb�]�_qn(_y®h_`]yblg±i�]	�af	uExyblg�b�g�b�²��f_y®ybq�

Î¤O�MPH�ûYü¨TPOLý�MPþLJ�[ ÿ�SNH�SNO�MPKqTPO ���éTPQ�SNOLMPKyTPO �°M��*TPHúW�M�WNMPQ�MPWNZEMPH�S
~x→ ~x+ ~a ~p ei~p.~a � e0t����a]
xµ → xµ + aµ Pµ E−iP µaµ � x�f\]y��_�^§_Ô_ae0tc���P]
��[�g�bl®`_h_
xi → x′i = xi + ωijxj

ωi = 1
2
εijkωjk ~J e−i~ω. ~J 	 �é�f[Yi�eL[Ne�f�xqg


 Ó��ªÞyÚ	Ø�×qÕhÝ�Û�ÞdÖ�×qÕhßlàl×qÜwá�âUãlÜ�ÛqÞcä  _q]�`h]qfhg�x`_�g�f th]qf�[Y²^]ab�ph��i�blx`_c^ ]�f9_�p��
ilk�]yËªiYblg�](��x`_qg�b�]�f�x�f\]ae�_�g�[YiÁ[Ytqf\]ab�gZ[o]

U
rcp�b�`*[Y«qgZ[�fe_cpwtqk2�Px�f�xh[

U2 = 1 => U ′ = +1 , ��� ���� `�k=uPfhgZ[
U ′

]�b�]k[Y²Y]�g�i�f�x`_�glf¤]�g�[Y«yx�[�]�g�_�xab
U
�� _ae�fhg�]`_h_qglf xab u¬b�uPf�xyb�]\_q]�g�fwe7b�eL[Y�	b�g³u¬b�]�f¦]yb�p�uafh�q^yg�xab�]	�af	uExh_qglf

��]c��t`_2�
• Ï�]h[Y]�g�]ablxy]�g�i�f�x`_�]�_ae�fhg�]`_`_ �

Mµν
r
Pµ

• \°k�g�]qf�Ëªx`_�]�_ae�fhg�]`_`_ �
U(1), SUI(2), SUC(3), ...

• z9f�t`]�fw`�km]hxab�g^_�]�_ae�fhg�]`_h_ �
U = 1− iε.F

•  _y]h`h]qfhg�x`_�]\_ye�f�g�]h_`_ �
U2 = 1

• � �`[Y²�b��Px`_�]�_ae�fhg�]`_h_ �
U = 1− iε.F

• èe[Y`cb��ax`_�]�_ae�fhg^]h_`_ �
U = 1− iε(xµ).F
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\°k¬g�]qf�Ë�xh_qglf.]\_ye�f�g�]h_`_I]�f9ilkmi�f�Ç�uEblgÑ_�pw`���]�g�i�f�xh[�i�kmi�ng_�pv_y`cb�g�b�xybªi�_c�
]k[Y``_�f�x`]q��_`_�p�b9u¬b�eL[�Çªf"u¬b�]�f�_cph�Pë;�ab�gÎ]qfwbl`y®h_`_2rN`*[^_qgZ[�x�f}]�b(p�bl²^]ablxqf	�
xh_Ñ[�g���� � _���� � r�x�[�ilkmt`]�fw`h_ªgZ[Yi�b9xqf ]�f xybl²l�Pëìu¬bli�b�g�� \5]é^y`cb;i�k¬g�]qf�Ëªxab
]�_ye0fhg�]`_c^¦[Yt`]�f�uaf��y^?p�bltab�pwi�bl�¡[�]�fª`yiYb�x�g�[YiZ[~�`_q]��`[I`cb�gZ[~]	�af	uE]�g�i^_�fÑ[�g
glf�[^]qfwe7blg�b�xyb±z(|�[�glfv]=���=bltab�pwi�bl�¡_qglf�]�f�`yiYb�x�g�[Yi�_?�`_q]	�Eb�]�b�]	�af	uExh_qglfY�
A2B Ì2BFC �! 0S"��KqO�J$#�SNHRWNMPO=[&%

Q
B

� p�e�f\]qf�x�[YgZ[ªi^]�fwe0f}xab�Ç�_yiZ[Yg�xab�f��af�`�g^]�[�xyb�f
τe > 4, 3.1023[years]

rU`*[��
fhgZ[�]�k¹[Yg�ilfw]�g�iYb�xyb¨xqf�ilk2p�e�[wÇ�xh[Y]�g�p�b¨th]h[�g�_y�ablxqfÑxab�]�fwb�`q®`_�^qg�b

e− →
γνe

rqilkmt`]�fw`h_~�qf(gw^�x�f.f(p�bl²^]ablxqf�xabÎ[Yg��é�yf�uPxab�g�[Y�y`cb�xyb�th]h[Y]hg�]yb�xq]hg�ilf	�
xh_qglf±]�_ae�fhg^]h_`_=��ç9g�gZ[lp�_ n�bl`qg¨]�f�i^_cÇ�u¬b��qf�g�b�pv_3]qfwb�`q®`_c^³g�]�^q²�iYb�u¬b
f¤p�b�²o]yb�x�fwxyb�[�g±ul]�����i�_cu�p�bl`*[�x¨p�b�p�b�tcp�iYblxqfYrag��´fY�Eilk2�Px�[�iYb�g�b�n9��xy`q®`_�^
xyb�f��af�`qg�]h[YxabÁ_ye7bÁ_yxyiYbZ]`_ablxqg�x�[�]�g�[Yg�x�[�]hxh[�th]qf�[�²o]yb�ph��iYb�xh_�^2ry`*[o_�gZ[�x�f
]�b?]hilk�]�p�blx`_�]�t`]qf�[�²o]yb�ph��iYb�xh_�^qg�b?xyb?t`]�[�]�g�]ablxy]�g�iZ[l�¥i^]�f�e�fhgZ[a���¨[�iYb?]�b
th]qf�[�²o]yb�ph��iYb�xh_�^Ô[�g�g�_ytab��

|ψ >→ eiQΛ|ψ >, ��� �('� `�k=uPfhgZ[
Q
f[Ytqf\]ab�gZ[o]ybªxyb�p�bZ]�^�uEb¤xab¤�abl]�g^_q®ab�g�bÎ[Ygª��]���tyblg�b

UQ(1)
_

[�g�_yxqi�bZ]`_yb�x�g�xh[Y]hglg�b�]	�af	uEiYb�rÆ��f

[Q,H] = [Q,S] = 0, ��� �*)� `�k=uPfhgZ[
H

_
S
]�b;]�kø[�g�i�fhg�xh[}�UbYe�_c�agZ[�xh_ablxabU_��Y�òe7b�g^]h_y®yblg�bq� � xyiYb�]h_c�

blxqg�x�[�]�glg�bÁ[�gYx�[�]hx�[�t`]�f\[�²^]ab�p���iYblx`_�^qg�b¡[Yg
UQ(1)

i�[wul_�ul[�p�bltab�pwi�blxqf(xab
ng_�pv_y��f�]�`cb�g�bªi�f��f_y�`_qxab�]�k¹[Yg�ilfhgY]�g�iYb���bªxyb

Q
_7_ae�f�xyx�[�g�b�pv_Iilfh�f_y�h_yxab

f.p�bZ]�^cu¬b�xyb��abl]hg�_q®ab�g�b��
ç;gÑ`qi�blxqgZ[Yi�b�g�b�e0f	�Ub�xh_y`cb�fÎ_�pwilfw]�g�xh[��qf¤p�bZ]�^�uEb�xyb±�yb�]�g�_y®h_qglf�f�`qi�blxc�
g���iYb�x=rP`cblgZ[�]�kø[�g�i�fhg�xh[�p�b�i�]é^y`cb��abl]�g�_y®ab�eL[�Çªf(uEb�]�f.p�b�th_yË�f
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q = Nqe ��� ���54N `cb�gZ[�p�b@]yb�ph�f_y�yxh_qglfª�abl]�g^_q®`_
Nq

fe]ab�ph�l_q�yxh[y�¬z.blt`]h_ae�f\]

e− → Nq = +1, e+ → Nq = −1, p→ Nq = +1, n→ Nq = 069i�blxqg���iYb�x�g�f�xab±f��yfw`�g�]`_y�qx`_c^�p�bZ]�^cu�f�th]h[Yi�f\]�fwx�[Ñf�`U]htqf\]`_ye�fwx�g�b��Px�[~]
e0x�[��k[��k[��q^Pe7b�gZ[Y�yx�[�]�g�ra`cblgZ[Õ_�p�e�f\]qf�x`_�g�f�i�f��l_q�`_qx`_�]�bq�

Nn = (−0, 4 +−1, 1).10−21

Np +Ne < 1, 0.10−21

�=bZ]�^�uEb�f¤b�u-_�g^_qiYx�[Ñ`qi�blxqgZ[Yi�[��h_y]	�f[
A2B Ì2BÍÌ 7�MPO�J�TPHLHLT8#LJLû9 0T

B
B

�*f�bl`y®h_`_�g�f
p → e+γ

_
p → e+π0 x�f¨]�f~p�bl²^]ablx�^yiYblg�[Yg�p�b�`*[Yx`_�glf�p�b

p�bltab�pwi�blxqf�xyb�f�xqf\]q�\_c^yg�bqrO_ae0tc���P]�bÒ_ p�b�]�^cu¬b�r7xh[³i�kmth]qf�``_ g�[YiYb glf?x�f
]�bIxybl²l�Pëìu¬bli�blx`_ f�`U]�t�f\]`_ae�f�xqg�b��axh[yrÆ`*[�fhgZ[¨iZ[wul_�uf[�xab��l_y�h_qfhgZ[§xybIxh[Yi�[
`qi�blxqgZ[Yi�[±�h_y]	�f[��°²NbZ]`_�[�x�f�x~p�bZ]�^�um�;:ìb�]h_h[Yxyxh_�^�p�b�]�^cu?]hf9uPf�n(_qx`_h]ab�th[
]	�yf�uPx`_c^�xab��h_yx2�

< ��r�p�b�²�b�]h_h[Yx`_
B =

�_�YrPblxqg�_�²NbZ]`_�[�xh_4�r�p�b��af�tqgZ[Yx`_
`cb�gZ[7_q]�`cb�e�f�t`]h_¦]qfwbl`y®`_h_�u¬b�fÎ_�pwtqk2�axqf�x�p�bl`*[�x�p�b�p�blt�pwi�blxqf�xyb�²�bZ]`_c�
[Yxyx�[YgZ[±�`_q]	�f[y�

∆B = Bf − Bi = 0, ��� ������ `�k=uPfhgZ[.=*[�pwxabw�abli�b�xyb��ab��Px�[YgZ[.]�km]hgZ[�^yx`_�f � =?>@=BAC=ED9FÍ »r�bHG��*`JIabl«yxLKYgMK �ON >@D9FÍ »�ÏPIqf3KY²QIab�ph��i�blx@Rc^yg�b¨xyb¨ilk2�PxJKYiYblg�b?n(��xq`y®@Rc^Ê]hi�kSIcp�b�xJR�]�km]�p�bltab�pwi�blxqf	�
gMK�xyb�²NbMI@RLK�xqxJK�gMK¨�JRy]	�TKURae7blgI]hkm�VR�^§iQRUuÉ`cb�`�g9K�tJI@R§p�b�tyb�pwiYb�x�fhg9KÑxab
p�bMI�^�uEbq�
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|ψ >→ eiBΛ|ψ > ��� ����¡� 
A2B Ì2BEX Y§SNQ�KyTPH�H�T8#�J�û9 �T

L
B

\ t@I@RJIJKwuEblg�b�]wbVKYg�`@IJRqg9R?g9I@R�tJKY`"Kl�af�x@Rc^~�af�tqgMKYx@R2rP`"KQRqgMK±]�b
e µ τ

νe νµ ντ`cb�gMKÉtLK�blxab��TKY�3R�^ ]I²�b9IJRJKYxyxLKYgMK��JRy]	�TK³eZK�ÇªfÑu¬b�]�f~ilkmi�f	uPf�p�bl`"KYxÊp�b
p�bltab�pwi�blxqf�xybÊ�af�t�g9KYxyxLKYgMKo�JRy]	�TK\[�r `"K�fhg9K ]�f�uaf�n]RyxJR@Iyb tJK ]	�af	uExJR�^
xyb��@Rqx2�

< �Yr�p�bª�yf�tqgMK�xJR
L =

�_�Yrablxqg9Rc�af�tqgMKYx@R4�r�p�b�iY]3Rq�y`@R^KY]hg�b�xyb��TR��abl]hg9Rq®@R
ÏPI@Rae�f5I�p�b�t@I@Rc�TK�Çªf�x@R�f�xyb¤p�bl`"K�xyb�p�b¤p�bltab�pwi�blxqf(xab¤�af�tqgMKYxyxLKYgMK��JRy]	�TK
]�b�]	�yf�uPx@R�g�f_I�fwb�`q®@R@R=�

n→ p+ e+ νeRc��R
νe + p→ e+ + n`�k=uPfhgMK

L(n) = 0, L(p) = 0, L(e−) = +1, L(νe) = −1
�` `"K¤p�b�`"KYxab�p�b.p�b�tyb�pwiYb�x�f}xyb��yf�tqgMK�xqxJK�gMK��@Rq]	�TKª]�f;t@IJR��Ebl�	b.p�b¤i�]5Rq�c�

`JR �3Ic��t@RÐ�af�tqgMKYx@R f	uPxJKYiQI�f�e�f�xyxLK�gMK gMKY�	bli�b§g9I�^q²�iYb¨u¬b�]�b¨p�b�²QIablxqf�x@RI�fwb�`q®@R@RaK�g~i9RcuEb
π+ → µ+νµ

r�xLKIg�bl`@Rqi�b�]hf�xab�²l�Pëìu¬bli�b�gbR¨p�b�g9KYiYb±p�b��
`"KYxab9p�b9p�bltab�pwi�blxqf4]�f}eZKwu�RyncRy®@RJIab¤`cb�g9K�R�pdRy]h`yiYblxqfhgMK¤f4gMKY«�uEb.f�i�]5Rc�Eb
]�b�eZK�p�beKYghuPf��PxJRqglf��3I���tJRJK��af�t�g9KYx@R=�a��bl`cb�]�f�ilkmi�f�Ç�uEblg�g9IJR¨i9RcuEbª�af�tc�
gMKYxyxJR?�@Rq]	�Eb��< ��r

e− f νe
< �Yr

µ− f νµ
< ��r

τ− f ντ

Le = −1, e+ f νe Lµ = −1, µ+ f νµ Lτ = −1, τ+ f ντ4qrqp�beKY]�g�blxab���R�g�f 4�rqp�beKY]hg�b�xyb��TRqglf 4�rqp�bVK�]�g�blxab���R�glf
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`"KQRqgMK.gQI�^q²Yi�b4u¬b9]�fìp�b�tyb�pwiYblg9tLKQK�g�uafh�axJK]RªgMKY�	bli�b9]�g�bli�b�g(i�k2p�eZK�Ç�xJRiIqf	�
bl`y®JR@R^KYg�g9Rqtab

µ− → e−νeνµ
��=bltab�pwi�blxqfhgMK§xyb��af�t�g9KYxyxLKYgMK��JRy]	�TK§f±]hilkSI�p�b�xLK?]���x@R�g�bMIyxJR tJIqf3K�²l�Iyb�ph��iYb�xJR�^^K�g��3I���tyblg�b

UL(1)
�

|ψ >→ eiLΛ|ψ > . ��� ����Å� 
A2B Ì2B?j k�K�O�MPHLHLT¬û�K

S
B

l(b�]�g9Ry®JRqglfÑ���abl]�g�i�bl�eRÊi§]3Rc�Px@RÐi�p�b9RyeZKwuPf�«y]�g�i9R�^Ê]�f�xabMI@Ry�yblg b�u;ILK�xJR2r
`cb�gMKdtJI@R{]3R��ax@R�g�f³i�p�bMRaeZKwuaf5Ry]�g�iQRc^mK�g�xJKYi9K i�k2pwx@Rq`yiYblgnIab�pdIqf�Ë�fwxJRoR
p�b�²pIyb�x�f�x@RbIqfwbl`y®JR@R2rq`"KpR�g9K�xqf¤eZKY�	b�gªuEb�]�f�]hilkSI�Ç�blg�](tJKlpwxab�g�p�b�`"KYx�p�b
p�bltab�pwi�blxqfY�q�Lb�`cb�xyb�tJI@Rye0f5I~f�`U]htqf5I@Rye0f�x�g�b��PxJK�]�fcK�tJIqf	uPf��y^2rs�qfY�
π− + p→ K0 + Λ0 f¤xybl²l�Pëìu¬b�fwe7bqIqfwb�`q®@Rc^*�
π− + p→ K− + Σ+ f�xqf�xab�²��aë uEblfwe7bqIqfwbl`y®JR�^2�
π− + p→ K− + p

f¤x�f�xab�²��aë uEblfwe7biI�f�bl`y®JR�^2�
π− + p→ n+K+ +K−

f¤xab�²l�Pëìu¬b�f�e7bqI�f�bl`y®JR�^2��=b�u¬bÑeZKY�	b�g�u¬b�]�f_K�²�^a]hxc^yg±glfhpdR§xybl²l�PëìuPf�xJR�^�i�]3R��PxJRqglf�ilp�bMRaeZKwuPf	�Rq]�gYi9R�^±]�f�i�kmilf�Ç�u¬b�xLK�iMK�b�u;Rqg9RqiYxLK�`qi�blxqgMKYi9Kª�JRy]	�TK.�L]�g9IablxyxLK�]�g�rN`"K�^ygMK
]�f9uPf�n]Rqx@R@Iyb�tJK�]	�af	uExJR�^�xyb��@Rqx2�

S(π) = 0;S(K) = +1;S(K) = −1;S(p) = S(n) = 0

S(Σ+,−,0) = S(Λ0) = −1;S(Θ0,−) = −2�=bl`"KYxab�p�b�p�bltab�pwi�blxqf�xab�]hg9Iyb�xqxJKY]hglg�bI]hf¤uPf�ncRyx@RJIabIilkmiÑi9RcuEb
∆S = 0R~frRcpwtqk2�Px�f�x~i�]5Rc�PxJRqglf�ilp�bMRaeZKwuafw«q]�gYi9R�^2�

ÏPKYx�^y`"KY�	b�i�e�f�]�g9K?]�gQIyb�xqxJKY]�g§]�fÑilkmilfhÇ�u¬b~u�I����hK�b�u;R�g9Ryi�xJK�`qi�blxqgMK��
iMK��@Rq]	�TKyrmxyb9I�f��qf�xJKUs J�Q�SNO�WNMPO=[t% u r2`"K�fhgMK¨]�f�p�b�u¬bli�bIilkmi~i9Rcu¬b

Y =

B+S
R�]�f°p�bltab�pwi�b�r�`"KY�	b�g9K9]�f5p�bltab�pwi�b�g}²�b9IJRJKYxyxJK�gMK(�@Ry]	�@KcR�]�g9IablxyxLK�]�g��

g�bq� È.Ryt�f5I�p�b9I�^cu¬b�f¤]hilkSI�p�blx�]�t@Iqf3K�²pIyb�ph��iYb�xJR�^vK�g��5Ic��tab�g�b
UY (1)

ry`cb�g9K
tJIqf3K�²pIyb�ph��iYb�x�f�gMK�xyb�i�k2�axJKYiQR�g�f�n(��xy`q®@RJR?]�g�bli�b�tLK�]	�af	uExJR�^�xabw�@Ryx=�
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|ψ >→ eiY.Λ|ψ > ��� ����£U 
\°kmt@I�f�`@R�ilkmi�f�Ç�uEb�x�f�gMK�xab9�JRqtqf5I�p�bMI�^�uEb.]�b.ilk2p�eyKwÇ�x@RqI�fwb�`q®@R@R�`"KQRc�

gMK(xqfì�3K4p�bltab�pwi�b�g�r�`cblgMK(xablt@IJRae�f5I_zqfwb�`q®@RJRqglf
Λ0 → pπ−

R
K0 → π+π−

r
p�b�`"KQRqgMKª]�g�bMIyxqxJKY]hglg�bªx�f}]�f4p�bltab�p�iYb�rYxJK�i9Iqfwe�fhgMK�p�b.t@IJK�g9Ry�yb�x�f9xab�glf�p{RI�fwb�`q®@R@R�f

τ ∼ 10−10 | r�u�KY`cblgMK�g9Rqt@Ry�qx@R�g�f}iQI�f�e�f�xab�p�b9]5Rc�PxJRqglf�i�p�b9RyeZKl�uaf5Ry]�g�iQRc^�]�b ∼ 10−23
��ç9�qf�iQRUuExLK}�qf°]�g9IablxyxJKY]�glg�b}]�f,p�bltab�pwi�b"t@IJR¤]5Rc�EeyRR±f��af�`qg9IJK�e7b��hxJRqg�x@RIi�p�b9RyeZKwuPf�«y]�g�i9R�^2r�uTK�`cb�gMK�tJI@RI]	�Pbl²QRqglf � τ ∼ 10−10  ]�f�xabMI���Ë�b�iYb�g�b�pdR�]3Rye0fhg9I@Rc^*�6;�Pb�]3Rqn]Ry`cbl®@Rc^yg�b xyb b�u;R�gQRqiYxJRqglf�`qi�blxqgMKYiQR �@Ry]	�Pb}Rú]hk&K�gYilfhg�x@Rqglf

p�bl`"K�xJRIp�b�p�bltab�pwi�blxqf�eZK�Çªf.u¬b�]�f�xyb�tJIabliQR�tLK�]��ai�uPx@Rc^�xab��JRyx2�
~ ZEMPHLKqT¬ZET8#�J�ûM 0T ��� �P��� � �
Q

%,M %7M %,M
B

%,M %7M %7M
S
Rc��R

Y
%,M %7M H�S��� D9�Ã¦ %,M %7M HLS���dDM�LA�� %,M %7M HLS�$����A � %,M %7M HLS

`�k=uPfhgMK��J� r�������RP���JKlpwxab��yb�iYblg4]�ktK�g�i�fhg�xJK�]3R��PxJR�i�p�b9RyeyK�uPf�«y]�g�iQRc^ � �"AC���Q>J���>pA��5��DM��AC= �p> |  »rhf��yfw`�g9IJK�e,bl�hx@R�gYxJR¤ilp�bMRaeZKwuafw«q]�gYi9R�^ � �ZF �d��AC�¡�L�vD¢�Q>J�hAC=?�£��>pA��5��DM��AC= �p> |  R�]	�Eb�²QR�i�p�b9RyeZKwuPf�«y]�g�i9R�^ � �8�dD�êb��>pA��d��D9��AC= �p> |  »�` u�Rqg9Ryi�x@R�g�f�`yiYb�x�g9KYi9R§�@Rq]��Pb �£� DM�Ã¦�rt���{DM�LA��vR¤�$����A � ]�f�i�kmilf�Ç�u¬b�g
tLK�]�km�VR�^qg�xab��JRyx=r�tLK�`"KY«qgMK�i�kmilf	u�Kw�ye�f!KY]�g�blxab���RqglfcR�]�k&KYg�ilfhgY]�g�iYblg�xab
p�bl`"K�xJR�p�b¤p�bltab�pwi�blxqfYr"R�pwt�k2�Pxqf�xJRI]�bYeZK�t@I@RÑ]5Rc�PxJRqglf]R�fh�yf�`qg9IJK�e7b��hx@R�g��
xJRqglf�i�p�bMRaeZKwuaf�«y]�g�iQRc^*�6(iYblxqgMK�i9Rqglf±�@Rq]	�Eb�r¥KYg��hKQIyxab�g�bIg�bl²l��Rq®ab^Iab�p��TRy�qx@R¦KYg�§ R¨��]hf�xabIJRy�yblg©KY�ªf.ª;D5«Q�p�J�ò��R=�
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A2B Ì2BÍA ¨W�TEûYQLJ�H B
` `"KÑt@ILKYgMKYxab®R¨xqf��cg9IJKYxab±]hfVIyb�pw�é�yf�Ç�u¬b�gÑi¯Iab�e0`@R�g�f�xab�]3R��ax@Rqglf�ilp�bMRc�
eZKwuaf�«y]�g�iQRc^*ragMK�glfªeZKY�	b�g�u¬b�]hf]KY²�f	u;Ryxc^yg±i�f	uExyb��yb�]�g9Ry®yb��ìx���`c�TKYx��ì]
uPi�f�i�k2p�eZK�Ç�xJR�]�km]�gMK�^yx@R�^��°t@IJK�gMK�x¤R��TR�x�f��cgQILK�x=rag��s`2�

σSI(pp) ≈ σSI(pn) ≈ σSI(nn) ��� ��� �  6(iYblxqgMK�iMK�g9K9�JRy]	�TK}tJK}`"K�fhgMK;]�f�Iyb�ph��Rq�abli�b�g uPi�fhglfì�yb�]�g9Ry®JR�]hf°xabMI@Rq�abRcp5K�]ht@Rqx
I
r�`cb�gMK?p�b¤z�Rcp5K�]ht@Rqxab�f^��° 1

2

rLb~p�bv> ����°}� 1
2

R�RcpdKY]ht@RqxJKYi�b�g�b
]3Rye0fhg9I@Rc^I]�f;xyb9Ic��Ë�bliYb_K�g�fh�yf�`qg9IJK�e7b��hx@R�g�xJK�g9K�ilp�bMRaeZKwuPf�«q]hg�i9RqfYrN`"K�f�gMK
xyb9Ic��Ë�bliYb�x�f¤i9K�u;RÑu�K©Iyb�ph��Rq`cb�i�e7b�]3Rqglf�xab�t@ILKYgMKYxab�R�xqf��cg9IJKYxab��

mp −mn = −1, 2MeV ∼ 0, 1%mp

� I���tyblg�b xyb¨R�p5K�]htJRyxJKYiYblg�bÊ]3Rye0fhg9I@Rc^Rf
SUI(2)

]���f�xqf5Iab�gMKpIJR ~I =
(I1, I2, I3)

rq`"KQRqgMK��wu�KYil�q^yg�iMKpI�^yi�b�g�]	�yf�uPx@R�g�f�`"KNeL�cg�b�®JRJKYxyx@R�]�k&KYg�xJKYË�f��
xJR�^2�

[Ii, Ij] = iεijkIk � ��f�xqf5Iab�gMKpIJRqglf xab SUI(2) Ii = 1
2
τi
rì`�k=uPfhgMK

τi]�bde7b�g9I@Ry®JRqglf xabRÏ.bh����RP »�9ç(t�fdIyblgMKQIabdxyb±6.b�pdRye²RJI{p�b
SUI(2)

f
I2 �

[I2, Ii] = 0
ry`cblgMK�p�b�]hKY²Y]�g�i�f�x@R�glf¤]�g9KY«yxLK�]�g9R?xyb

I2 R I3 f]R�pwtqk2�axqf�xJKy�

I2|I2, I3 >= I(I + 1)|I2, I3 >; I3|I2, I3 >= I3|I2, I3 >, ��� ����ùN `�k=uPfhgMK
I = 0, 1

2 ,
3
2 , ...

f tJKl�y��®c^q�@K��JRy]	�TKyr�b;p�b;iY]_^a`"K
I I3

p�b�fwe7b
2I+1]�gMKY«yxJKY]�g9R³K�g −I uTK I ��\5k2p�eZK�Ç�xLK~f�iYe0f�]�gMK I1 r I2 R I3 uEbI]�f�R�pwtJKl�yp��iYb�g�KYtqf5Iab�gMKpIJRqglf

I+ = I1 + iI2
R
I− = I1 − iI2

r�`"KpR�g9K§]wb�]�ktK�g�i�fhg�xJK
tLK�i9RyË�bli�bl� R�tJKYx@R�Ç�bli�bl� KYtqf5Iab�gMKpI�xabqRcpdKY]ht@Rqxab��

I+p = 0; I+n = p; I−p = n; I−n = 0 ��� ���{�� `�k=uPfhgMKrz�R�>�]�b.]hK�²�]�g�i�f�xJR�i�f�`�g9KQI@R�xyb
I3 = 1

2τ3
�
Ip = 1

2p
R
I3n = −1

2n
�

\ p�b�i9Ry]3RaeZKY]�g³K�gÉ]hK�²�]�g�ilfwxyblg�b³]�gMK�«qxJKY]�g�xab
I2 I

Rae7b�e�f�Iyb�ph��Rq�yxJR



øµ´ ·�¸l¹»ºh¹�¼h½�¾y¿�À=ÁÃÂ�Ä�¿�¿
tJIqf	uE]�g�b�i�^axJR�^�xab

SUI(2)
r�`cblgMK.xab

I = 0
]�ktK�g�i�fhg�]�gYiYb9]5Rqxy�_�afhg�r�xyb

I = 1
2�*uy�c²��yfhg�r�xyb

I = 1
��g9IJRyt��yfhg_R�g��sx2���¶RytJRy�qx@R�t@IJRae�f5I@R�p�b;ua�c²l�afhg�xJK�gMKVR

g9IJRyt��yfhgYxLKYgMKÑ]hkm]�gMK�^yx@R�f�]�b�]�ktK�g�i�fhg�xJK�tJIJK�g9KYxc�¥xqf��cg9IJKYx�R
π
�òe�f�p5K�xJRqglfY�

I =
1

2
⇒ |p >= |1

2
,
1

2
>, |n >= |1

2
,−1

2
>

I = 1⇒ |π+ >= |1, 1 >, |π0 >= |1, 0 >, |π− >= |1,−1 >

�~f�Ç�uy�.p�bMI�^�uEbqr·R�p5KY]ht@Ryxyb�R9�JRyt�f5I�p�b9I�^cu¬b"]�km�ªf�]�g�il��iYb ]	�af	uExyblg�b4i9Iqk2p��
`cb�xyb9I�f��qf�xab�n.KpIye����Eb�xab � f��q�$��b�x?z.RqËeRUuaÇ©Rye7bq�

Q =
q

e
= I3+ < Q >= I3 +

1

2
Y ��� ���5'� 

� I���tLK�i9R�^qg§f��afwe�f�xqg¨xab?tJIqf3K�²pIyb�ph��iYb�xJR�^qg�b¤K�gaRcpdKY]ht@RqxJKYi�b�g�b��5Ic��tabRye7b§iQRUu¬b
UI = e−i~α~I rL`�k=uPfhgMK ~α = ω~n

R¨KYg¸RqxyiYb9IJRablxqg�xJKY]�glg�b�r,]	�af	uq�
iYbÐ�qf

[S, UI ] = 0 = [HS, UI ]
� ` `"K ]�f¸Iyb�pw�_�af�Ç�u¬b

UI
`cb�gMK¹Rqxyn]Rqx@RU�

glf�pdRae7b��PxJK³t@I�f3KY²QIab�ph��i�blx@R�f
UI = 1 − i~α.~I

r7gMK³i�f	uPxabl�	b�]�f�iQRcÇ�u¬b �qf
[S, I] = 0 = [HS, I]

R?gMKY�	bli�b
∆|I2| = 0

�=ç9g���]	�TKYiQR�f�gMKIe,bl]hK�iYb�g�b��yb�]�g
xyb9È.b�eyR��agMKYx@Ryb�xyb(u¬b�`"K�eL�cgQRJIab�]

I
u;RJIqf�`qg�xJK�]	�yf�uPi�b9�qf4i�]5Rq�y`JR��abl]hg9RU�

®JR¤K�g�f�u�Ryx?e����ag9Rytc�afhgURye,b�g¯IabliYxJR§e7bl]5R=rag��´fY�Pb�`"K�]3Rae�fhgQIJR�^qg�b
SUI(2)f�g9KY�yxybqrygMK

p
r
n
r
π+ r π− R π0 Rye,b�g�f	uExyb�`qiQR�e7b�]3R=�

� tJK�eZK���g�b�xab�R�p5KY]ht@RyxLK�iYb�g�b�]5Rye�f�g9IJR�^?eZK�Çªf¤uEb�]hf_I�f�Ë�bli�b�g�`"KYxy`c�I�fhgYxJR¨tJIJK�²��yfwe²R^R�`cb�g9K±tJI@Rae�f5I��ªf�Iab�p��_�af	u¬b�e�f]I�fwb�`q®@R@RbK�g�g9Rytab
π+p→ π+p, π0n→ π0n, π−p→ π−p

� ` `"K�Klpwxab��JRaedb�e0t��TRqg���u¬b�g�b�xybqIab�p�]�f�«yiYblxqf�]
F
ryg9K±��f�Rye,b�e�fY�

< π−p|F |π−p >=
1

2
F 3

2
+

2

3
F 1

2
, < π0n|F |π0n >=

√
2

3
F 3

2
−
√

2

3
F 1

2��� ���5)N 
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< π+p|F |π+p >= F 3

2�¬ç9�qf�iQRUuExLK�Rae7bªuEilf¤x�fhp�bliQRq]3RaeyR�bYe0tc��Rqg���u�R�R�eZK�Çªf.u¬b�ilkmilf�uafwe �
σπ+ = ρ|F 3

2
|2 = σ(+) ��� � ¡¢4N 

σπ− = [σ(π−p→ π−p)+σ(π0n→ π0n)] = σ(−)+σ(0) = ρ[
1

3
|F 3

2
|2+2

3
|F 1

2
|2]

`�k=uPfhgMK
ρ
f�`JRyx�f�g9Rq�qf�xÉn�b�`�g9KQI2� ` `"K�fqRcp�t�k2�Px�fwxLK

F 3
2
� F 1

2

g9K~p�b�K�g��
xLK�Ë�f�x@Rc^yg�b�xab�]�f��qf�x@Rc^yg�bqRae7bYe�f

σ(+) : σ(−) : σ(0) = 9 : 1 : 2, ��� � ¡U�� 
b fw`U]ht�fdIJRae�f�xqg�b��axJKºRcp�e�f5Iqf�xyblg�b4]�gMK�«qxJKY]hg�f

(122+−8) : (12.8+−1.10) :

(25, 6 +−1, 3)
�

ç(`"KYxy�yblglf��PxLKar�b�u�Rqg9Ryi�x@R�g�fì`yiYb�x�g9KYi9Rª�JRy]	�Eb4eZK��©blg u¬b ]hf,tLKwu;I�f�uy^yg�tJK
gMKYi�b�p�bª`"KYfcKYg�i�p�b9RLKwuPf�«q]hg�i9R�^qg�b�]�bVR�pwtqk2�axqf�x@RÑp�bl`"K�xJRÑp�b�p�bltab�pwi�blxqfhgMKRye¹RIp�b�`"KYf9�ìx�fY�

��� �.��� � �
∆|I2| = 0 ∆I3 = 0 ∆Q = 0
∆(Q,B, Y ) = 0 ∆Y = 0 ∆B

∆I3 = 0 ∆B = 0

\�]��q���ab�^ªxab}f��af�`qg9ILKNe7bl��xJRqg�xJK.tJKl�af»Rye7bYe�f
[Hem, I] 6= 0

r�xJK
[Hem, I3] =

0
rqg��´fY�y]3Rae�fhg9I@R�^qg�b�f�xabMI���Ë�fwxybiKYg

SU(2)
uTK

U(1)
�6.b�gMK9t@IJRae�f5I¤p�b p�bl`"K�xJR�p�b"p�bltab�pwi�blxqf°xab4`yiYb�x�g9KYi9Rqglf �@Ry]	�Pb�i;]	�y���ab�^

xyb�]	�Eb�²pR�i�p�bMRaeZKwuaf�«y]�g�iQRc^�eZK��©blg�uEb�]�f�Iab�pw�é�yf�uEblgqIqfwb�`q®@RJRvK�g�g9Rytybq�

Λ0 → pπ− ; n→ pe−νe`�k=uPfhgMK�]�f.p�b�tyb�pwiYblg�f�u�Ryxq]hg�ilf�xJK
Q
R
B
�
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 "!½¼ ¾j8.<t¿(&9'*@�698 <=89>?'*@�&9898
A2B?XmBFC À¨OLTEûYK�O�MPH�û�KyZESNHLJúTPKqOLMTÁÉSNH�J�[,BÃÂ�OLVEJ�KNMT �HLM8#�SNK�H�TEû�K
ÏPIqf3KY²QIab�ph��i�blx@Rc^yg�b�xab¤t@ILK�]�g9Iablxy]�g�ilfwxLKiK�g9Iab�Ç�f�xJRqf(]�f4uPf�n]Rqx@RJIab�g��JIqf�pIyb�ilf�xy]�g�i9K�gMK

~x→ ~x′ = −~x ��� � ¡�¡� `cb�gMK§xab�t@ILK�]�g9Iablxy]�g�i�f�xLKYgMKaK�g9Iab�Ç�f�xJRqf�]hk&K�gYilfhg�]hg�iYb���xJRqg�bMIqf�x8KYtqf	�IyblgMKQI¨x@D��qfhg�xJKY]�g�g�b
P
�

Pψ(~x, t) = ψ(−~x, t), P 2 = 1

]hK�²�]�g�ilfwxJRqglf�]�g9KY«yxLK�]�g9R2r7xab�`"KY«qgMK³KY�qf�i9RcuPxJK³]wb
+ − 1

� ` `"K³KYtqf5IyblgMK��Iyb�xab���f�g�xLK�]�glg�b�`"KNeL�cg9R@Iyb�](�cb�eyR��yg9KYx@Ryb�xyb�R��Y�òe7b�gQIJRy®yblg�b��
[P,H] =

0 = [S, P ]
gMK~��fhgYxLK�]�glg�bI]�f¤p�b�tyb�pwiYbqrExablt@I=��i�]��Pbl²QRqglf�ilp�bMRaeZKwuPf�«q]hg�i9R�^

[HW , P ] = 0
�  f�«y]�g�iQR�f�gMK�xab�KYtqf5IyblgMKQIab~xab~�qfhg�xJKY]�glg�b�i�kSIY�c�aIab�p��TRy�U�xJRqglf±i�f��TRy�@Rqx@R³eZK�Çªf�u¬bÑf�Iyb�ph��Rq�yxLK¨iIp�bliQRq]5RyeZK�]�gUK�g�g�f�xcpdKQIyxyblg�bbRae

tJI@RJIJKwuEbq�
P~x = −~x; P~p = −~p; P~x.~p = ~x.~praxLK

P ~L = P (~xx~p) = ~L; P ~J = ~J ; P ~J.~p = ~J.~p` `"K
L
f�KpI�²pR�g�b��Px@Rc^�eZK�e�fwx�gÊxab�]3Ry]�glfwe7blg�bq�

Lψ = l(l + 1)ψ
r5gMKRye7b�«q`@R�t@Iqf	uPiQRUu§i9RcuEb�xab�ilk2�PxLK�iYblg�b�n(��xy`q®@Rc^

ψ(~x) = R(r)Ylm(θ, φ) ��� � ¡�Å� 
Ylm(θφ) = (−1)m[

(2l + 1)(l−m)!

4π(l +m)!
]
1
2Pm

l (cos(θ))eimφ

R�iQRUu¬b�xybiKYg9Iab�Çªf�x@R�^qg�b�i�]hn.f5IJRy�yxJR¨`"K9KQIYu;Ryxyblg9R=�

~x→ −~x <=> r → r, θ → π − θ, φ→ π + φ ��� � ¡�£U 
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eZK�Çªf uEbnKYt@Iqf	uafh�TRae `cb�`�]�f³t@I�f5K�²QIab�p���iYbÊi�k2�axJKYi�b�g�b n9��xy`q®@R�^2r;bRye�fwxqxJK

Pm
l (cosθ)→ Pm

l (−cosθ) = (−1)l−mPm
l (cosθ)

eimφ → eim(φ+π)=(−1)meimφ

Ylm(θ, φ)→ (−1)lYlm(θ, φ)ç9�qf�iQRUuExLK9]3K�²Y]hg�ilf�x@Rqglf"]�gMK�«qxJKY]�gQRªxabÉKQIq²QRqg�b��ax@Rc^�eZK�e0f�x�g�p�b�uEb�iYblg9��fhg��
xLK�]�glg�bªxab�i�k2�axJKYi�b�g�b¤n9��xy`y®JR�^UR®K�²pIyb�ph��iYblgª`yiYblxqgMK�iMK��@Ry]	�@K�xyb9I�fw��f�xJKKQIq²QRqg�b��axab��qfhg�xJKY]�g

ψ(~x, t) = (−1)lψ(~x, t) � � �¢¡ �  
A2B?XmBÍÌ ÊVË0K�O�SÍÌ H�MZÎ û�TEVEûYKqZESNH�M�Ï_#�SNK�H�TEûYK
�=bª]3Ry]�glf�e7beK�g��yb�]�g9Ry®JR~f.��uTKY²YxJK�u¬b�]�f.i�kmilf	uPf.KpI�²pR�g�b��Pxab���fhgYxLK�]�g�g��s`2�
]�fvIab�²9KYg9R ]bKpI�²pR�g�b��Px@Rc^úeZKNe�f�xqg�r�uTK�`cb�gMKÐi�]	�y���yb�^ xab³Iab�Ç�u¬blxqf�R���R
blx@RU�JR��Pb�®JR�^�]�f°t@I@Rqt@Rq]�iYb4ilk¬gQI�f�Ë�xyb � =?>pAC��=?> | =?�� E�qfhg�xJKY]hg����Lb�`cb xablt@I@Rye�fdIi ]	�y���yb�^ xab�ncK�gMK�xoeZK�ÇªfIu¬b�ilkmi�f	uPfweæf��af�`�gQILKNe7bl�hx@Rqg�xLKYgMKÐtLK��yf¨ilkmi
i9RcuEb

~A(~x) = ~εf(x)`�k=uPfhgMK
f(x)

f(]h`cb��Pb9Iqxab�n(��xy`q®@Rc^*rqb
ε
]�f9xabMI@Rq�ab�tLK��q^TIJR�p�bl®@R�^Ixab�ncK��

gMKYxab��t6.b�`�gMK±f�R�pwi�f�]�g�xJK©K�g�`��LIy]hKYi�fhglf¤tLKb69i�blxqgMKYi�bÑ�~f	�Ub�xJRy`cbqRa6(�;Ï
i�p�b9RyeZKwuPf�«y]�g�i9RqfhgMK¤xab.e,b�glf5I@R�^qg�b.] f��af�`�gQILKNe7bl�hx@Rqg�xLKYgMKªtJKl�af4]�fHKYt@Rq]�iYb
�JIqf�p�p�b�e�^yxab�g�b

~p→ ~p− e ~A(~x)K�g�`qk=uaf�gMK±t@IJR~uaf�«y]�g�iQR�f¤]cKYtqf5Iab�gMKpIyb�xab��qfhg�xJKY]�glg�b�tJKl�y���abliYbYe�f
P~p→ ~p⇒ ~A(~x) = − ~A(−~x)

P ~A(~x)P−1 = − ~A(−~x)⇒ Pε→ −ε ��� � ¡�ùN 
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ç9�qf�iQRUuExLK?tLK�ilf	uPf�x@R�f�gMK?xab�tJKl�y^@I@R�p�bl®@Rc^yg�b¨xab�ncK�gMK�xybvKYt@Iqf	uafh�q^�ilk¬g��I�f�Ë�xyblg�b�e��I�qfhg�xJKY]�g��
ÏPK�]�km�eRc^¨xab��JRyx¨p�b�iY]_^a`cb��abl]�g9Ry®ab

a
iÑ]�km]�g9Kw^axJRqf |a, ~p > eZK�Çªf�u¬b

]�f�i�kmilf	uPf�ilk¬gQI�f�Ë�xyb��qfhg�xJKY]hg
ηp

a

`cb�gMKa�

P |a, ~p >= ηp
a|a, ~p > ��� � ¡9�� z9f�`cb_Iab�pw�é�af	uEbYe�fPIqfwbl`y®JR�^®KYgªg9Rytab
a+ b→ c+ d

R�Klp�xyb��@RyeÐxab��yb����
xLKYgMK¯R�`@Iabl«yxLKYgMK�]�km]hgMK�^yx@R�f�]�k&KYg�ilf�g�xLK�] |i > R |f > ra`cb�gMK |i >= |a >
|b > Ð KYg�x2� uEi9R�Çªf�x@R�f9ÑÒR |i >∼ R(r)Ylm(θ, φ)

� ` `"Kª�qfhg�xJKY]�g�g�b�]�f4p�bltab�pwi�b
i�I�fwb�`q®@R�^qg�b�rygMK |i > R |f > ]�b�]hK�²�]�g�ilfwxJR�]hkm]�gMK�^yx@Rc^�xab

P
�

P |i >= ηp
i |i >; P |f >= ηp

f |f > ��� � ¡¢'N 
RbK�g�`"K�xq`@I�f�g�xyblg�b¯I�f�bl`y®JR�^

a+ b→ c+ d
eyKwÇ�f(u¬b�p�b�tJRyË�fwe

ηp
i = ηp

aη
p
b (−1)l; ηp

f = ηp
aη

p
b (−1)l′ ��� � ¡¢)N 

ç9�qf�iQRUuExLKqKYg��LIyb�i�xqf�xJRqf � �Y�¢¡M)� £RUKYg�p�bltab�p�iYblxqfhgMK�xab���f�g�xLK�]�glg�b�]	�af	uEiYb]	�yf�uPx@Rc^úe����ag9Rytc��Ry`cb�g9Ryilf�xRp�b�`"KYxdp�b p�b�tyb�pwiYb�x�f§xab�ilk¬gQI�f�Ë�xyblg�bÊ��fhg��
xLK�]�gq�

ηp
aη

p
b (−1)l = ηp

cη
p
d(−1)l′. ��� �îÅ94N l9fhg�xJKY]�glg�b�xqf¤]�f(p�bltab�pwi�bªi�]	�Eb�²pR�g�f�ilp�bMRaeZKwuPf�«q]hg�i9R�^2ryb�]�b�eyK�i�]3R��q�

xJRqglfrRIf��af�`�gQILKNe7bl�hx@Rqg�xJRqglfY� � p5K�²��_K�`cb�p�b�xLK HW
R
P
x�^ae,b�gqK�²��VRI]hK�²l�

]�g�ilfwxJR�n(��xq`y®@RJR¸R§gMK��©b�iYb�]�fªi�kmilf�Ç�u¬b�g��sxabMI2��bYe0tc��Rqg���uEbÑxab±]�e0f�]hiYb�x�f
xyb��qfhg�xJKY]�g�g�b¯Rc��R�]�g�f�t�fwx�xyb�xqf�p�b�tyb�phÇ�b�x�f�xyb��qfhg�xJKY]hglg�b

y
�

|ψ >= |ψregular > +|ψirregular > ��� �îÅ��� 
`cb�gMK t�kSIyi9R�^ú���yf�x±K�g��3KYiYb9I�^úxab

η = 1
r bÐilg9KQI@Rc^R�

η = −1
� � gMKY«c�

xLK�]�glg�b |y|2 = 1
]�ktK�g�i�fhg�]�g�i�b�xab±e7b�`U]3Rye,b��PxLK±xabMI���Ë�fwxJRqf�xyb�p�bl`"K�xyb�p�b

p�bltab�pwi�blxqf4xab���fhgYxLK�]�glg�b�� � g9KY«yxLK�]�g9Rqglf9xyb
y
p�b]Iyb�ph�TRy�yxJRqglf;i9RcuTK�ilf�i�p�b��RyeZKwuPf�«y]�g�i9R�^�]�bq�
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�=b�b�u;ILK�xqx@R�ilp�bMRaeZKwuPf�«q]hg�i9R�^ |y|2 < 10−13�=b¯����� |y|2 < 10−14�=b�]	�Eb�²QR�i�p�b9RyeZKwuPf�«y]�g�i9R�^ |y|2 = 1\°k¬g9Iqf�Ë�xyblg�b4��f�g�xLK�]�g"p�b"t@ILKYgMKYxab¶R�xqf��cg9IJKYxab"f°]�k&KYg�ilfhgYxLK

η(p) = η(n) =
+1

�

\°k¬gQI�f�Ë�xJRqglf��qfhg�xJKY]�g9R³xybÑ�abl]�gQRq®@R³eZK��©blg�u¬bI]�feKYt@I�f	uPf��y^qgUK�gbIqf�`c�
®JR@R=rNi�`"KpR�gMK����abl]hg�iYblg��abl]hg9Rq®@R±]ÉR�pwilf�]hg�xyb��qfhg�xJKY]�g����Lb�`cb.xablt@I@Rye�fdI�p�b
π0 R π− Rae7b�e0fY�
�=b

π0 �ÏPI@RÓI�f�bl`y®JR�^d]�xyb�tJIqf��yxLK�tLK��q^TIJR�pdR@Iyb�xJRoncK�g9KYx@R
π0 → γγ � p�b�`"KpRU�gMK~tJI@R§ilk2�PxLK�i9R§ilf�`qgMKpIJR ~k1

R ~k2
R�tJKl�y^@I@Rcp�b�®JR@R

~ε1
R
~ε2
fiRcpwtqk2�Px�f�xJK

~k1.~ε1 = 0
r ~k2.~ε2 = 0

R
~ε1.~ε2 = 0

 ì]�bYeZK�ilf�`qgMKpI�k¬g ~k = ~k1 − ~k2
��xqf�p�b�i9Rc�

]3Rye r¬`cblgMK ~k′ = ~k1 + ~k2 = 0
iI]3Rq]hglfwe7b�xybÑ®qf�x�g�kSIybÑxabÑe,bl]3Rqglf�xab

π0 R]�k&KYg�ilfhgYxLK_Rae7b�]�bYeZK.f�u�Ryx©Ryxqi�bMI@Ryb�x�g�� ~k.(~ε1×~ε2)
rQK�g�`qk=uPfhgMK

ηπ0 = −1
��=b

π−
��=bVIqfwbl`y®@Rc^yg�b

π−+ d→ n+ n
Rae7b�e�f

ηπ−ηd(−1)l = ηnηn(−1)l′ rc`cblgMK�i]	�q���ab�^�xab�p�b��qi�b�gIi
l = 0 ηπ−ηd = (−1)l′ �  f��cg�f5IJR�^qgIfiK�²pRq`yxLK�ilf�xJK�i]�km]�gMK�^yx@Rqf 3S1

`cblgMK
Jp = 1+ ⇒ J = 1

p�b |i >= Jfinal = +1
�

\R]	�q���abMRqglf
S = 1

R
S = 0

Rae7b�e0f�]��yf	uEx@R�glf¤i�k2p�eZK�Ç�xJR�]hkm]�gMK�^yx@Rc^*�
S = 1 : l′ = 2, 1, 0⇒ 3D1,

3P1,
3S1

S = 0 : l′ = 1⇒ 1P1.Ï.IJR��Pb��©b�«q`@R±t@I@Rqxy®JRytab¤xyb�Ï(b�����R�Rye7bYe�fYrÆ��f |f > �9blxqg9Ry]3Rye0fhg9I@Rq�yxLK
]�km]�gMK�^yx@RqfYrQK�g�`qk=uaf�gMK¤pwxab�f�«y`@R���f

S = 1
f}]3Rae�fhg9I@Ry�qxJKyrUb

S = 0
f}b�x�gQRU�

]3Rye0fhg9I@Rq�yxLKIi9R�Ç�uEbYe�fYrP�qf¤g9I�^y²YiYb©KQIq²QRqg�b��axab�g�bÑ�yb�]�g±i�tqkSIyi9R�^¨]	�y���yb�«
uEb�f�blxqg9Ry]3Rye0fhg9I@Rq�yxyb � l′ f�xqf��qfhg�xJKU »r�b±ilkmi�ilgMKpIJR�^��"]3Rae�fhg9I@Ry�qxab � l′ ���fhgYxLKc  ⇒ f	u;Rqxy]�g�i�f�xLKYgMK�ilk2p�eyKwÇ�xJK�]hkm]�gMK�^yx@R�f(f |f >= 3P1

�@6.blgMK�pwxyb��
fwe"rU�qf

ηd = +1⇒ ηπ− = −1
�J�=b

π
�
Jp = o−

rUg��´fY�Ug�^��(tq]hf�i�u�KY]h`cb��Pb9Iqxab
�yb�]�g9Ry®ybq�



øxW ·�¸l¹»ºh¹�¼h½�¾y¿�À=ÁÃÂ�Ä�¿�¿
A2B?XmBEX Â�VPO$Ë£ÔÉMPH�S�H�MÐZPO�SUý.SNKyT

ç9tqf5Iabl®@Rc^yg�b(xybPK�²pI�km��blxqfìxab9iQI�f�e�fhgMK�]�f"]�km]�gMKpRªi9p�b�eL^axyblg�b9xyb
t→ −tR

~x → ~x
`cb�g9K�tJI@R§g�b�pdR?p�bYeL^yxab�u;RyxybYeyRq�yx@R�glf�i�f��TRy�@Rqx@R�]�f�tJIJK�e�fwxc^yg

`cbl`qgMKÐ]	�yf�uPi�b��
~p → −~p r ~L → −~L r σ → −σ � ç(t�fdIyblgMKQIqk¬g�xybÕK�²pI�k=���blxqf�xyb�iQI�f�e�fhgMKÐf

t → −t rìxLKÊt@I@RduPf�«q]hg�i9RqfhgMK e�� p�b�`"KNeL�cg�b�gMKpIyb
[qi, pj] = i~δij

tLK��q���abli�b�e�f
T [qi, pj] = −i~δij

r$KYg�`�k=uPfhgMK³KY�qf�i9RcuExLK
Tx�f�f�`cblxJKYx@Ry�qxJK�tJIqf3K�²pIyb�ph��iYb�xJRqf®RÐ]hk&K�gYilfhg�xJK�KYtqf5IyblgMKQIab?x�f�f���x@R�g�b��I�f�x2���=b?u¬b ]�f¨tJIqf3KwuTK��yf�f�gMKYi�b�f���uTKY²YxJK�u¬b ]�f¨ilkmilf�uaf¨b�x�gQRc��x@R�g�bMIqf�xKYtqf5IyblgMKQI{xab¨KY²QIqkm��blxqf�xyb i9Iqfwe�fhg9Kyr t@IJRyilfhÇ�u¬bl� `"K�e7tc�af�`U]hxJKlpwxab��qxab

n9��xy`q®@R�^ xyb
t
i¨`"KNe0tc�af�`U]hxJK§]htJIqf��hxab�g�b�g�b?«8K�g −t � T (C) → C∗(−t) Ö

qi → TqiT
−1 = qi pj → TpjT

−1 = −pj
RdgMKY�	bli�b t@I�f5K�²QIab�p���iYblx@Rqf	�

gMK�f¨`cblxJKYx@Ry�qxJKyr,g��Æ`=�
T [qi, pj] = i~δij

� ` x�g9R���x@R�g�bMIyxLK�]�glg�bÊxab³KYtqf5Iyb��
gMKQIab xab¨KY²QIqkm��b�x�f�xabÊiQI�fwe0fhgMK i9Kwu�R uTK ]�km�é�Pb�]	��iYb�x�fhg9K eL�R]�b��P��fh²l�Iyblg�bÐxabÐ�3I���tab�g�b

SUi(2)
r,g��Æ`=�

TJT−1 = −J ⇒ [Ji, Jj] = iεijkJk
R

SUi(2)
x�f�]�f xabMI���Ë�b�iYbq� � xyiYbMI@Rablxqg�xLK�]�glg�bÓK�gYxLK�]hxLKÓKY²QIqkm��blxqfhgMKdxab

i9Iqfwe�fhgMKÉeZK�Çªf�uEb�]hf�K�tJIqf	uPf���RÊtLK³]	�yf�uPx@Rc^ xab��JRyx2� ` `"K§�UbYeyR��ygMK�xJRab��
xyb xyb ]3Ry]�glf�e7b�g�bÊf

H = H0 + V ⇒ TH0T
−1 = H0, TV T

−1 = v
r

gMKÊp�b e7b�g9I@Ry�qx@Rc^{f��afwe�f�xqgÊxabÊt@I�f	�"KwuEb�KYg ]�km]�g9Kw^axJRqf
a
iÊ]�km]hgMK�^yx@R�f

b
�ªf�Rae7bYe�f

M =< b|M |a >= f(V ), TMT−1 = M+ r�g��sfY��bl`"K¦K�pwxyb���JRaeoxabw�ab��PxJK�gMKbR?`JIabl«yxLKYgMK~]�km]�gMK�^axJRqf�]�k&KYg�ilf�g�xLKÑ] |i >= |α, ~pi,mi >R |f >= |β, ~pf ,mf >
r°`�k=uPfhgMK

mi,f
]wb�g9Iqfhg9Rqglf�`"K�e7tLK�x�f�xqg9Roxab�]ht@Rc�

xybÐiÐ]hk&K�gYilfhg�xJK�g9K ]�km]�gMK�^axJRqfYr°gMK t@IJRouafw«q]�gYi9Rqf§]�K�t�f5Iab�g9KQIab
T
Rae7b��

e�f
T |i >= |it >= |α,−~pi,−mi >, T |f >= |f t >= |β,− ~pf ,−mf >R×K�gØRyxqi�bMI@Ryb�x�g�xJKY]hglg�bR]	�af	uPi�b�r��qfÉ]�fw��f�x@R�^qg�bÊp�b ]��yf	uEx@R�glf³uEiYb t@ILKl�

®�f�]wb�]�b¦IabliYxJR
< β, ~pf ,mf |M |α, ~pi,mi >=< f |T−1TMT−1T |i >=<

f t|M+|it >∗=< it|M |f t >=< α,−~pi,−mi|M |β,− ~pf ,−mf >
r0`"K�f�gMK

eZK�Çªf.uEb�]�f�t@ILK�ilf5I@R~f�`yt�fdIJRae�f�xqg�b��axJKy�



¼�½ÅÄ�½�Æ ¿Y÷ÈÇ	Ä�ÁÃÂ$õ�¿�÷¥¿�À=ÁÃÂ¥ÄY¿�¿ øµg
A2B?XmB?j À¨O�JLH�þLJLQRH�M¸%,SNKNM�ÙÚ �HLJ�[ VEMT 0MPH�û
ç;g�glf5KQI@Rc^yg�b¤]wbcR�pwi�f�]�g�x@R�]	�af	uExJRqglf;n.KpIye�����R�p�b�]�fw��f�x@R�^qg�b�xyb�t@ILK�®�f�]5RK�g�g9Rytyb

a+ b→ c+ d
�

dσ

dΩ
(a+ b→ c+ d) =

1

16π2

mN
2

E2
cm

pcd

pab

1

(2sa + 1)(2sb + 1)

∑

spin

|Fab→cd|2

��� �îÅ�¡Y 

dσ

dΩ
(c+ d→ a+ b) =

1

16π2

mN
2

E2
cm

pab

pcd

1

(2sc + 1)(2sd + 1)

∑

spin

|Fcd→ab|2

��� �îÅ�ÅN K�g�`qk=uaf�gMK9tJI@R
P
R
T
]3Rae�fhgQIJR�^_Rye7bYe�f ∑

spin |Fab→cd|2 =
∑

spin |Fcd→ab|2R~gMKY�	bli�b�frRcpwtqk2�Px�f�xIg��sxabMI2�atJI@Ryxq®@Rqt?xabªuafhg�bl«��PxJR�^�²�b��Pb�xq]Y�

dσ

dΩ
(a+ b→ c+ d) =

(2sc + 1)(2sd + 1)

(2sa + 1)(2sb + 1)

pcd
2

pab
2

dσ

dΩ
(c+ d→ a+ b) � � �ÆÅl£U 

6.b�gMK�t@IJRae�f5IÐp�b�t@I@Rc�TK�Çªf�x@R�fhg9K xyb?g9KlpdRÊt@I@Rqxy®JRyt eZK9«cf�u¬b?]	�y�UÇ�RI�fwb�`q®@R�^qg�bVKYg�gQRqtab
p+ p→ π+ + d, sp = 1

2
, sd = 1

rLK�g�`qk=uaf�gMK�]	�yf	uEiYbq�

σ(p+ p→ π+ + d) =
3

4
(2spi + 1)

pπ
2

pp
2
σ(π+ + d→ p+ p) ��� �ÆÅ �  

A2B?XmBÍA �°MPO=[t%7T¬ZETÐû�QLO=[SÛwMPH�S
�=bMI�^cu�KYi9K�gMK�]hËVI�^a�©b�x�f�f!KYtqf5Iyb�®JR�^2rN`"K�^ygMKªxab¤i�]é^y`cb��abl]�gQRq®ab¤]�kmtyË_K�]�g�b��
i�^�blxqg9Rq�abl]hg9Rq®ab�rm`U]�gMK�uafw«q]�gYi9RqfhgMK~xyb®K�t�f5Iab�g9KQIabIxyb�p�bMI�^�uTK�iMKYgMK~]htJI�^��
�©b�x�f�f

Uc : |particle >→ |antiparticle > � xyb�tJI@Rae�f5I Uc|π+ >= |π− > r
Uc|p >= |p >  VR��TR tJK��ÈK�²YËVK�`cb�p�b�xLK

Uc|q, p, s >= | − q, p, s >
� ` `"K

Q
fiK�t�fdIyblgMKQIab�xabÑf��af�`�gQIJRy��fw]h`JR�^�p�b9I�^cu��

Q|q, p, s >= q|q, p, s > r*gMK



�µw ·�¸l¹»ºh¹�¼h½�¾y¿�À=ÁÃÂ�Ä�¿�¿
Rye7bYe�f

UcQ|q, p, s >= q| − q, p, s >
R
QUc|q, p, s >= −q| − q, p, s >K�g�`qk=uaf�gMK

[Uc, Q] 6= 0 ��� �îÅ�ù� 
g��´f��

Uc
R
Q
x�^ae7blg�K�²YËeR�]hKY²Y]�g�i�f�x@R~]�km]�gMK�^yx@R�^2�

\ K�²YËeRc^�]	�y���yb9R{p�b i�]5Rq�y`JR b�u;R�g9Ryi�x@R `yiYb�x�g9KYi9R �JRy]	�Eb¹KYtqf5Iab�gMKl�Iyb�xyb~p�bMI�^�uTK�iMK¨]�tJI�^a�©b�x�f�R�p�e�f�x�^�pwxabl`cbvRyeú�
Uc|q, I3, B, Y, L >= | −

q,−I3,−B,−Y,−L >
R

[Uc, Qi] 6= 0
r�`�k=uPfhgMK

Qi = I3, B, Y, L
� � K�²Y]	�

g�ilf�x@Rqglf�]�gMK�«qxJKY]�gQR³xab
Uc

]�fiKYt@Iqf	uafh�q^ygbK�g
Uc

2|Qi >= |Qi >⇒ Uc
2 =

1 ⇒ uc = ±1
r7g��´fY�7p�bMI�^�uTK�iMKYgMKÉ]�tJI�^a�©b�x�f�f�u�Ry]h`@I�f�g�xLKÊt@Iqf3K�²pIyb�ph��iYb��

xJRqfY�(ç(��fwi9RcuPxJK ]�km]�gMK�^axJR�^�]8Iab�p��TRy�qx@RÜKYg xc���Ebo`yiYblxqgMK�i9R �@Ry]	�Pb x�f
eZKY�	b�g�uEbÉ]�b ]hK�²�]�g�ilfwxJRd]�km]�g9Kw^axJR�^ p�b

Uc
r*D�f�u�Ryxq]hg�ilf�xJKÐ]�km]�gMK�^axJR�^ ]

q = 0, I3 = 0, B = 0, Y = 0, L = 0
eZK��©blg?uEb ]�b§g�bl`@Rqi�b¦R tLK³g�b�pdR

tJI@Rq�@Ryxyb p�b9I�^cu�KYiYblg�b ��f�g�xLK�]�g³]hfÑuPiYncRyxJR@Iab³`cblgMK
ηc : Uc|B = 0 >=

ηc|B = 0 >⇒ ηc
=1 ⇒ ηc = ±1

R g�^ f~e����ag9Rytc��Ry`cb�g9Ryi�xJKÐ`qi�blxqgMKYi9K
�JRy]	�TK§i�kmi�iY]�f�`@RÉt@IJKY®qf�]�r�i¨`"K�«�gMK

C
���fhgYxLK�]�glg�b¨]hf�p�b�tyb�pwiYb � C f�i�k¬g��I�f���xyb�]3Rye0fhg9I@Rc^¬ é� ` `"K

[UC, H] = 0
Rc��R

[Uc, S] = 0
r�gMKÉ`cb�pwi�b�e�f��qf

]�k&KYg�ilfhgYxLKYgMK~i�p�b9RyeZKwuPf�«y]�g�i9RqfªfeRqxyiYb9IJRablxqg�xJKbK�g�xJKY]hxJKÑp�bMI�^�uTK�iMKÑ]htJI�^��
�©b�x�fY�²�=b¨g9I@R�g�f�i�p�b9RyeyK�uPf�«y]�g�iQRc^ÝRae7b�e�fI]	�af	uExJRqglf~tLK�ilf	uPf�x@Rc^ÝKYg�xJKY]hxJK
p�bMI�^�uTK�iMK�g9K�]htJI�^a�©b�x�f��� �Eb�²QR�i�p�b9RyeZKwuPf�«y]�g�i9R�^2�
\ ]	�Pbl²QRqglf�i�p�b9RyeyK�uPf�«y]�g�iQRc^

C
�¥�qfhg�xJKY]hglg�b�]�f�xyb9Ic����bliYbÑ`cblgMK�tqkSIqiQR

\,�qR�Þ�xq�}xab�²l�Pëìu¬bli�b�g�xabMI���Ë�f�x@RqfhgMKªi¤²Yfhg�b�Iyb�pwtyb�u�R�xyb¤²�b�p�b�g�b�xyb�]ht@Rc�Iyb��axJKY]�g�g�b
Hν = 2~s.~p

|~p| = −1, Hν = 1
xab�xqf��cg9I@Rqxab�g�b±� b�`"K±p�bMI�^cu�KYi�b�g�b

��fhgYxLK�]�g~x�f�]�f�xabMI���Ë�b�iYb�Ë�fVKYgÑ]��Pbl²QRqglf�i�p�b9RyeZKwuPf�«y]�g�i9R�^§g9I�^q²�iYblËªf¤u¬b
f�R�pwtqk2�axqf�xJK

Hν = Hν
�� R��ax@R�ilp�bMRaeZKwuafw«q]�gYi9R�^ Ï.IJKYilfdIq`cblg�b xyb"p�bltab�p�iYblxqfhgMK�xyb � ���f�g�xLK�]�glg�b

tJI@R±]3R��PxJRqglf9i�p�bMRaeZKwuaf�«y]�g�iQRc^±eZK�Çªf4u¬b�]�f!Rcpwi�kSIqËeR�xab�²�b�p�b�g�b�xyb�]	�af	uy�
xLKYgMKØIyb�pw�_�af�Ç�u¬blxqf �Æb�`"KnRae7b�e0f³Iqfwbl`y®JR@RmK�g g9Rytyb

p + p → π+ + HR
p + p → π− + h

r"`�k=uPfhgMK
h h − B = 0, Q = ± r gMKdt@IJRmRqxyiYb��



¼�½ÅÄ�½�Æ ¿Y÷ÈÇ	Ä�ÁÃÂ$õ�¿�÷¥¿�À=ÁÃÂ¥ÄY¿�¿ �{¬
IJRablxqgMKY]hgnKYg�xLK�]hxJKÊp�b9I�^cu�KYiMK ]htJI�^a�©b�x�f��ªf¦Rye,b�e�f

< pp|S|π+h >=<

pp|Uc
−1UcS

−1
Uc
Uc|π+h >=< pp|S|π−h > rN`qk=uafhg9K UCSUC

(−1) = S
rYg��´f��

π+ ]
π−

g9I�^y²Yi�b�u¬b�Rye7blg�f�uPxabl`yi9R§]htqf�`qg9IJR2�mç9g±f�`U]htqf5I@Rye0f�x�g�b±f�tJKl�y�N�
��f�xJK�]	�yf�uPxJK�gMK�]�ktK�g�xJKYËªf�x@R�f.e0f�Ç�uy�Ix�f�p�bltab�pwi�bl��blg�bª]�f.R�p�b�tyb�pwiYb���b�g�b
]�f�bYe0t��TRqg���u�R?t@IJR�]5Rc�PxJRqglf�ilp�bMRaeZKwuafw«q]�gYi9R�^
mod C−nonconservingamplitude

C−conservingamplitude
≤ 0, 01� �af�`�gQILKNe7bl�hx@Rqg�xJR§ilp�bMRaeZKwuafw«q]�gYi9R�^ \{f��af�`qg9IJK�e7b��hxJRqg�x@R�g�f�i�p�b9RyeZKl�

uaf�«y]�g�iQRc^Ðp�^@I�^cu�KYi9K�gMK�]ht@I�^y�	blxqf¯KY²QIqkm��b�pwxabl`cb?xyb¨p�bMIqf	uafwxJRqglfÑgMKY`"K�ilf
Ucjµ

em = −jµem R�g��s`2�
dalmabertianAµ = jµ

em ⇒ UCAµ = −Aµ
p�b

n.KYgMKYxabvRae7bYe�f
Ucγ = −γ ⇒ ηc(γ) = −1

� ` `"K?i~f��af�`�gQILKNe7bl�hx@Rqg�xJRqglf
i�p�b9RyeZKwuPf�«y]�g�i9R�^�]�f�xyb9Ic��Ë�bliYb�Ë�f � ���f�g�xLK�]�glg�b�rmgMK���f�Ëªf�u¬bURae7bI]�f��qf	�
xJRqfrK�gw�TRy�yxLK�K�g±x����Pb�p�bqIqfwbl`y®JR@R¤K�g�g9Rytab

π0 → γγγ
R
η0 → γγγ

r�g��s`2�
f±�N]�g�b�xL��ilf�xJK

π0 → γγ ⇒ ηc(π
0) = 1

R
η0 → γγ ⇒ ηc(η

0) = 1
r�xJK

g�b�`JRyiYb�Iqfwb�`q®@RJR�x�f¤]�b�xab�²��aë uEb�iYblx@R2��=bMIqf�^cu�KYi�b�g�b±�qfhg�xJKY]hgIeZK�Çªf�uEb�]�fVR�pwtJKl�ypwiYb�p�b©KYt@I�f	uPf��y^yxqfªxab±i�k2p��
eZK�Ç�x@RqglfcIab�pwtab�u;RÑxybªtLK�pdR�gQI�Ç�x@Ry«~xyb¤ncK�g9KYx@R=�cp�b

e+− e− tJI@R�KQIq²QRqg�b���yf�x¨eZK�e�fwx�g
l
R�]ht@RyxLK�i�eZK�e�fwx�g

s
Rye7bYe�f

ψ(~r1, ~r2) = (−1)lψ(~r2, ~r1), ψ(~s1, ~s2) = (−1)s+1ψ(~s2, ~s1)
rK�g�`qk=uaf�gMK t@I@R�p�b9I�^cu�KYi9K ]htJI�^a�©b�x�f

Q → −Q ⇒ (−1)l(−1)s+1ηc =

−1⇒ ηc = (−1)l+s(−1)n r�g��´fY�"Iqfwb�`q®@RJRqglf9]}tJKlpdRqg9IJKYx@Rq«�Rye,b�gª]	�af	uExJR�^i9Rcum�

FÃ° | °c4 1S0 → γγ
Iab�p{I�f�Ëªf�x

1S0 → γγγ
p�b�²QIablxqf�x

FÃ°c4�r | °�� 3S1 → γγ
p�b�²QIablxqf�x

3S1 → γγγ
Iab�p{I�f�Ëªf�x` xyb��@K��3Rq�qf�xÝIqf�ph���ag�blg�]�fItLK��q���abli�b¨p�b�uPi9KY«y`JR

p − p
R
q − q

r�uTK�`cb�gMK
p�b
π+ − π−

t@I@R
B = Y = Q = 0

KYgvK�²QK�²���f�x@Rc^�tJI@Ryxq®@Rqt�xab§Ï.b����TR
]	�yf�uPi�b±]�km�ªf�]�g�il��iYb�x�fhg9KÑ]�bYeZKIxybÑ]3Rae�fhg9I@Ry�qx@R�]�km]�gMK�^axJR�^ ⇒ (−1)lηc =
1⇒ ηc = (−1)l �



��´ ·�¸l¹»ºh¹�¼h½�¾y¿�À=ÁÃÂ�Ä�¿�¿
A2B?XmBEß à®��#�SNK�H�TEûYK
ÏPI@R�]5Rc�PxJRqglfªilp�bMRaeZKwuPf�«q]hg�i9R�^¤Rae7b�p�b9I�^cu�KYiYbqR¤RcpdKY]ht@RqxJKYi�b�]3Rae�fhg9I@R�^2r
`cb�gMKØKYg gw^c� eZK�Çªf uEb ]�f�tJKY]�g9IJKQR xLK�i gQRqt tJIqf3K�²pIyb�ph��iYb�xJRqf��

G →
Uc+(πI2)⇒ G = eiπI2C

�lç9g�xLK�]hxJK�á}�¥t@I�f5K�²QIab�p���iYblx@R�^�f	u�Ryxy]�g�ilfwxLK9]3R��q�
xJRqglfIi�p�b9RyeZKwuPf�«y]�g�i9R�^É]wb^Ryxqi�bMI@Ryb�x�g�x@RÉ�

[G,HSI ] = 0 6= [G,HEM ] 6=
[G,HWI ]

�  fw«q]�gYi9RqfhgMK�xab�á ilkSIY�c�
π
e�f�pdKYx@R�glf©R³xc��`��TKYx@R�glfÑ]�f�KYt@Iqf	�

uaf��y^�tJK�]	�yf�uPx@Rc^�xab��JRyx=�
• �=b π±,0 �
eiπI2|πi >= (−1)i|πi >

rL`qk=uaf�gMK |π± >= |π1 > ±|π2 >, |π0 >=
|π3 >

rEg��sfY�yuPf�«y]�g�i9RqfhgMK~xab
eiπI2

ilkSIY�c�
π
e�f�p5K�xJRqglf�f

eiπI2|π±,0 >=

−|π∓,0 >
�â�=b5uPf�«q]hg�i9RqfhgMK}xybºá ]	�af	uTK�iYblglf��PxLK}tLK��q���abli�b�e�f

G|π±,0 >=
|π±,0 >

ryg��´f���á}���f�g�xLK�]�glg�b�p�b
π
e�f�pdKYx@R�glf�f

G(π) = −1

• �=b�x���`c�TKYx@R�g�fY�z;��`��@K�xJRqglf_Rae7b�g©R�p5K�]htJRyx
I = 1

2 ⇒ |NR >= eiτ2
π
2 |N >= iτ2|N >

rKYg�`qk=uafhg9K�tJKl�y���yb�iYbYe�f uPf�«y]�g�i9RqfhgMK�xab
eiπI2

i�kSIY�c�
p
R
n
�
eiπI2|p >=

|n >, eiπI2|n >= |p > �  f�«q]hg�i9RqfhgMKIxybUá ilkSIY�c�
p
R
n
fY�
G|p >=

|n >, G|n >= −|p > r=g��´f��Eglf�xqf�]�bÑ]hK�²�]�g�ilfwxJR�]hkm]�gMK�^yx@Rc^�xab^á �
]wb�eZK�]�km]�g9Kw^axJR�^�]

B = Y = 0I
eyKY�	b�g�uEb�]wb�]3K�²Y]hg�ilf�x@R�xab¯á��

á���qfhg�xJKY]�glg�bÐf
G = ηc(−1)I r5`cblgMK�p�b³n(f5IaeyRJKYxc�¥n.f5IaeyRJKYxyxybÐ]5Rq]�g�fwe7b

G = (−1)l+s+I r�Dªp�b π+ − π− � G = (−1)l+I = 1
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ßmBDCEBFC �! 0MEûYK�J$#�H�T�OLMEW�û�S"ÙLZ¬MPHLS

dσ

dΩ
=

(
dσ

dΩ

)

Mott

[
G 2

E + Q2

4M2G
2
M

1 + Q2

4M2

+
Q2

4M2
2G 2

M tg
2θ

]
� ùq���� 

G(Q2) = f(Q2) =

(
1

1 + Q2

4M2

)
M 2

Q′ = 0, 71

(
GeV

c2

2) � ùq�¢¡Y 

�¶�MG | AöDM÷LA��5��r*�5) ��� ⇒ z^Rae7bqIab�p�e0f5I
ßmBDCEBÍÌ ø¦Ë� 0VET��*TÉH�SUSp �MEûYK�J$#LHLT�O�MPWNûYS"Ù�ZEMPH�S

Q2 = M2 −W 2 + 2Mν, ν = E0 − E, Q2 = 4EE0sin
2

(
θ

2

)
� ùq�ÆÅN 

d2σ

dΩdν
=

(
dσ

dΩ

)

M

[
W2(ν,Q

2) + 2W1(ν,Q
2)tg2(θ/2)

] � ùq�´£c 
�	¶
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:5|{KQIy`Nf�xJKYi�]�`JR � `Nf5R��TRyxq� � ��ÿ¡�p�$ê9�5>���5DMFE=?>J�U 

Wi = f(ω), ω =
2Mν

Q2
� ùq� �  

F1(ν/Q
2) = 2MW1(Q

2, ν)
F2(ν/Q

2) = 2MW2(Q
2, ν)

⇒ Q2, ν →∞

�������É>2r��»=E� � A��5��rJ�$D5�LF?�Q�ì���d)�ùQ' Ö �J[�� � Ee = 20GeV

�(���L�h�L>y¦¯D9>��	�0DM�¡A��Q>�¦©��÷L�5F
(2ν/Q2)W2 −W1

2W1
−−−−→
Q2,ν→0

0 S = 1/2 � ù��îù� 

(2ν/Q2)W2 −W1

2W1
−−−−→
Q2,ν→0

∞ S = 0 � ùq���� 

�0DM�¡A��Q> | ≡ §.�TDM�Ãê |
ð4!�� 
�35-7&P¿4),3 >?)���'¥ô
ßmB Ì2BFC ����Î�X¥Ï����Ú 0MEûYJLü�J0�*MPþLJ�[oH�MÐMJ%7OLTPHLJLKqSEB ~ ZEMPO$�LJìB
��� ¯(x@Rqg�b9Iqxab�]3Rae�fhg9I@R�^
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U = eiH H = H+

H = αiFi F i− ��f�xqf5Iab�gMKpIJR ⇒ U = exp(iαKFK) ⇒ Tr(Fk) = 0z9f�p�bliQRq]5RyeyR
N2 − 1 λk, k = 1, 2, ...N2− 1

Trλk = 0 � ùq�('N 

Trλiλk = 2δik � ùq�()N 

Fk =
1

2
λk � ù����54N 

ßmB Ì2BÍÌ ÿ5O�X2Q�M¹���¨Î Ì&Ï
λi ≡ σi � ù������� 

Fk =
1

2
σi � ù�����¡Y 

[Fi, Fj] = iεijkFk � ù�����ÅN 

i�^@IyxJK�f.p�b�e7b�g9I@Ry®JR
(2I + 1)× (2I + 1)

p�b�t@Iqf	uP]hg�b�i�^yxqf�]�km]�]ht@Rqx���°
��rPÅ��Y¡UrE¡Ur��������
����xcu¬b�e�f�xqg�b��PxLKÑtJIqf	uE]�g�b�i�^ax�fY�

Ψ =

(
Ψ1

Ψ2

)
� ù�����£c 
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`"KYiYb9IJRablxqg�x@R
`"KYxqg9Iyb�iYb9IJRablxqg�x@R

Ψi = U j
i Ψj � ù���� �  

ϕ = (ϕ1, ϕ2) � ù�����ù� 

ϕj′ = ϕiU j†
i � ù����{�Y 

ϕi = εijkϕ
j � ù����5'N 

ϕi =

(
ϕ2

−ϕ1

)
� ù����5)N 

tJIqf	uE]�g�b�i�^axJR�^I�5]3Rae�fhg9I@Ry�qx@RvR�b�x�gQRq]3Rae�fhgQIJRy�qx@R

Ψiηj =
1

2
(Ψiηj + Ψjηi) +

1

2
(Ψiηj −Ψjηi) � ù�� ¡¢4� 

J = 1 :





J3 = +1 Ψ1η1

J3 = 0 1√
2
(Ψ1η2 + Ψ2η1))

J3 = −1 Ψ2η2

. � ù�� ¡U�� 



ù	½,+�½.ú0ºh¹$ÄpÇ�ð_º"À=ðþýyÁ ¸ �h2
ßmB Ì2BEX ÿ5O�X2Q�M¹���¨Î�X¥Ï

N = 3 −→ '�e,b�g9I@Rq®@R

λ1 =




0 1 0

1 0 0
0 0 0


 , λ2 =




0 −i 0

i 0 0
0 0 0


 , λ3 =




1 0 0

0 −1 0
0 0 0


 ,

λ4 =




0 0 1

0 0 0
1 0 0


 , λ5 =




0 0 −i
0 0 0
i 0 0


 , λ6 =




0 0 0

0 0 1
0 1 0


 ,

λ7 =




0 0 0
0 0 −i
0 i 0


 , λ8 =

1√
3




1 0 0
0 −1 0

0 0 0




Fk =
1

2
λk � ù�� ¡�¡Y 

[Fi, Fj] = if k
ijFk � ù�� ¡�ÅN ç9g��LIyb�i�xqf�xJRqfhgMK�xab�Þ�`"K�²pR=�

[[A,B], C] + [[B,C], A] + [[C,A]B] � ùq�¢¡�£U ]	�af	uPi�b��

f l
ijf

m
lk + f l

kif
m
lj + f l

jkf
m
li = 0 � ù�� ¡ �  

Fi, Fj =
1

3
δij + dijkF

k � ù�� ¡�ùN 
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I± = F1 ± iF2, U± = F6 ± iF7, V± = F4 ∓ iF5,

I3 = F3, U3 = −1

2
F3 +

√
3

4
F8, V3 = −1

2
F3 −

√
34F8

I3 + U3 + V3 = 0 � ù�� ¡9�Y 
[I+, I−] = 2I3

2
⇒ SUI(2)

ßmB Ì2B?j �?SNQ�O�SUZETp%7J�ý(J QLO�S9%7ûYK�M¬Za[*H�J�[oHLM¨Û�O�X2Q�MPK�M¹����Î�X�Ï

SU(3) ⊃ SU(2)× U(1)

I+, I−, I3 =⇒ SUI(2)

Y = + 2√
3
F8 =⇒ Uy(1)

uPi�bªu�Rabl�3KYxab��PxLK©K�t�fdIyblgMKQIab
I3
R��

 fwncRyxJRy®@Rc^~p�b¯§jiN�� � Å� »�
Q = F3 +

1√
3
F8 � ù�� ¡¢'N 

=⇒ Q = I3 +
1

2
Y � ù�� ¡¢)� 

� f��Ee7b�xU�$z.RqËeRUuaÇ©Rc�P]¤n9��xcu¬b�e�f�xqg�b��PxLK±t@Iqf	uP]hg�b�i�^yxqf

qi ≡



q1
q2
q3


 =



u

d
s


 � ù��îÅ94N 



ù	½,+�½.ú0ºh¹$ÄpÇ�ð_º"À=ðþýyÁ ¸ ��g
tLK��yfwi9RbK�t�f5Iab�g9KQI2rP`"KQRqgMK¯Iab�Ç�u¬b��=r@÷¤R | `yiYb9Iq`@R�g�f
u|0〉 = u|0〉 d|0〉 = d|0〉 s|0〉 = s|0〉

qi = q∗i =



q1

q2

q3


 ≡



u

d
s


 � ù��îÅ��� 

q = (u, d, s) q =



u

d
s


 � ù��îÅ�¡Y 

F 1
1 − F 2

2 = 2F 3 � ù��îÅ�ÅN 

F 1
1 + F 2

2 + F 3
3 = 0 � ù��îÅ�£c 

F 1
1 + F 2

2 ≡ −F 3
3 = +

2√
3
F8 � ù��îÅ �  

2F 1
1 = 2F 3

3 + F 2
2 = 2F3 +

2√
3
F8 − F 1

1 � ù��îÅ�ùN 

F 1
1 = F3 +

2√
3
F8 � ù��îÅp�Y 

=⇒ Q = I3 +
1

2
Y � ù��îÅ9'� 

[FA, q] = −λA

2
q � ù��îÅ9)� 

[FA, q] = q
λA

2
� ù��s£p4N 
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�

I3 � �
|u〉 1

2

1

2

1

3

2

3

|d〉 1

2 � 12 1

3 � 13
|s〉 w w −2

3 � 13

−1

2




1 0 0
0 −1 0

0 0 0





u
d

s


 = −1

2



u
−d
0


 � ù��s£y�� 

I3 = −1

2
,−1

3
� ù��s£U¡Y 

I3 = Q− 1

2
Y = −2

3
+

1

2

1

3
= −4

6
+

1

6
= −3

6
= −1

2
� ù��s£�ÅN 

IU
3 = −1

2
� ù��s£�£c 

ßmB Ì2BÍA �vSNWNTPH�J
q s =

1

2
, Bq =

1

3
� ù��s£ �  

qi|0〉 : B =
1

3

`qi�bMIy` � ù��s£�ùN 

qi|0〉 : B = −1

3

b�x�gQRq`yiYb9Iq` � ù��s£Í�Y 

qiqj = (qiqj −
1

3
δi
jq

kqk) +
1

3
δi
jq

kqk = P i
j

K�`�g�fhg � ù��s£p'N 

3⊗ 3 = 8⊕ 1 � ùq�´£")� 



ù	½,+�½.ú0ºh¹$ÄpÇ�ð_º"À=ðþýyÁ ¸ 2d¬
���! #"%$'&)(�*)+,*.-)/1032)-4$%/%$	 5��67�!218	03()*)+ |D, Y, I, I3〉

P 2
1 〉 = |π+〉 = |ud〉 |π1+iπ2√

2
〉 : −|8, 0, 1, 1〉

|P
1
1 −P 2

2√
2
〉 = |π0〉 = |uu−dd√

2
〉 |π3〉 : |8, 0, 1, 0〉

P 1
2 〉 = |π−〉 = |du〉 |π1−iπ2√

2
〉 : |8, 0, 1,−1〉

P 3
1 〉 = |K+〉 = |us〉 |π4+iπ5√

2
〉 : |8, 1, 1

2
, frac12〉

P 3
2 〉 = |K0〉 = |ds〉 |π6+iπ7√

2
〉 : |8, 1, 1

2
,−frac12〉

P 2
3 〉 = |K0〉 = |sd〉 |π6+iπ7√

2
〉 : |8,−1, 1

2
, frac12〉

P 1
3 〉 = |K−〉 = |su〉 |π4−iπ5√

2
〉 : |8,−1, 1

2
,−frac12〉

| 3√
6
P 3

3 〉 = |η8〉 = |nn+dd−2ss√
6
〉 π8 : |8, 0, 0, 0〉

�Ê�"ÏPKl�af�iQRUKYtqf5IyblgMKQI�p�b�tq]hf�i�u�KY]h`cb��Pb9Iqx@R�e�fhp5KYx@R

P i
j |0〉 ≡ |P i

j 〉 = (qiqj −−
1

3
δi
jq

kqk)|0〉 � ù�� � 4� 

ρ+ρ0ρ− I = 1, Y = 0

K ∗+ K ∗0 I = 1
2, Y = 1

K ∗0 K ∗− i = 1
2, Y = −1

ω8 I = 0, Y = 0

ßmB Ì2BEß 7�MPO�J�TPHLJ
B = 1 =⇒ 3q � ùq� � �� 

qjqk =
1

2
(qjqk + qkqj) +

1

2
(qjqk − qkqj) =

1√
2
Sjk +

1√
2
Ajk � ù�� � ¡Y 

) ù Å
T i eZK�Çªf.u¬b�]�f�t@Iqf	uP]hg�b�i9R�`cblgMKy�
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T i = εijkAjk

Ajk = 1
2εijkT

i

Ajk = 1√
2
(qjqk − qkqj)

=⇒ 3⊗ 3 = 6⊕ 3

3⊗ 3⊗ 3 = (6⊗ 3) + (3⊗ 3) � ùq� � Å� 

T iqj = (T iqj −
1

3
δi
jT

kqk) +
1

3
δi
jT

kqk

=⇒ 3⊗ 3 = 8⊕ 1ç(`�glf�glf�x^K�t�fdIyblgMKQI�p�b�²�bMI@RJKYx@R

B
i
j = (T iqj −

1

3
δi
jT

kqk) � ù�� � £U `�k=uPfhgMKa�

T i = εilmAlm =
1

2
√

2
εilm(qlqm − qmql) � ù�� ���  

�=b�]3Ryxq�	���y^@IyxLK�t@I�f�uP]�g�blil^yxqf

1

2

1√
3
T kqk =

1

2
√

3
εklmAlmqk =

1

2
√

6
εklm(qlqm − qmql)qk � ù�� � ùN 

6× 3 =⇒ Sijqk � ù�� � �Y 

6× 3 = 10⊕ 8 � ùq� � '� uafw`c��t��yf�gq�
KY`qglfhgq�
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I3 �
|p〉 = B

3

1|0〉 1√
2
|[u, d]u〉 ¬

1

2

1

2

¬
|n〉 = B

3

2|0〉 1√
2
|[u, d]d〉 w

1

2
11

2

¬
|Σ+〉 = B

2

1|0〉 1√
2
|[u, s]u〉 ¬ ¬ ¬ w

|Σ0〉 = 1√
2
(B

1

1 −B2
2)|0〉 1

2
|[d, s]u+ [u, s]d〉 w ¬ w w

|Σ−〉 = B
1

2|0〉 1√
2
|[d, s]d〉 � ¬ ¬ � ¬ w

|Λ0〉 = − 3√
6
B

3

3|0〉 1√
2
|[u, d]s− [d, s]u− [s, u]d〉 w w w w

|Ξ−〉 = B
1

3|0〉 1√
2
|[d, s]s〉 � ¬ 1

2
−1

2 � ¬
|Ξ0〉 = B

2

3|0〉 1√
2
|[s, u]s〉 w

1

2

1

2 � ¬

B
′l
r =

1√
3
εlmnSrnqm B

′l
l = 0 � ù�� � )N 

=⇒ 3⊗ 3⊗ 3 = (6⊕ 3̄)⊗ 3 = (6⊗ 3̄)⊕ (3̄⊗ 3) = 10⊕ 8
′ ⊕ 1 � ù��îù94� 

ßmB Ì2B<; 7�MPO�J�TPHLH�J û9Ë ûYKqTc[2HLJ�[
ç9`qglfhg

B
i
j|0〉 = |Bi

j〉 =
1

2
√

2
[εilm(qlqm − qmql)qj −

1

3
δi
jε

klm(qlqm − qmql)qk]|0〉
� ù��îù��� �=b�'>=��

B
′i
j |0〉 = |B ′i

j 〉 =
1√
3
εiklSjlqk|0〉 � ù��îù�¡� 

:ìbMI@RJKYx@R�]
Jp = 1

2

+

` xyb��@K��3Ry�qxJK�p�bH'�=�ÏPKlp�xyblg9R�g�f°²NbMI@RLK�xJR�]
Jp = 1

2

+ `cblgMK
3×3

e7blg9I@Rq®@R=�
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Bi
j =




1√
6
Λ0 + 1√

2
Σ0 Σ+ p

Σ− 1√
6
Λ0 − 1√

2
Σ0 n

Ξ− Ξ0 − 2√
6
Λ0


 � ù��îù�ÅN 

B
i
j =




1√
6
Λ

0
+ 1√

2
Σ

0
Σ
−

Ξ
−

Σ
+ 1√

6
Λ

0 − 1√
2
Σ

0
Ξ

0

p n − 2√
6
Λ0


 � ù��îù�£c 

� Ryxq�é�afhg

Λ0
1 =

1

2

1√
6
εklm(qlqm−qmql)qk|0〉 =

1√
6
|[d, s]u+[s, u]d+[u, d]s〉 � ùq�Æù �  

 f�`c��t��afhg��54

|Tijk〉 =
1√
3
{Sijqk + Sjkqi + Skiqj}|0〉 Jp =

3

2

+ � ù��îù�ùN 

ßmB Ì2B@? �?SNQ�O�SUZETp%7J�ý(J QLO�S9%7ûYK�M¬Za[*H�J�[oHLM¨Û�O�X2Q�MPK�M¹����Î�X�Ï
�*fw®�f�tqg�b��
���¶6PKYxy]�g9I��LR@IybYe�f�glf�x�p5KQI

T
j1...jq

i1...ip

¡c� � Rae�fhg9I@Ry�qx@R
i1...ip

R
j1...jq

Å��
� p�iYb�Ç�u¬b�e�f��$�"g�bl`cb��qf9u¬b�fwbiR�pwtqk2�axqf�xJKy�

T
ij2...jq

ii2...ip
= 0 � ù��îùp�Y èrRqxqf5RyxLK�x�f�p�bli9Ry]3RaeyRqglf(`"K�e7tLK�x�f�xqg9RIxabª�ún.KpIyeyR@Iab�g�x�f�t@Iqf�iMKwu;RyeZKl�

gMK±t@I�f	uE]�g�blil^yxqf�xab �A � ÅN »���b�p�e�f5IyxJKY]�gq�qxqf�p�bliQRq]5RyeyRqglf�`"K�e0tJKYxqf�xqg9R~xyb��ì� � Rye�f�g9IJRy�qf�xIglf�x�p5KQI~].z
uTK��ax@RvRCBÑ�hKpIqx@R^RyxUuPf�`U]3R^Rae7b
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B(p, q) =
(p+ 2)(p+ 1)(q + 2)(q + 1)

4
� ù��îù9'N 

xLKiK�gi�0�ì]	�af	uEiYbª��f.Rae7bYe�f
B(p− 1, q− 1)

�N]	�TKYi9R�^ −→ ]3Rye0fhg9I@Rq�yxLK
²�f�pw]��yf	u�KYi�glf�x�p5KpIvRae7b

D(p, q) = B(p, q)−B(p−1, q−1) = (p+1)(q+1)

(
p+ q

2
+1

)
� ù��îù9)N 

ßmB Ì2B@R S9MPW�þ�SNQLZEMEHLS¨QLTÐý�MEûYJRZ¹����Î�X¥Ï
�� � Å� �xqf~f~gMK��qxab�]3Rae�fhgQIJR�^ � �abl]�g9Ry®@R�glf¤K�g³f	u�Ryx}R ]�km�eR eL���ag9Rqt��afhgRye7blg©Iyb�ph��Rq�yxJR?e7bl]5RP 

H = H0 +H1 � ù����¢4N 

[F i
j , H0] = 0←− SU(3)inv � ù����U�� 

[F i
j , H1] 6= 0 � ù�����¡� ` `"K¯R�p�²�f5Iqfwe

H1
g�b�`�kmi��qfY�
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[I,H1] = 0 [Y,H1] = 0 � ù�����Å� �ÚK�iYb�f±]�b�eyK�i�]	�y���abl«�xyb^K�g�]hkm]�g�i9Rqf±xab~f��af�`qg9IJK�e7b��hxJRqg�xJK�i�p�b9RyeZKl�
uaf�«y]�g�iQR�f���=b¤u¬b�]�f�R�pwt�k2�Px�^qg��hKQIyx@R�glf_R�pdRy]h`yiYblx@R�^2�

H1 ∼ T 3
3 ∼ λ8 � ù�����£c e7bl]3KYi����yf�x~p�b�`qi�bMIy`cb��

Hq = muuu+mddd+msss � ù���� �  ` `"KJ�A � Å� c�UTWV�rsgMK mu = md = ms
� ` `"K

SUI(2)
f�TXV�r2gMK

mu =
md = 6= ms

Hq = m(uu+dd)+mss+(mu−md).
uu− dd

2
=

2m+ms

3
(uu+dd+ss)+

m−ms√
3

1√
3
(uu+dd−2ss)+(mu−md)

1

2
(uu−dd)

� ù�����ùN `�k=uPfhgMKa�

m =
mu +md

2
� ù����9�Y 

2m+ms

3
=
mu +md +ms

3
≡ mq � ù����¢'N 

(m−ms)√
3

=
mu +md + 2ms

s
√

3
≡ λ

2
� ù����¢)N gMKY�	bli�b��

Hq = mqqq + λq
λ8

2
q + (mu −md)q

λ3

2
q � ù��*'94� 

ÏPKY`cb�p�iYb���f�p�b�t@ILKpRcp�iMKl�PxJK�tJIqf	uE]�g�b�i�^ax�f¤xab �� � Å�  � z=rYBq 
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〈(p, q)I, Y |T 3
3 |(p, q)I, Y 〉 = a+ bY + c

[
Y 2

4
− I(I + 1)

]
� ù��*'��� 

D�rYZ^Rv�]RJK�²��_K�`cb�p�blxJK�p�bliQRq]é^qgiK�g � z2rYBq ìxJK�x�frRbKYg��²R�� −→
m = m0 +4m = a+ bY + c

[
Y 2

4
− I(I + 1)

]
� ù��*'�¡Y 

�=b�'qR �54�xabN�A � ÅN »�

H1 ∼ q
λ8

2
q = qi

(
λ8

2

)i

j

qj =

(
λ8

2

)i

j

Oj
i = (T8)

i
jQ

j
i � ù��*'�ÅN 

<
Oi

j = qiqj −
1

3
δi
jq

kqk � K�`�g�fhglf�x¤KYtqf5Iab�gMKpIP  � ù��*'�£c 

T8 =
λ8

2
←− H1 = O3

3

4m = δ〈A|H1|A〉 = λ〈A|O3
3|A〉 � ù��*' �  �=b�²�bMI@RJKYxqf�x¸KY`qglfhg�]hf�tJKl�y���yb�iYb�g~g��=xyb9I=�*e7b�]hKYiQR§n.KpIyeL����R xab � f��q���b�x?ç(`c�c²QKy�

mN +mΞ

2
=

3mΛ +mΣ

4
� ù��*'�ùN �=b�� K�`�glf�gq�

m2
M =

3m2
η8 +m2

M

4
� ù��*'p�Y �=b~�54

I =
Y

2
+ 1 � ù��*'9'N 
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ρ+ρ0ρ−

�\[ ¬ � [ w
K∗+K∗0 i = 1

2 � [ ¬
K

∗0
K∗− �\[ w � [ ¬

m = a′ + b′Y � ù��*'9)� 

mΩ −mΞ∗ = mΞ∗ −mΣ∗ = mΣ∗ −m4 � ù��*)94N ` xyb��@K��3Ry�qxJK�p�b±� �54

m2
k∗ =

3mω8+m2
ρ

4
� ù��*)��� 

m2
ρ = m2

0 � ù��*)�¡Y 

m2
k∗ = m2

0 + λOD � ù��*)�ÅN 

m2
ω8 = m2

0 +
4

3
λOD � ù��*)�£c 6PKY�	b�gMK3�A � Å�  f�xabMI���Ë�f�xab ω1

R
ω8

ç(`�glf�g
Jp = 1−]3Ryxq�é�yf�g

ω1

M2 =

(
m2

8 m2
18

m2
18 m2

1

)
� ù��*) �  

UTM2U =

(
m2

φ 0

0 m2
ω

)
� ù��*)�ùN 

`�k=uPfhgMKa�

U =

(
cos θ − sin θ
sin θ cos θ

)
� ù��*)p�Y 
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m2
ϕ +m2

ω = m2
8 +m2

1 � ù��*)9'N 

m2
ϕ −m2

ω = (cos2 θ − sin2 θ)(m2
8 +m2

1) + 4 sin θ cos θm2
18 � ù��*)9)N 

tan 2θ =
2m2

18

m2
8 −m2

ω

� ù����d494N 

tan2 θ =
m2

ϕ −m2
8

m2
8

=
3m2

ϕ − 4m2
K∗ +m2

ρ

4m2
K∗ −m2

ρ − 3m2
ω

� ù����d4��� 

tan θ ≈ 0, 84 θ ≈ 40 ◦ −` `"K±i�pwfwe�fwe
tan θ ≈ 1√

2
≈ 0, 71

R
θ ≈ 35, 3◦

|ϕ〉 =

√
2√
3
|ω1〉 = −|ss〉 � ùq���54N¡� 

|ω〉 =
1√
3
|ω8〉+

√
2√
3
|ω1〉 =

1√
2
|uu+ dd〉 � ùq���54YÅ� 

=⇒ m2
ω = m2

ρ m2
ϕ −m2

ω = 2(m2
K∗ −m2

ρ) � ùq���d4�£U ` `"K
ϕ
f
ss =⇒ ϕ→ ρπ

Ï.Iabli9R��TK�xyb^T(êÍ�AZ����	_����5= ���»��=P`5�yêM� � TX_��L�tJIabliQRc�TKU 
ð4!½¼ a�3,:4@

u c t Q = +2/3
d s b Q = −1/3
M ≡ qq B ≡ qqq
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π+ = ud K+ = us K0 = dsπ0 = (uu− dd)√

2

D+ = cd D0 = cu D+
s = cs...

B+ = ub B0 = db B0
s = sb B+

c = cb...
p = uud n = udd Σ+ = uus Σ0 = uds

Σ6
c+ = uds Σ++

c = uuc Ξ = usc Ξ0
c = dsc...

Ξ+
cc = dcc Ξ++

cc = ucc Ω+
cc = scc...Ï.ILKY²l�afwe"�JKY]hxJKYiYxLK�]hkm]�gMK�^yx@R�fV[�°�4

4++ J =
3

2
4++ = u↑u↑u↑

zPKYiMK�`yiYb�x�g9KYiMK��@Ry]	�@Ka�a®qil^qg � �h�pF �Q�@�é 
qα, α = 1, 2, 3 r, y, b

4++ =
1√
6
εαβγ |u↑αu↑βu↑γ〉 � ùq���d4 �  

B =
1√
6
εαβγ|qαqβqγ〉 M =

1√
3
δαβ |qαqβ〉 � ùq���d4�ù� 

6PKYxyn�b�«qxae�f�xqg�� � `U]ht�fdIJR@I�f�e�f�xqg�b��ax@R ��`cb�p�b�xJR�^dp�b³]�km��f�]hg�i���i�blxqfhgMK
xyb�®yi�^ygq�

ßmB?XmBFC GU�*MPW�MEH�J�[oW�M�þ�Za[*K

Re+e− ≡
σ(e+e− −→ hadrons)

σ(e+e− −→ µ+µ−)
� ù����d4p�Y 

e+e− −→ γ∗, Z∗ −→ hadrons
γ < E << Mz
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Re+e− ≈ Nc

Nf∑

f=1

Q2
f =





2
3Nc = 2 : u, d, s
10
9 Nc = 10

3 (Nf = 4 : u, d, s, c)
11
9
Nc = 11

3
(Nf = 5 : u, d, s, c, b)

.

� ù����d49'N 
τ
�ÈIab�pwtab�u;R2�

2 +Nc
ilk2p�eZK�Ç�x@R�tJI@RyxLK�]�b

Nc −→ τ− −→ ντ d̃u

d̃ ≡ cos θcd+ sin θcs

Bτ−→l ≡ Br(τ
− −→ ντ l

−ν l) ≈
1

2 +Nc
=

1

5
= 20%

Rτ ≡
Γ(τ− −→ ντ + hadrons)

Γ(τ−ντe−νe)
≈ Nc = 3

� `U]htqf5I@Rye0f�x�g�b�u¬bli�b�]	�yf�uPx@R�g�f�Iqf�ph���ag�blg9R2�

Bτ−→e = (18, 01± 0, 18)%

Bτ−→µ = (17, 65± 0, 24)%

Rτ =
(1− Bτ−→e − Bτ−→µ)

Bτ−→e
= 3, 56± 0, 04

]�km�_K�p�biIab�pwtab�u;R�xab
W± R Z −→ Nc = 3

π0 −→ γγ

A3
µ ≡ (uγµγ5u− dγµγ5d)

Γ(π0 −→ γγ) =
Nc

3

2 α2m3
π

64π3f 2
π

= 7, 73eV

fπ = 92, 4MeV
KYg
π− −→ µ−νµ

Γexp = 7, 7± 0, 6eV
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ð4!<b ¾��Vô.+°) ¿ ) 69'*'¥ô�-°<�@�8dc(69)Ê'¥ô.'�¿9@�&9)°6969)²ó{ò9&9)°@�),6969) &(-0/¥ó

<='�õ935-769'
e−p −→ e−X

dσ

dQ2dν
=

πα2 cos2 θ
2

4E2 sin4 θ
2EE

′

{
W2(Q

2, ν) + 2W1(Q
2, ν) tan2 θ

2

} � ù����d49)N 
Ï.IJRqfwe7bYe�f�t@IJK�gMK�xyb�p�b�gMKY�y`"KYi�b��yb�]�g9Ry®ybq�

W1(Q
2, ν) =

Q2

4M2
p

δ(ν − Q2

2Mp
) � ùq���Y�54� 

W2(Q
2, ν) = δ(ν − Q2

2Mp
)

Ï.I�f	uEtJKl�TKwÇ�f�xJRqfY�ygMK��q`"K�i9R
s = 1

2

pµ
i = ξip

µ mi = ξMp γ −→ pi =⇒

W
(i)
1 (Q2, ν) =

e2
iQ

2

4m2
i

δ(ν − Q2

2mi
) =

e2
i

2Mp
δ(ξi − x) � ùq�����Y�� 

W
(
2i) = (Q2, ν) = e2

i δ(ν −
Q2

2mi
) = e2

i

x

ν
δ(ξi − x)

x = Q2

2Mpν
= Q2

Q2+W 2−M2
p

W 2 ≡ P 2
xtJI@R

Q2 →∞, ν →∞ rqxJK��~f�`@Iyb�«qxJK

W1(Q
2, ν) =

∑

i

∫ 1

0

dξfi(ξi)W
(i)
1 (Q2, ν) =

1

Mp

∑

i

e2
ifi(x) ≡

1

Mp
F1(x)

� ù����Y��¡Y 
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W2(Q
2, ν) =

∑

i

∫ 1

0

dξfi(ξi)W
(i)
2 (Q2, ν) =

x

ν

∑

i

e2
ifi(x) ≡

1

ν
F2(x)

� ù����Y��ÅN :5|{KQIy`Nf�xJKYtyi�]h`@R�]h`Nf�«���Rqxy�»� ç;gYxLK�Ë�f�x@R�f�xyb � DMFEFEDM>I��áP��� |�| �

F2(x) = 2xF1(x) � ùq���Y��£U bl`"K
s = 0→ F1(x) = 0zPRqfªt@I�f�uPtJKl�TK�Ç�Rc�ye�fYr=�qf�tabMIqgMKYx@Rqglf�]�b±]�iMK�²QKwuPx@R=� ` ]hK�e7t�gMKYg9Ry�qxabI]hiMKl�

²9KwuEbq�
q ←→ q

� � ��i�f��TRy�abliYb�x�f�xabqIyb�p�gMK�^yx@R�f�gMK±]�f(��ilf���Rq�abli�bqR~f�xqf5Iy�3RU�
^qg�b��&6PKY�	b�gMK

E > 2mg → q′q′�=bl�_K
SUc(3) jk9il^qg ≡ p�b9I�^cu�p�b�]3R��PxJRqglf¤i�p�b9RyeyK�uPf�«y]�g�iQRc^*�

γ, Z,W±����k(ilfhg�b�f�gMKY�yxyb�]3Rye0fhg9I@Rc^
Gc¡U�

Nc = 3⇒ q → 3
K�g
Gc

Åq�
q 6≡ q =⇒ 3 6≡ 3⇒ `"K�e0t��yfw`U]hxLK�t@Iqf	uP]hg�b��

i�^yxqf
£y�&6PKYxyn�b9Rqxae�kmxqg
� � ` ]3Rae0tqgMK�g9Ry�yxyb±]hiMKY²9KwuEb
£��3I���tJR�]¤Å�t@I�f�uP]�g�blil^yx@Rc^*�

SU(3)
Rc��R

SO(3) ≈ SU(2) ≈ Sp(1) =⇒ SUc(3)

qq3⊗ 3 = 1⊕ 8

qqq : 3⊕ 3⊕ 3 = 1 + 8 + 8 + 10
BhB®RCBhBhBhBE�ax�^ae,b�]3Rqxy�é�yfhgQR

� ù����Y� �  
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ã�äæå³ç8å l

é å¸ä �nmÉ�×í çporq î�� �§��íÉ�����

s !$# t�&;1Hò(),3,8 <=89>?'*@L&(898
� Rae�fhg9I@RJRqglf�Rq�3Iab�^yg^I�fwË�bli�bl��bUILK��q^ i�kmi~ncR�pdRy`cb�g�b�xabIf��afwe�f�xqg�b9Iqx@Rc�
glf��abl]hg9Rq®@R2� ` `"K~]�km�ªf�]�g�il��iYb±]3Rye0fhg9I@Rc^vu¬r¬t@IJR�`"K�^ygMKbRcph���abli�blxab�g�b®K�g
xyb�]�ncR�pdRy�qxab~]3Ry]�glfwe,bIf�RqxyiYb9IJRablxqg�xab^KYg�xLK�]hxJK�g9Iablxy]hn.KpIye,bl®@RJR u¬b�uPf	�
xJR�K�g^u¯Rc��RÑf�`yi9RyiYb��af�xqg�xJKyrq`"KY�	b�gMK�È.b�eyR��agMKYx�^yxab�xybªg�b�pdRI]3Ry]�glfwe7b��úfRqxyiYb9IJRablxqglf�x2rag��sfY���

SHS† = H � �c���� ÏºK�xc^a`"KY�	b�]�kmi�`���tqxJKY]hglg�b�K�g�xqf�p�bliQRq]5RyeyR~]5Rye�f�g9IJR@R�xab�]3Ry]�glfwe,b�g�b���f�xqf	�IJR@Iyb³b��P��fh²pIJRy�qxab�]�gQIc��`qg��LIab xab��3I���tyblg�bqr�gMK³gMKY�	bli�b�]�f~`cb�pwi�b�r��qf~]�k=�
��f�]�gYi���iYb��5Ic��tab�xyb�]3Rae�fhgQIJR�^2�� km��fw]�g�i���i�b�gqIyb�ph��Rq�yxJR�g9RqtJKYi�f�xab��JRyx@R�xyb�`��Pb�]3RyncRy`cbl®@Rc^�xabiIyb�ph�TRy�c�
xJRqglf³]5Rye�f�g9IJR@R2� ` `"K ]�f¸K�²YkSIqxqf i�x@Rae7blx@R�f³xybÊg9Rqtab xyb tyb9IybYe�fhg9I@RqglfKYt@I�f	uPf��P�q�eR ]3Rae�fhgQIJRy�qx@Rqglf�t@I�f5K�²QIab�p���iYblx@R�^2r=gMK§eZK�Çªf�uEb�]�f�xyb�tJIabliQR
]	�yf�uPxab�g�b�`c�Ebl]5Rqn]Rq`cb�®JR�^2�
��� ø�J�û9�LOLSNKqH�J û�J�ý�SNK�OLJ�J
Ï.b9IybYe�fhg9I@R�g�fIxab§�3I���tyblg�b§xab§]3Rae�fhg9I@R�^qg�b�eZKY�	b�g¨u¬b�²Yk=uEblg�i�p�fhgQR
]wb�eZKI`cb�gMKÑu;Ry]h`JIqfhg�x@R�]�g9KY«yxLK�]�g9R2��ÏPI@Rae�f5I@R?p�b�u;Ry]h`JIqfhg�x@R�]3Rae�fhg��I@R@RÑi�kmiªn]Rcp{Rq`cblg�b�xab�f��afwe�fwx�g�bMIyxJRqglf��yb�]�g9Ry®JR�eyKY�	b�g¤u¬b�]hf}uEb�uEblg

W�ø
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xablt@I@Rye�fdI=��l;f�g�xLK�]�gU��r¥�=b9I�^cu�KYi9K�gMKÑ]htJI�^a�©b�x�f � R � xyilfdIq]3R�^qg�b�xabiQI�f�e�fhgMKi��ç9g�u;Ic���	b�]hg9Iyb�xybqr�KYg � �Z�ì�¥glf3KpI�f�e7b�g�bª]��yf	uEiYbqrc�qf(i�]5Rq�c�
`@RÑi�p�b9RyeZKwuPf�«y]�g�i9R�^�g9I�^y²YiYb�uEb¤²�k=u¬b�gVRyxqi�bMI@Ryb�x�gYxJR�K�gYxLK�]hxLKeK�²���b
gQIyb�xq]hncKQIae7b�®JR�^�u¬b�uPf�xybÑ�@I�fhp�g9I@Rqglf�u�Ry]h`@I�f�g�xJR ]3Rye0fhg9I@RJRv��r � R�jtJK®KYghuPf��PxLK � ]	�Eb�²pR�g�f�ilp�bMRaeZKwuafw«q]�gYi9R�^�eZK��©blg�u¬b�xyb9Ic��Ë�bliYblg � r�nR � � ]3Rae�fhgQIJR@R�g�f� »�

¡U� �?SNQLOLS"�$Ë û�H�MPK�Júû�J�ý.SNKqO�JLJ
\ gMK�pdRÊ]	�y���abl«ÊtabMIab�e�f�g9IJRqglf�xab§�3I���tyblg�b�xyb§]3Rae�fhgQIJR�^ eZKY�	b�g¨u¬b
²Yk=uEblg�i�p�f�g9RÊ`cb�g9K x�fwtJIqf�`qkm]hxyblg9R ]hgMKY«yxLK�]�g9R2�0�¶RyËVRy�yxJR tJI@Rae�f5I@R
p�b�g�bl`@Rqi�b±]3Rae�fhgQIJR@R§]�b�i�kSI�glfwxJR�^qg�b�r

R(θ)
r¬`�k=uPfhgMKUIJK�g�bl®@RLK�xqx@Rc^

km�hk2�
θ
eZK�Çªf�u¬b�i�p{Rye7b±x�fwtJIqf�`qkm]hxyblg9R?]�gMKY«yxJKY]�g9R2� � e,b©Iab�ph��Rq�yx@RgQRqtJKYi�f�x�f�t@Iqf�`�km]�xyblg9R�]3Rae�fhg9I@R@R=raxablt@IJRae�f5I2�

� bN yx{z�|�}1~dz>�)��}%~^�7����|O���9z��5�������a� � Rae�fhg9I@R@R=r�`"KQRqgMK uafw«q]�gYiYb�g}ilkSIY�c�t@IJKY]�g9Iablxy]�g�i9K��i9Iqfwe�fhg9Ky�E�HRqt@Ry�qx@R§tJI@Rye0f5IJR?]�b�gQIyb�xq]	�Ebl®@R@R�glf�rIJK�g�bl®@R@R�glf_R~u�I2�
� ²c ��{�Q~dz������Y��}%�>����~.z��Y�y� � Rae�fhg9I@RJR2r�`"KQRqgMK uaf�«y]�g�i�b�g�ilkSIY�c�(ilk�g��Iqf�Ë�xJRqglf `yiYb�x�gMK�i9R��@Rq]	�Eb����¶RytJRy�yxJR�t@IJRae�f5I@R�]�b�uA � ¡Y *��R�p5K�]©�t@RyxLK�iYb?]3Rae�fhg9I@Rc^*r� � �� (�.]5Rye�f�g9IJR�^ xab�²NbMI@RLK�xqxJK�g9K �JRy]	�TK¸Ru;I2�qç9²QRy`qxJKYi�f�xLKªglf�pdRÑ]3Rae�fhg9I@RJRÑ]�b.u¬b�uPf�x@R©KYg��3I���tyblg�bªxyb¤è�R2�

s !�� 
mô�-,<=8.�{8P¿�-��98;: 6(- 3���@�&9'�� 6989@�'�<=89>¨'*@�&98(8
� e,b¤uEiYb�`��Ebl]�b�i�k¬g9Iqf�Ëªx@R�]3Rae�fhgQIJR@R=�
��������|)�����A���U}%�>����~.z��>�
z9f�t@Iqf�`�km]�xyblg9R�g�f,tyb9IybYe�fhg9I@R�g9Iablxy]hncKQIae7bl®@Rc^¤xqf�p�bliQRq]hf��VR.K�g4t@IJKY]�g9Iablxy]�g�i9K��
iQI�f�e�f�i9Rqglf `"KQKQIYu;Rqxab�gQR=rYxyb�tJI@Rae�f5I2�LuA � ¡� *�SRcp5K�]ht@RqxJKYi�b9]3Rae�fhg9I@R�^2ruA � Å� ��ªb9ILKNe7b�gYxyb�]3Rae�fhgQIJR�^2r U(1)B

�ª]3Rye0fhg9I@Rc^ xab ²NbMI@RLK�xqxJK�g9K
�@Ry]	�@Kar

U(1)L
�,�af�t�g9KYxyxyb�]5Rye�f�g9IJR�^vRÑu;I=�
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¡U�,��|O�L�O�A���¡ ¢�L�O�A���£z�|Q�Q�'¤>���3¥U}%�>����~.z��>�
z9f�t@Iqf�`�km]�xyblg9R�g�f,tyb9IybYe�fhg9I@R¤xab g9Iablxy]hncKQIae7bl®@Rc^yg�b p�b�i9Ry]_^yg»K�g�tJIJKY]hg9Iyb�xq]hg�iMKl�
iQI�f�e�fhgMK `"KQKQIYu;Rqxab�g9R2�.z.blt@I@Rye�fdI=�

U(1)em
�¥f��af�`qg9ILKNe7bl��xJRqg�xab ]3Rc�

e0fhg9I@Rc^*r
U(2)L

�¥]	�Eb�²Nb©R�p5KY]�tJRyxLK�iYb±]3Rye0fhg9I@Rc^*r
U(1)Y

�¥]	�Eb�²Nb�]3Rae�fhg��I@R�^�xybª�JRyt�fdIcp�b9I�^cu¬b�r
U(3)C

�®qi�fhgMK�iYb�]3Rae�fhg9I@R�^vRIu;I=�
� km��fw]�g�i���i�b�g(uPi�f"pwxab��JRaeyR�glf5KQIqfweyR2r�`"KpR�gMK�]hf4t@IJR��Pb��©blg]R�i9uEiYb�g�b�]	�y�N�
�yb�^�tLKl�¥�hKpI�f�]�ktK�g�i�f�xLK�R^Rae7blg�iYb�Ç�xJK±n]RcpdRy�qf�]h`"K�pwxab���f�x@RqfY�
¦A�1|'z��5�X������§,���©¨Xª«|O~^�Ez` `"K;È.b�eyR��agMKYx�^yxqk¬g � R��TRªè�blxy�3Iyb�xcÇ©Rablxqk¬gN mxab uEb�uaf�xab;n]Rcp{Rq�yxyb9]3Rq]we�f	�g�b�t@IJRqglf�Ç�b�iYb���b��_�TK�²Nb��Pxyb(]3Rae�fhg9I@Rc^*rlg9K�g9KY�	bliYb9g9I�^q²�iYb9u¬b(]�f"p�bltab�pwi�b�g
gMKY`cb�R~p�bMI�^�uEbq�
ÏPI@Rae�f5I@R=�
 � �� ��ì]3Rae�fhg9I@R�^qg�b�]�b��_�TK�²Nb��PxJRvILKYg�b�®JR@R�](u¬b�uPf�xyb�n�b�p�b�ryxyb�tJI@Rae�f5I2�

Ψ→ Ψ
′

= eiαΨ � �c�¢¡Y tJIqf	uE]�g�b�i��y^yi�b�g¤ilkSIqglf�x@Rc^±xab�tLK��yf�gMK
Ψ
]�n�b�p�b

α
R�g9KYiYb.f�g�b�`cb.p�b�i�]3Ry�c�

`JR�t@IJKY]�g9Iablxy]hi9K��i9Iqfwe�f�iQR~gMKY�y`@R=ryg��´fY�yxab���Rq�@R�f�xab��_�TK�²Nb��Pxyb�n�b�p�b�� � I��N�tyblg�b?xab�]3Rae�fhg9I@R�^¬ � �� �f±]�kmi�`���tyxLK�]�gvKYg¨`"K�e7tc�af�`U]hx@R��JRy]	�Eb�]�eyK�ua���Iyb�ilf�x�xab�f	u;Rqx@Ry®ybq�L6(blgMK�t@IJRae�f5I@R�eZK��©blg.uEb�]�f u¬b�u¬b�g��hKpI�f�]�tLKNe�f�xab�g9Rqglf
U(1)B

R
U(1)L

 ª�3I���t@R xab �é�TK�²�b��axab�]3Rae�fhgQIJR�^2� � k=�JIablxqf�xJRqglf¨gMKY`"K�ilf
]�b�²NbMI@RLK�xqx@Rc^ØR �yf�tqgMK�xJR�^ogMKY`d]�ktK�g�i�fhg�xJKyr,b³]�k=�JIablxqf�x@R�glf�p�bMI�^�u�R ]�b
²�bMI@RJKYxyxJRqglf_RI�af�tqgMKYxyxJRqglfª�@Ry]	�Pb�]hk&K�gYilfhg�xJKy�
®���Y���'z�|Q�Q�'¤A�%�p¯«z��Y�Y°��Y¯¡±����h���A���'z�|Q�Q�9¤!�Y�v~^�1|'z��Y�
z;fw`cb

Ψ
t@I�f�uP]�g�blil�q^aiYbªncR�pdRy�qxab�]3Rq]hglfwe7bªilkmiªn]R�pdRq`cblg�b�xab�f��afwe�fwx�g�bMIc�

xJRqglf��yb�]�g9Ry®JR2r=�JR�^qgMK�u;Rqxab�e²Rq`cbÑ]�feKYt@Rq]hi�b±]�è¤b�xq�5Iyb�xcÇ©Rablxab L r¬`"K�«�gMKf!RyxyiYbMI@Rablxqglf�x©KYg�xJKY]hxJKª�é�@KY²�b��Pxab�g�b�]3Rye0fhg9I@Rc^bá���ç(`cb�p�iYb�]�fYrY��f;`"K��©blgMKIyb�pw�_�af	u¬bÑ]3Rye0fhg9I@Rc^yg�baá �TKY`cb��PxJKyr2gMK��©b�iYbÑglf5KQI@Rc^yg�b~xab~]hi9K�²QK�uExJKItJKl�af
f9ilf��qf;glf3KpIJR�^Ñxab�ilp�bMRaeZKwuafw«q]�gYi9RqfhgMKy�yÏPI@R¯Iab�p��_�af�Ç�uEb�x�f�gMK�xab¤n]Rcp{Rq�yxJR
]3R�g�fweyR2r7xab�`"KQRqgMK�Ryeæuaf�«y]�g�i�b�g³�@K�`cb��PxJR �3I���tJRdxab�]3Rae�fhgQIJR�^2r RcpdRy]h`c�
iYblxqfhgMK�p�bbRyxqi�bMI@Ryb�x�gYxLK�]�g?xabIglf5KQI@Rc^yg�b¨tLKwuÉ�@K�`cb��PxJR³g9Iablxy]hn.KpIye,bl®@RJR
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iMKwu�R(u�K4i�kmilf�Ç�u¬blxqfhgMK;xyb xLK�i9R�ilfw`�gMKpIqx@R�²9K�p5KYxyx@R.tJKl�afhg�b�r�g��wxyb9I=��`cb���R�²l�ILK�ilk��yxJR�tLK��yfhg�b�ra`"KpR�g9K±i�p�b9RyeyK�uPf�«y]�g�i�b�g�]�tLK��yfhg9K

Ψ
tLK�`cb��TRq²QIJKYi�k��qxJKRqxyiYb9IJRablxqglf�xÊxab��JRyx2�y:£ILK�^qg?xyb?`cb��TRq²QIJKYi�k��qx@RqglfÑtJKl�afhg�b�RÐ]ht�fw®JRyncRy�c�

xJR�^�i9Rcu�xyb�`cb���Rq²QIJKYilkq�qxJKrRqxyiYb9IJRablxqg�x@R�glf9ilp�bMRaeZKwuPf�«q]hg�i9R�^�p�bli9Ry]é^qg]K�gKY]hKY²�f�xJKY]�gQR�glf.xyb¤�5Ic��tab�g�b�xab¤]3Rae�fhg9I@R�^^á��qÏPK��]htqf�®JRab��PxJKyr�²QIJK�^qgªxab�`cb��
�TRq²QIJKYi�k��qx@Rqglf�²QKlp5K�xqx@R tJKl�afhg�b�fvIabli�f�x xyb�²QIJKw^ xyb ��f�xqf5IyblgMKQI@Rqglf¨xab
�3Iqtab�g�b®á��
ÏPI@Rae�f5I@R=�
è]K�`cb��PxJR�^qg�]��q���abl«�xab�tJK���hKQIyxJR�^�t@IJRae�f5I2�

Ψ→ Ψ
′

= eiα(x)Ψ � �c�ÆÅN ]9n�b�p�b
α
rc`"K�^ygMKªf(n(��xy`q®@Rc^~xab�t@ILK�]�g9Iablxy]�g�iMKl�¥iQI�f�e�f�iYblg�bªgMK��q`cb

x ≡ xµRoIqf�]htqf�`qg9RqiYxJRmRae7b�e�f�f�uPxJK `cb��TRq²QIJKYi�k��qxJK}Ryxqi�bMI@Ryb�x�gYxLKotJKl�afY�4z.bl«c�
tJIJKY]�gQRc^yg�]	�y���yb�« xab

U(1)
Rae7bIf�u�Ryx ��fwx�f5Iab�g9KQI¦R³]�k&KYg�ilfhgYxLK�f�uPxJK�`cb��

�TRq²QIJKYi�k��qxJK�tJKl�afYrN`"K�fhg9KrK�²�e0f�xc^±xab�²9K�p5KYx�R�uafw«q]�gYiYb�ilkSIY�c��t@I�f�xJKY]5R�glf��
�q^�xab�i�p�b9RyeyK�uPf�«y]�g�iQR�fhg9Ky�
 I����3R§t@IJRae�f5I@R�]�b���uA � ¡Y �]�gQIJR��hf�x�fdIyblgMKQIab¯R§gQIJR�`cb��TRq²QIJKYi�k��qx@R§²9Kl�p5KYxyxJR�tJKl�afhg�bI]�k&KYg�ilf�g�xLKbR²uA � Å� }]eKY]hfwe ��fwx�f5Iab�g9KQIab®RaK�]�fweR`cb���R�²pILKl�
ilk��yxLK.²9K�p5KYxab��Yç9²��VR�^qg.]��q���abl«�f³uA �´�  »r�`"KY«qgMK�Rye,b N2−1

��f�xqf5Iab�gMKpIybqrI�f�]�t�f�`qg9R@IqxJK±]�km�eRc^~²pILK�«�`cb���R�²pILK�ilk��yx@R~²9K�p5KYxab��
6(b��TRq²QIJKYi�k��yxJR�^qg�tJI@Ryxq®@Rqt�f�e0xJKY�hK�iYb�Çªf�x�bl]�t�f�`qg]K�g�ncR�pdRy`cb�g�b�xyb(f��af	�
e�f�xqg�b9Iqx@R�g�f��yb�]�g9Ry®JR¦R¸Ry�3Iab�f�e0xJKY�hK~iYb�Ç�xyb�IJKl�y^ iÑtJKY]hg9ILK�^aiYblxqfhgMK~xab� g�blxcuEb9I�g�x@R�^ �bKwuaf�� � � �? é�69i�blxqgMKYiQR�g�f�g�f3KQI@RJR�xyb�tJKl�afhgMKarN`"KQRqgMK�]�b.²�b�pdRJIablx@R�xab�]�km��f�]hg�i���i�blxqfhgMK
xyb;`"K�xq`@Iqfhg�xab9`cb���Rq²QIJKYilkq�qxab}]3Rae�fhg9I@Rc^�]�f xyb9IJRy�yblg�6.b���R�²pILK�ilk��yx@R¤glf3Kl�IJR@R=��\5f���f�²�fwË�f}]htLKNe�f�xab�gMKarN��f

U(1)em,SU(2)L, U(1)Y
R
S(3)C)

]�b�`cb��
�TRq²QIJKYi�k��qx@R�]3Rae�fhgQIJR@R=�¥6(b��TRq²QIJKYi�k��yxyblg�b�glf3KpIJR�^�²Nb�pdR@Iyb�xyb�xab

U(1)emf869i�blxqgMKYi�b�g�bÊfh�yf�`qg9IJKwu�RyxybYeyRy`cb��É6.b��TRq²QIJKYi�k��qxab�g�b�glf5KQI@Rc^{²�b�pdRJIablxab
xyb

S(3)C
fÕ6(iYb�x�gMK�iYblg�bÉÈ.IJK�eyK�u;RyxybYeyRq`cbqr b

SU(2)L × U(1)Y
��f?xab

� �af�`�gQILK�]	�Pbl²�bªglf3KpIJR�^2� � � f(`cb��TRq²QIJKYi�k��yxyb�glf3KQI@R�^�²�b�pdR@Iyb�xyb�xyb_K�²���b
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`cb���R�²pILK�ilk��yxyb ]3Rae�fhg9I@R�^{xab n9��xcuEbYe�f�xqg�b��ax@RqglfÐi�p�b9RyeZKwuPf�«y]�g�i9R�^�ilkmi
ncR�pdRy`cb�g�b�xyb�fh�yfwe0f�x�g�bMIyx@R�glf��abl]hg9Rq®@R2r

S(3)C × SU(2)L × U(1)Y
�

s !½¼ 
�-yô.89+°&9),3��·c96(-{@�'*),&989: /m- -7+,'¥ô�'*3°-n¸�&;1Hò(-ú6(-{<=8!ó
>?'*@�&98;:

69i�blxqgMKYi�b�g�bÉf��af�`�gQILKwu;Rqxab�eyRy`cb � §P�TDM>pAC�y¦ �yF �5�hA�����÷L�L>@D�¦©=?� | ��§��,¹( �fxyb�«U����]htqf�Ë�xyblg�b�`cb���R�²pILK�ilk��yxyb~glf3KQI@R�^Éiº�VR�pdRq`cblg�b¨xab~f��afwe�f�xqg�bMIyxJRqglf
�yb�]�g9Ry®JR2� §���¹ f±f�`U]htqf5I@Rye0f�x�g�b��PxJK§t@IJKYilfdI�f�xab~uTK�e0xJKY�hK§i9Ry]hK�`"K?x@Rqi9K
xyb�gMK��qxJKY]hg��
\�gMK�pdR�tabMIabl�3Iablnæ§��,¹ �ªf ²Yk=uaf}tLK�`cb�p�b�xyb.`cb�g9K�tJI@Rc�TK�Çªf�x@R�f;xab�`cb���R�²l�ILK�ilk��yxJR�^�tJI@Ryxq®@Rqt�R�]�ktK�g�i�fhg�x@R�g�fªeL�In]R�pdRq�yx@RvR�pwiMKwu;R=�
z;fw`cbaRye7bYe�f~]	�af	uPxab�g�b�n]Rcp{Rq�yxyb ]3Ry]�glfwe7bq��]hiMKY²9KwuExLK?u;RJIabl`"K�i�]h`"K�tJKl�af
Ψ(x)

]�km]�]htJRyx
s = 1

2

r*e7bl]�bI¦ R f��yfw`�g9I@Ry��f�x�p�bMI�^�uÝ§P�Y� � ktK�g�i�fhg�x@Rc^yg
è¤b�xq�5Iyb�Ç�RablxvKYt@Rq]�iYbl� u;RJIabl`"K�i�]h`@R�^�n(f5IaeyRJKYx

Ψ(x)
f��

L(x) = Ψ̄(x)(i∂µγµ −m)Ψ(x) , Ψ =

(
Ψ(1)

Ψ(2)

)
, � �c�´£c 

`�k=uPfhgMK
Ψ̄(x)

f�`"K�e0t��af�`U]hxJK�]ht@I�fw�hxyblgMK�g9K�tJKl�af.xab
Ψ(x)

rcb¤�LIabliYx�fwxJRqfhgMK
xybªuEi9R�Çªf�x@R�f¤f(u;RJIabl`"K�i�]h`"KYgMK��LIabli�xqf�x@R�f��

(i∂µγµ −m)Ψ(x) = 0. � �U� �  è¤b�xq�5Iyb�xcÇ©Rablxqk¬g � �U�´£c (f®Ryxqi�bMI@Ryb�x�g�f�xÊtJK�u�uPf�«y]�g�i9RqfhgMK�xab¨�_�TK�²Nb��PxJR¼»
U(1)

g9Iyb�xq]�n.KpIye7b�®JR@R2rY`"KpR�g9K9uPf�«y]�g�iYblg�i�kSIY�c�ªtLK��yf�g�blg�b]R�g�^��qxJRqglf}tJIJK��Rcpwi9KwuPx@R�`cbl`qgMK±]��yf	uEiYbq�
Ψ

′

(x) = eiQθΨ(x), � �U�îù� 
Ψ̄

′

(x) = e−iQθΨ̄(x), � �U���� 
½¿¾YÀ´ÁÃÂÅÄFÀ#Æ�Ç¢ÄFÈ9ÉÃÊEËFÇEÈ3Ì¿ÍYÀ#Ë3ÎQÇEÏ9É9É{ÌÑÐÒËFÇEÓÔÆ#É9ËFÇFÕ�Ö£À#ÂÑÇ#ÊEÀ�×3ÇEËFÇ5Î)Ð¿ÊEØ4Ë3ÇÃÙÚ×3ÇEËFÇ5Î)Ð¿ÊEË9ÉFÊEÐ´Û�ÈFÇÜÁ�Ç�Á3ÐÔÈFÇÂ¿Ë9Ý£×FÇ�È9Ð�Ó´ÇEÞ#É3Ìàß9Ê�À5Ê�ÊEÀ5á9Ö'ÇEÊ¢Ç�ÈFÇ�×9Ë9À�ÌÑÊEËFÇ#ÈFÌÑÊ#Þ#ÀEâãÞ#ËFÐÔÎ)Ð¿Ê#ÀäÙ

xµ
ÛÑÕ9Ö9Ø%Á3ÐÔÊEÀ

µ = 0, 1, 2, 3 å
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`�k=uPfhgMK

Qθ
f��é�@KY²�b��Pxab�g�b n�b�p�bqr7b

θ
f�xqf�t@I�fw`�km]hxab�gQRc^dtyb9IybYe�fhglkSIdxab

U(1)
�¥�5Ic��tab�g�b��

ç;g�glf3KpI�f�e7b�g�b�xyb�z(|{K�glfdI=rY�_�TK�²Nb��Pxyblg�b
U(1)

��Ryxqi�bMI@Ryb�x�g�xJKY]hg�xab L(x)
K�g

� �c�´£c ¶Klpwxab��yb�iYb�p�bltab�pwi�blxqfªxyb±f��af�`qg9ILKNe7bl��xJRqg�x@Rc^�gMK�`=r Jµ r&R¨p�b�tyb�pwiYb�x�fxyb�f��af�`qg9I@Rq�yxJR�^�p�b9I�^cu�� �¢§ª�
Jµ(x) = Ψ̄(x)γµeQΨ(x) � �U�*'� 

∂µJ
µ(x) = 0, eQ =

∫
d3xJ0(x) � �c�()� 

\æ]	�y���yb�«³xabI�TKY`cb��ax@R
U(1)

��gQIyb�xq]hncKQIae7b�®JR@R=r�g��sfY�*`"K��©blgMK¨tabMIab�e�f�glkSIyb
xybÉ�3I���tyblg�b p�b�i9Ry]3R¹K�g�gMK��q`cblg�b�xabÉtJIJKY]�gQIyb�xq]�gYiMK��i9Iqfwe�f�gMK � xµ  »r,n.f5Ic�eyRLK�xqx@RqglfªtJKl�afhg�bqR�g�^��qxJRqglfªt@IJKQR�pwiMKwuExJR�]hf�t@Iqf3K�²pIyb�ph��iYblg�tJK±]	�af	uExJR�^
xyb��@Rqx2�

Ψ
′

(x) = U(x)Ψ(x) , U(x) = eiQθ(x)

Ψ̄′(x) = U−1(x)Ψ̄(x) , U−1(x) = e−iQθ(x). � �U���54N 

∂µΨ̄
′(x) = eiQθ(x)∂µΨ̄(x) + iQ(∂µθ(x))e

iQθ(x)Ψ̄(x)

∂µΨ̄
′(x) = eiQθ(x)∂µΨ̄(x)− iQ(∂µθ(x))e

iQθ(x)Ψ̄(x) � �U���Y�� 
� �af	uTK�iYblglf��PxLK tJI@Ro�TKY`cb��ax@R

U(1)
�t@I�f3KY²QIab�ph��i�blx@Rc^oè�blxy�3Iab�Ç©RablxabÐxyb

]hiMKY²9KwuPxJK§n(f5IaeyRJKYxyxLK�tJKl�af�]Ie7b�]�b�xqf±f�RqxyiYb9IJRablxqglf�x2� � tLKNeZKY�ªg�b?xab
`cb���R�²pILK�ilk��yxJR�^¨t@IJRyxy®JRyt�eZK�Çªf�u¬b�]�f_Iqf�ËVR¨tJIJK�²��yf�e7b�]¤xqf5Ryxqi�bMI@Ryb�x�g��
xLK�]�glg�b~xyb L KYg^RcpdIab�p�b � �c�´£U ;`cb�gMK�]hf�i�kmilf	uPf�f�uPxJK~`cb���R�²pILK�ilk��yxLK�i�f�`c�gMKQIyxLK�²9KlpdKYxyxLK�tJKl�af

Aµ(x)
r�`"K�f�gMK�i�p�b9RyeyK�uPf�«y]�g�i�bI]�tJKl�afhgMK

Ψ(x)
R�]hf

tJIqf3K�²pIyb�ph��iYb�t@Iyb�i9R��axJK�tJKwu~uafw«q]�gYi9RqfhgMK�xyb
U(1)

�`cb���R�²pILK�ilk��yx@R±g9Iablxy]©�
n.KpIye7b�®JR@R2�

~A′

µ(x) = ~Aµ(x)−
1

g
∂µ
~θ(x) � �U����¡� 



wÃ½ÅÄ�½.ú,¹é¸�¿YñÄ�ð_º{/�g©õl¹4ÂéÁ$ðòÄ�¿wö�ó$¹4¹hñ©Á�¸�Á�ºh¹¶µ�Älô{ül¹ õl¹�÷¥¿�À=Á$Â¥Ä�¿�ö g{¬
� ��`ÉtLKwuÊtJIabliQRc�PxJRÉg9Iablxy]hncKQIae7bl®@R@RÉ]hf�tLKwu;Iyb�p�²QR@Iyb�`"K�e0tqf�xy]3R@Iyb�x�f�xab
uTK�t�k2�PxJRqglf��Px@Rc^��c�af�x¨ilk2pwx@Rq`yxab��?i®I�fhph���yg�b�g±xab

∂µθ 6= 0
tLK±g�b�`�kmi�xab��

�JRyx=ra�qf¤t�k2�Px@Rc^yg�è¤b�xq�5Iyb�xcÇ©RablxIu¬b�²�k=uPf�`cb���R�²pILK�ilk��yxLK©RyxyiYbMI@Rablxqglf�x2�
z(b�«U��Ry`"KYxJK�eyRy�qx@R�^qg�xyb��@Rqx�u¬b�]�f.tJKY]hg9ILKpR~gMK�pdR~`cb���R�²pILK�ilk��yxJKqRyxyiYbMI@Rc�
blxqglf�x L(x)

f�`cblgMK~]�f¤p�bYe�f�]�g9R§xJKQIae7b��Pxab�g�b�t@IJKQR�pwiMKwuExyb
∂µ

�JIqf�p�`"KYiYb��IJRablxqg�xab�g�b�t@ILKpRcpwi9KwuPxab
Dµ

�
Dµ = (∂µ − ieQAµ(x))Ψ(x), � �c����ÅN 

`�k=uPfhgMK�]�f tJIqf3K�²pIyb�ph��iYb}`"K�iYb9IJRablxqg�xJKyr�g��´fY��tJK.]hkm�VR�^¤xab��JRyx�`cbl`qgMK
Ψ(x)

�
(DµΨ)

′

(x) = (∂µ − ieQA
′

µ(x))e
ieQθ(x)Ψ(x) � �U���h£U 

= [∂µ − ieQ(Aµ(x)−
1

e
∂µθ(x))]e

ieQθ(x)Ψ(x) � �U��� �  
= eieQθ(x)[∂µ − ie ~Aµ]Ψ(x) ≡ eieQθ(x)(DµΨ)(x) � �U���wù� 

� ]�`cb�e�f Aµ
uEb�²�k=uPf]Ry]�g9Ryxq]�`"K±ncR�pdRy�qxJK±tJKl�afYratJKQIab�u;R�`"K�f�gMK±ilkmi�f�Ç�uEb��

e�f~`JRyx�f�g9Rq�qf�xd���yf�x xyb§`cb��TRq²QIJKYi�k��yxLKYgMK³tJKl�af�i§glf5IaeyRyxJR xyb�glf�x�p5KQIab
f��yfw`�g9IJK�e,bl�hx@R�gYxLKYgMK�tJKl�afY�

L0 = −1

4
FµνF

µν � �U���{�Y 
Fµν = ∂µAν − ∂νAµ � �U���5'N 

`�k=uPfhgMK
Fµν

f�f��af�`�gQILKNe7bl�hx@Rqg�xJR�^�glfwxcp5KpI=�
Ï;k2�Px@Rc^yg¤è¤b�xq�5Iyb�xcÇ©Rablx�f�è�KpI�f�xy®¯R

U(1)
`cb��TRq²QIJKYi�k��yxLKVRyxyiYbMI@Rablxqglf�xR~frRcpwi�f�]�glfwx~`cb�gMK�è�b�xq�3Iablx�Ç©Ryb�x�xab¯§���¹¤�

L(x) = Ψ̄(x)[iDµγµ −m]Ψ(x)− 1

4
FµνF

µν

= Ψ̄(x)[(∂µ − ieQAµ)γµ −m]Ψ(x)− 1

4
FµνF

µν � �U���5)N 
�°MEVESp 0SpÁÝ�2M � ` `"K³xab�ilfw`�gMKpIqxJK�g9KÉtJKl�af

Aµ(x)
e��Ð]hf�tJIqf�t@RqËªf�e7bl]hK�i

�c�af�x2ryg��´f�� 1
2
m2Aµ(x)A

µ(x)
r�gMK�gMKY�	bli�b���f�]�f.xabMI���ËVRvRqxyiYb9IJRablxqg�xJKY]�glg�b



g�´ ·�¸�¹éºh¹Xw ½cú,¹é¸�¿YñòÄ�ð_ºd/)g©õ�¿�ÂéÁ$ðòÄY¿�¿
xyb L(x)

��ç9g¤g���`Ñ]	�af	uPi�brR�g�f3KQIqfhg9Ry�qxJK�g9K�tJK�g�i�kSI�Ç�uaf�x@RqfYrc�qf
γ
�`yiYblxqglk�g

f�²Yf�p�e7b�]hKYi � mγ = 0
 »ry`"K�fhgMK�f�f�`U]�t�f5I@Rye0f�x�g�b��PxJK�tLKYg�ilkSIYuPf�xJKy�

� �af	uPi�b5u¬b ]hfyK�gl²Yf��yfhÇ�b�g}]	�af	uPx@Rqglf°]hi9KY«y]�g�i�b�g�b xabì�Eblxy�3Iablx�Ç�Rablxab � �U���d)� »������_KYgMKYxqk¬g�f9²�fhp�e7bl]3KYiYb��abl]hg9Rq®ab�r�g�bl`cb��qf(���yfwx�k�g
AµA

µ x�f(f9`cb���R�²l�IJKYi�k��yxLK�Ryxqi�bMI@Ryb�x�glfwx=�
¡U�°�^RyxJRae7b��axJK�gMK�i�p�b9RyeyK�uPf�«y]�g�iQR�f;xab�n.KYgMKYxab�]�f��af�`qg9ILK�xyb�]�f�]hk=uakSIc�
Ç�bdio`"KYiYb9IJRablxqg�xab�g�bot@ILKpRcpwi9KwuPxab

DµΨ(x)
r `"K�^qg9KReZK�Çªf�u¬b ²�k=�

uPf�tLK�]�g9IJK�f�xabÑxyb®KY]�xLK�iYb�g�bÑxyb�g9Iablxy]hncKQIae7bl®@RJKYxyxJRqglf±]hi9KY«y]�g�i�b±xab
fh�yf�`qg9IJKYxyxLKYgMK§tLK��yfY� � u;Ic���3R�ua�qeyR=r�i�p�b9RyeyK�uPf�«y]�g�iQR�fhg9K¨xab~n.KYgMK��
xab�]¤`"KYf(u¬b�fªe7blglf5I@Ryb��axJK�tJKl�afrKYt@Iqf	uafh�q^�xqf��hK�i9Rqglf�]hiMK�«q]hg�iYb�t@I@R
t@Iqf3K�²pIyb�ph��iYb�xJR�^ xybÉ�3I���tyblg�b�xabÉ]3Rae�fhg9I@Rc^*� ç9²QRy`qxJKYi�f�xLKÉgMK�iYb�]�f
xabMI@Ry�yb���x@Ryilf5Iy]3Rab��PxLK�]�g��  I����3R�`cb��TRq²QIJKYi�k��qxJK���Ryxqi�bMI@Ryb�x�g�x@RIi�p�b��RaeZKwuPf�«q]hg�i9R�^ � K�g±tJK��i9Ry]hKY`�tLKpI�^cuPkm`P »ra`cbl`qgMK Ψ̄(x)σµνΨ(x)F µν ra]�bKYg��qilkSI��af�xJR¨i�]	�af	uE]�g�iQR�f�xybqR�pdRy]h`yiYblxqfhgMK�p�b�tJIqf�xJKQIaeyRJI��Yf�eZKY]�g��

Å��Lè�b�xq�3Iablx�Ç©Ryb�x�k�g � �U���5)� "xqf�]�k=uakSI�Ç�b�Rcp{Iyb�p�b�]�k&KYg�ilf�g�]hiYb��_K±xab�]�b��eyK�uPf�«y]�g�iQR�fhg9K�xab³`cb���R�²pILK�ilk��yxJRqglf?tLK��yfhg�b�r,glkm«o`cblgMKÉncK�g9KYxab�x�f
t@I@R�glfhÇ�bli�b�p�bMI�^cu � R��TR U(1)

`yiYb�x�gMK�iMK��@Rq]	�TKU »r�g��sfY�U²Yf�p�e7blglf5I@Ryb����
xJK�tJKl�af�g�f3KQI@Rc^yg�b�]�f(^ai�^aiYb�glf3KpIJR�^�xyb�]�iMK�²QKwuPxJK�tLK��yf��

�*fhph���yg�b�glk�g�fYr7�qf¨]¨tLKNeZKY�ªg�b³xybÉ`cb��TRq²QIJKYi�k��qxab�g�b
U(1)

��3Ic��tab�xabÉ]3RU�
e�fhg9I@Rc^ÉxybI]hi9K�²QK�uExJKÑu�R@Iyb�`"KYiY]h`"K�tLK��yf�]hf�tJKl�y���JRÕKYt@Rq]wblx@R�f�xabÑf��af�`�g��ILKNe7bl�hx@Rqg�xLKYgMK9tJKl�afYr��@Ry«�gMK9t@Iqf�xLK�]3Rqglf��ªxab ilp�bMRaeZKwuafw«q]�gYi9RqfhgMK � n.KYgMKYxab� ]�f9u¬bli�b��JIqf�p�`cb���Rq²QIJKYilkq�qxJK�gMK�i�f�`qgMKQIyxLK�tLK��yf

Aµ
�

�=b4xqfwbl²�f��af�i9Rqglf5`cb���R�²pILK�ilk��yxJR�g�f3KQI@RJRªtJI@R�g�f�Ç�bli�b�g(tqkSIyi9Rqglf°uPi�f°]hi9KY«y]©�
g�iYbqr2xLK~xqf�t@IJRqglf�Ç�bliYblg�tJKY]	�af	uExLKYgMKy�mÏ.IJRaKYg�]�km]�gYi9Rqf�xabÑ]�b�eyK�uPf�«y]�g�iQR�f
xyb�`cb���Rq²QIJKYilkq�qxJK�gMK;tJKl�af5]hf,tLK�]�g9IJK�^yiYb4g�bl`cb�iYb�x�f�b�²�fh�yf�i�b glf5KQI@Rc^*rw`"K�^ygMK
fª]3R��axJKÑxqf���Rqxqf�«yxyb®R?iMKwu�R?gMK�iYbqrE�qf�t@IJRqglf�Ç�b�iYb�Iqf	u�]�iMKY«y]�g�i�b�KYg���Rq�ab��
iYbl�eR�]�f]K�g±bl²�f��af�i9Rqglf�glf3KpIJR@R=�



wÃ½fe�½.æ5Áò¹hñ©Á�¸�Á�ºh¹£Ç�¹_¸�¿YñòÄ�ð º{/)g»õl¹;ÂéÁ$ðòÄY¿�ö(õl¹Ãç0õ)µ0¿Wè.¿�¸Y÷ g	¶
s !<b é�'m-,+,'¥ô.'*35-}¿�-Zô.8(+,&9)°3 �·c96(- @�'*),&989:R6(-rê 6.¸�8ìë 8ºô�<
ÏPIqf�p9�5) � £Y�©�dÞ�xy� R��^R��a]£Iab�pwt@IJKY]�g9Iablx@R��TR�tJIyxq®@Rytyb;xab}`cb���Rq²QIJKYilkq�qxab�g�b]3Rye0fhg9I@Rc^�i�kSIY�c�Ixqfwb�²Yf��af�i9R~�3I���t@R=�
z;fw`cb�ryxyb�tJI@Rae�f5I2rai�p�fwe0fwe¼uA � ¡� ��¥�5Ic��tab�g�b��

Ψ(x)→ Ψ
′

(x) = e−
i
2~τ ·~θΨ(x), � �U�¢¡M4� 

`�k=uPfhgMK ~θ = (θ1, θ2, θ3)
]�b tyb9IybYe�fhg9I@R�g�f°xab³uA � ¡� ��¥�5Ic��tab�g�b�r ~τ = (τ1, τ2, τ3)]�b e7blg9I@Rq®@R�g�fìxab;Ï(b�����R(��u�KYil�yfhgYiMKQI�^aiYb��VR�]	�yf�uPx@R�g�f5`"KNeL�cg�b�®JRJKYxyx@R¤]�k=�K�g�xJKYËªf�xJR�^2�

1

2
[τi, τj] =

i

2
εijk , (i, j, k = 1, 2, 3) , � �c�¢¡c�� 

b
Ψ(x)

frR�p5KY]�tJRyxLK�i�uy�c²��yf�gq�

Ψ =

(
Ψ(1)

Ψ(2)

)
. � �U� ¡�¡Y 

è¤b�xq�5Iyb�xcÇ©Rablxqk¬g�xab�]hiMKY²9KwuPxJK�tLK��yf�fY�
L0 = Ψ̄(x)[iγ∂µ −m]Ψ(x) , � �U�¢¡lÅ� 

`"KY«qgMK}f�Ryxqi�bMI@Ryb�x�glfwx�K�g�xJKY]hxJK;�_�TK�²Nb��PxJR®uA � ¡Y =t@I�f3KY²QIab�ph��i�blx@Rc^*rh`"K��©blgMKtyb9IybYe�fhg9I@R�g�f�xab��3I���tab�g�b�xab�]3Rae�fhg9I@R�^
θi
xqf;p�b�i9Ry]_^ygrK�g�tJIJKY]�gQIyb�xq]�gYiMK��

i9Iqfwe�f�iQR�glfÉ`"K9KpIYu�Ryxyblg9R2�;Ï.I@Rú�@K�`cb��PxJR�t@I�f5K�²QIab�p���iYblx@R�^ � θi = θi(x)
 Rye7bYe�f�]	�yf�uPx@R�g�f¤g9Iyb�xq]�n.KpIye7b�®JRJKYxyx@R�p�b�`"KYx@R=�

Ψ(x)→ Ψ
′

(x) = U(θ)Ψ(x) , U(θ) = e−
i
2~τ ·~θ. � �U� ¡�£c 

è¤b�xq�5Iyb�xcÇ©Rablxqk¬gdxyb ]hi9K�²9KwuExLK tLK��yf
7.23

xqf f8RqxyiYb9IJRablxqglf�x2r�tLK�x�fhÇªf
�c�af�xqk¬g�]�tJIJKQR�pwiMKwuExyblg�b�]�f�t@Iqf3K�²pIyb�ph��iYb�`cbl`qgMK±]��yf	uEiYbq�
Ψ̄(x)∂µΨ(x)→ Ψ

′

(x)∂µΨ
′

(x) = Ψ̄(x)∂µΨ(x) + Ψ̄(x)U−1(θ)[∂µU(θ)]Ψ(x) ,
� �U� ¡ �  



g»µ ·�¸�¹éºh¹Xw ½cú,¹é¸�¿YñòÄ�ð_ºd/)g©õ�¿�ÂéÁ$ðòÄY¿�¿
g��´f��"ilk2p�xJRy`qi�b�KY�ªf�f	u;Rqx u�KYtqk2�ax@R�g�f��yfwx��c�af�x tJI@Rú�@K�`cb��PxJRqglfÉg9Iyb�xq]	�
n.KpIye7b�®JR@R2� � ]h`cb�]�f L0

uEb�²�k=uPf©RqxyiYb9IJRablxqglf�xÐi?]	�y���yb�«³xab ~θ = ~θ(x)
��=b±®qf��ag�bI]�f�ilkmilfhÇ�u¬bÑ`"KYi�bMI@Ryb�x�g�xab�g�b~t@ILKpRcp�iMKwuPxab�r�`"K�^qgMKIf�tLK�]�g9IJK�f�xab

tLK�]	�af	uExJR�^�xabw�@Ryx=�

DµΨ(x) = (∂µ − ig
~τ · ~Aµ

2
)Ψ(x) , � �U�¢¡lù� 

`�k=uPfhgMK���f.`"K�xq]hg�b�x�g�b�g�b�xab�ilp�bMRaeZKwuPf�«q]hg�i9RqfhgMKa�q�HIyb�xq]�n.KpIye7b�®JRJKYxyx@Rc^yg
p�bl`"K�x±xab¤`"KYi�bMI@Ryb�x�g�xab�g�b�t@IJKQR�pwiMKwuExyb�f;g9KY�yxLK�`cbl`qgMKeR�xybrR�p5K�]htJRyxJKYi9R�^
uy�c²��yfhg�ryg��sf

DµΨ(x)→ (DµΨ)
′

(x) = U(θ)(DµΨ)(x) , � �U�¢¡Q�� 
b
Ai

µ(x) , I = 1, 2, 3
]wb gQIJRúilf�`qgMKQIyx@Rú`cb��TRq²QIJKYi�k��qx@R tJKl�afhg�b�rì�@Rq«qgMK

g9Iyb�xq]�n.KpIye7b�®JRJKYxqf�x�p�bl`"K�xIfY�
A‘

µ(x) = U(θ)AµU
−1(θ)− i

g
[∂µU(θ)]U−1(θ) � �U� ¡¢'� 

tJI@R���]��@K�i9RqfYr��qf,fìi}]3R��Pb
Aµ = 1

2τ
iAi

�¢�=b u¬b4]hf0u�KY`cb�Ç�f � �c�¢¡¢'N �x�fw`cbHIab�p��©��yf	u¬b�e0f�tabMIab�e�f�glkSIyb�xyb��3I���tab�g�b�i�KY`"Kl�PxJKY]�grK�`"Kl�TK¤f	u�Ryx@Rq�yxJR�^�f��afwe�f�xqg
� θ(x)� 1

 »rqg��sfY�ytJI@RvRyxqn]RyxJRqglf�pdRae7b��ax@R¨t@Iqf3K�²pIyb�ph��iYb�xJR�^^Rye7bYe�fY�
U(θ) ≈ 1− i

2
~τ · ~θ(x). � �U� ¡¢)� 

�ÚK��©b�iYb�g9Iablxy]hn.KpIye,bl®@RLK�xqx@Rc^yg�p�b�`"KYxÑp�b�`cb��TRq²QIJKYi�k��qx@Rqglf�tLK��yf�g�b�fY�
(Ai

µ)
′

(x) = Ai
µ(x) + εijkθjAk

µ −
1

g
∂µθ

i , � �U�îÅ94N 
`�k=uPfhgMK

εijkθjAk
µ

f�t@IJRy]�k*f	u;Rqxqf�xJK�gMK�t@I�f	uE]�g�blil^yxqf�xyb �3Ic��tab�g�b�xab�t@I�f��K�²QIab�p���iYblx@RqfY�aç9g�`cb���Rq²QIJKYilkq�qx@R�g�f�tJKl�afhg�b�eZK�Çªf9u¬b�]�f.tJKl�y���@R�blxqg9Ry]3RU�
e�fhg9I@Rq�qf�x�glf�x�p5KQIbKYg�ilgMKpIJR¤Iyb�xq�Y�

F i
µν = ∂µA

i
ν − ∂νA

i
µ + gεijkAj

µA
k
ν] � �U�îÅ��� 



wÃ½s¼h½.ú,¹é¸�¿YñÄ�ð_º{/�g©õl¹4ÂéÁ$ðòÄ�¿wö�ó$¹»ü�Äcð_¿�ó º�ð ¸�¹¶µ�Älô{ül¹"õl¹4÷¥¿�À=Á$Â¥Ä�¿wö g�ø
Rc��RvRae7bl«y`@R�tJIqf	uEi9Rcu

Fµν = 1
2τ

iF i
µν

�
Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν] � �U�îÅ�¡Y Rc��R

Fµν =
i

g
[Dµ, Dν]. � �U�îÅ�ÅN 

�¶Iablxy]hn.KpIye,bl®@RLK�xqx@Rc^ygÐp�b�`"KYx xabÐblxqg9Ry]3Rye0fhg9I@Rq�yxJR�^{glf�x�p5KQIØKYgÊilgMKpIJRIyb�xq�
Fµν

fY�
Fµν → F

′

µν = U(θ)FµνU
−1(θ) , � �U�îÅ�£U g��´f���p�b¶Iyb�ph��Rq`cbHK�g;b�²Yf��af�i9R�^�]	�y���abl«

Fµν
]hf°t@I�f3KY²QIab�ph��i�b `cblgMK}g9I@Rqt��yf�g�r�b

x�f�tLK�g9I@RqiQRyb��ax@Rc^±xab��JRyx2� � �yf	u�KYi�b�glfh�axJK¤`cb���R�²pILK�ilk��yxLK�Ryxqi�bMI@Ryb�x�g�x@R�^
�Pb�xq�3Iablx�Ç©Ryb�x�p�b

SU(2)
��3I���tyblg�b�fY�

L = −1

4
F i

µνF
µν
i + iΨ̄(x)γµDµΨ(x)− Ψ̄(x)Ψ(x) , � �c�ÆÅ �  

`cb�gMK±]hf]Rae7b�i�t@I�f	uEi9Rcu�ra��f
Tr(FµνF

µν)
f�Ryxqi�bMI@Ryb�x�glfwx=�

s !� 
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\�gMK�pdR�tabMIabl�3Iabln��ªf ²Yk=uaf}xyb�tJIabli�f�xJK]KY²9KY²Y��fwxJRqf"p�b.�3I���tyb�]�tLKl�¥iQRq]3KY`cbIyb�p�e�f5IyxLK�]�g��
z;fw`cb©Rae7b�e�f�t@IJKY]�g�b±�5Ic��tab±xab�èrR2rE�@Rq«qgMK~��f�xqf5Iab�gMKpIJR¤K�²pIyb�ph��iYblg�]	�af	uy�
xyblg�b�b��a�hfh²QIab��

[F a, F b] = ifabcF c , � �U�îÅ�ùN `�k=uPfhgMK
fabc ]�b9xabltqk2�PxLK¤blxqg9Ry]3Rye0fhg9I@Rq�yxJR�n(��xy`q®@RJR2�cÏ.I�f	uEtJKl�Ebl�	b9]�fYrl��f

Ψ(x)
t@I@Rqxab�ua�yfhÇ�R¨xyb�t@I�f�uP]�g�blil^yxqfYrqi�`"KYfhgMK���fwx�f5Iab�g9KQI@R�glf¤]�b�t@I�f	uE]�g�b��

ilf�x@R�]�e7b�g9I@Ry®JRqglf
T a ryg��sfY���

[T a, T b] = ifabcT c. � �U�îÅp�Y 
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DµΨ(x) = (∂µ − igT aAa
µ) , � �U�îÅ9'� 

b�glf�x�p5KQIabiK�g�i�gMKQI@RvIablxy��]�f�t@Iqf�]�g�il^�tLK�]	�af	uExJR�^�xyb��@Rqx2�
F a

µν = ∂µA
a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν] � �U�îÅ9)N 

Rc��R
Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν] � �U�s£p4N 

è¤b�xq�5Iyb�xcÇ©Rablxqk¬g�f
L = −1

4
F a

µνF
µν
a + iΨ̄(x)(iγµDµ −m) , � �U�s£y�� 

 KY²�b�i�^�]�f.�Pb�xq�3Iablx�Ç©Ryb�xyb�xyb�ilp�bMRaeZKwuafw«q]�gYi9RqfhgMKy�
LI = −gΨ̄(x)γµT̄Ψ(x)Āµ � �U�s£U¡Y 
ja
µ = −gΨ̄(x)γµT aΨ(x) , � �U�´£NÅ� 
LI ∼ −gf abc∂µA

a
νA

bµAcµ − g2

4
fabcfadeAb

µA
c
µA

dµAeν � �U�s£�£c 
\�RcÇ�u¬b�]�fYra�qf LI ]�k=uPkSI�Ç�b�g9I@R��TRyx�fw«qx@RaR���f�g9RJI@R��TRyx�fw«qx@R§�c�af�xJKYilf¤tJK
Aaµ

rL`"KQRqgMK�]�k&KYg�ilfhgY]�g�iYblg�xyb?]�bYeZKwuaf�«y]�g�iQRc^yg�b¨xab¨xqfwbl²�f��af�i9RqglfÑ`cb���R�²l�ILK�ilk��yxJRdtJKl�afhg�b��5��f¨ilk2pwx@Rq`yiYblg³KYgÉxqf���Rqxqf�«yxJRqglf����yf�xJKYi�f¨i
F a

µν

��6(b��
�TRq²QIJKYi�k��qx@Rqglf�tJKl�afhg�b

Aaµ
]�f�tJIqf3KY²QIab�ph��i�b�g�`cb�gMK���f�xqf5Iab�gMKpIJRqglf¤xab�`cb��

�TRq²QIJKYi�k��qx@Rqglf9tLK��yf�g�bq��z;f�b�²�fh�yf�iQRc^yg�]��q���abl«�]hfÉIab�ph��Ry�yb�iYb]K�g�bl²�f��af�i9R�^
tLK§]hiMK�«q]hg�iMKYgMK?��xJRyilf5Iy]�b��axJKY]�gy�mp�b�b�²Yf��af�i9R�`cb���Rq²QIJKYilkq�qx@RÉglf3KQI@R@RÊxc^��
e7b�K��3Iyb�xJRy�qf�xJRqf�p�b±]3Rc�Eb�g�b±e0f�Ç�uy�¨`cb��TRq²QIJKYi�k��yxJRqglfªtJKl�afhg�b¯R�u�I����3Rqglf
tLK��yfhg�b�rcu�KY`cblgMK�p�b�x�f�b�²�fh�aiQRc^�`cb���Rq²QIJKYilkq�qxab�glf3KQI@R�^bRae7beKY�5Iyb�xJRy��fwxJR�^
�5xyb�tJI@Rae�f5I2�
z;fw`cb¸Rye,b�e�fIua�c²l�afhg

Ψ(x)
]�`"K�xq]�g�blxqg�bÕ�ar7`cblgMKÉtJKl�afhgMK�i�p�bMRaeZKwuaf�«y]�g��

iYbÉ]�u�I����~ua�c²l�afhg
Φ(x)

]¨`"K�xq]�g�blxqg�b
Ng
r°gMKÐg9KY�	bliYb�i�`"KNeL�cg�b�®JRJKYxyxJK
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��f�xqf5IyblgMKQIo]hf��qe0xJK�Ç�bli�b�] � RR]�f¨tJKl�y���yb�iYblg

N2 = N
r°g��sfY�

N = 1
�� �af	uTK�iYblglf��PxLK�i~xqfwb�²Yf��af�i9Rqglf�glf3KQI@R@R xJKQIaeyRJIJKYiY`JRqglf�xabI��f�xqf5Iab�gMKpIJRqglf

]�b�n]Ry`U]3RJIablx@R�K�g§`"K�e��cg�blgMKQI@R�g�fYrLg��sfY��e7b���bl²�k¬g?xybv�§x�fIeZK�Çªf�u¬b�²Yk=uaf
tJIJKQR�pwiMK��yfwx=�
� xabl`@Iab�^~`cb�gMKqK�²QK�²���f�x@R�fPRae7bYe�fYrc�qf�b�`"K��3I���tab�g�bªf.tJIJKY]�g�b�r�gMK�gMK��©b�iYbRye7bYe�f�f	uPxab�`"KYxy]�g�blxqg�b¤xab�i�p�bMRaeZKwuaf�«y]�g�iQR�f!R�bl`"K��5Ic��tab�g�b�xyb�]3Rae�fhgQIJR�^
f.t@ILKpRcpwi�f	uPf�xJRqf.KYg��3Ic��t@R2rcgMK�iY]_^a`cbrKYg�gw^c�bRye,b�xqf�p�b�i9Ry]3Rae7b�`"K�xq]�g�blxqg�b
xyb�ilp�bMRaeZKwuafw«q]�gYi9RqfY�
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\°k¬g9Iqf�Ë�xyblg�b±]�g9I���`�g��LIabIxab�t@ILKYgMKYxab�eyKwÇ�f¤u¬b�]�f_R�pw]	�af	uEiYb�rE�JIqf�p�]	�af	uy�
xJR�^ÊtJIJKY®qf�]±xab�Iyb�pw]�f�«yiYb�x�f��

e−p → e−p
� � f��qf�x@R�fhg9K¨p�bvIab�pw]hf�«qi�blxqf±]�f

p�b�u¬bli�b�tJK�]	�af	uExJR�^�xyb��@Rqx2�

dσ

dQ2
=

πα2 cos2 θ
2

4E2 sin4 θ
2EE

′




|GE(Q2)|2 + Q2

4M2
p
|GM(Q2)|2

1 + Q2

4M2
p

+
Q2

2M2
p

|GM(Q2)|2 tan2θ

2



 ,

� 'q���� `�k=uPfhgMK
E
R
E ′

]wb9]�ktK�g�i�fhg�xJK�fwx�f5Iy�3R@R�g�f4xab(xab���R�g�bl�eRc^�f��af�`qgMKYx�t@I�f��
u�R�R¨]��yf	u¸Iyb�pw]�f�«yiYb�x�f�gMKyr@KYg���f�glf�x@R?i�]3Ry]�glfwe7blg�b±xyb�tLK�`"KY«?xyb±tJIJK�gMK�xybqr
θ
f;km��k2�Eb.xabrIab�pw]hf�«qi�blxqfYr

Mp
f9e7b�]�b�g�b¤xab�tJIJK�gMK�xybVR

Q2 f}`yiYb�u�Iab�g�b¤xabtJI@RUu¬b�uPf�x@Rc^�Rye0t����a]Yrq�@Iqf�p�n.KYgMKYxab�rat@I�fwx�f�]hk2�¨i�p�b9RyeyK�uPf�«y]�g�iQR�fhg9Ky�

Q2 ≡ −q2 = 4EE ′ sin2θ

2
, � 'q�¢¡Y 

`�k=uPfhgMK
qµ ≡ (ke − k′e)µ

GE
R
GM

]wb�]�ktK�g�i�fhg�xJKªf��af�`qg9IJRy�yxJR�^^RÑe7b��hx@R�g�x@R�^IncKQIaeÊn�bl`qgMKQI@R2rKYt@Rq]hi�bl�eRªf��af�`qg9IJK�e7b��hxJRqg�blxqg�b�]�g9I���`qg��LIyb�xab(t@IJK�gMK�xybq����f g9I�^q²�iYb;uEb(]�b
g�g
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2

�P��^c�qxab�g�b�fw`U]©�
t�f5I@Rae�f�xqg�b��axJKVR�p�e�f5Iqf�xab�]�gMKY«yxJKY]�g�]�f9b�tJIJKY`U]3RaeyR@Iyb�uTKY²QIqf}] u;RqtJKl�Pxab�g�b
n.KpIye7b

GM(Q2)/µp ≈ GE(Q2) ≈
(

1 +
Q2

0.7
áP�Eø 2

)−2

, � 'q�ÆÅN 
`�k=uPfhgMK

µp = 2.79
f³e,bl�hx@R�gYxJR�^�eyK�e�f�xqg xab t@IJK�gMK�xyb � iÊf	u;Rqx@Ry®JRxyb§t@ILKYgMKYxqf�xde7bl��x�fhg9KYxÊxabÕ:�KQIE »� � �af	u�KYiYblglf��PxLK³tJIJK�gMK�xyb�fIt@IJK�gw^�Çªf�xK�²�fw`�g{]}Iab�p�e0f5IæK�g�tLKpI�^cuPkm`cbRxabj�¨GD¦¨��Ï.IJR e7xLK��hK x@Ry]h`JRjfwx�f5Iy�3R@R

� Q2 << 1
áP�Eø 2  »r2ncK�gMK�xybqr2`"KY«qgMK�t@I�f�xabl]é^�i�p�b9RyeyK�uPf�«y]�g�iQR�fhg9K�x�f�eZK�ÇªfuEb�ù$tLK��q���@Rhú�u�KY]�g�b�g�k��qxJKbRqxyncKQIae7bl®@Rc^�p�b±]�gQIc��`qg��LIab�g�b~xyb�t@ILKYgMKYxab���\

gMKlpdR§]	�y���abl«
GM,E(Q2) ≈ GM,E(0) = 1

R¨t@ILKYgMKYxabÑilkmxyËªxJK�]�f�uPkSI�Ç©R=r
`cb�gMK¨gMKY�y`"KYtJKwuTKY²Yxab��abl]�g9Ry®ab���Ï.I@R tJK��i9Ry]hKY`@R�f�xqf5Iy�3R@R=r2ncK�gMK�xyb�f��c��i��
]�g�i9Rqglf��af�xÐ`qk�e�tJK��òe7b��P`JR�Iab�pw]hgMK�^yx@Rc^�RÉ`@Iabl«yxJR�^�Iab�p�e�f5IÉxyb¨tJIJK�g9KYxab
uEb�iYb�t@IJRyxJKY]¤`qk�edn.KpIyedn�bl`qgMKQI@RqglfYr�`"K�fhgMK�iMKwu�R~uTK�tLKwuPg9Rq]�`cblxqf�xyb�]hf	�
��f�x@RqfhgMK�p�b�f��yf�bl]�g9Ry�yxLKYgMK¯Iab�pw]�fw«qi�blxqf�t@I@R��hK��yfwe²R

Q2 ryg��´f��atJI@R��hK��yf�eyRkm�_��R=�

q2 = M2 −M∗2 + 2Mν, ν = E0 −E � 'q�´£U 
M∗ �°f�n.f�`qg9RqiYxyb±e7bl]�b

ν ≡ (P · q)
Mp

=
Q2 +W 2 −M2

p

2Mp
= E − E ′ � 'q� �  

ÏPKpù¥uPk2�a²9KY`"K7úaR�pw]�f��quEiYblxqf�xyb tJIJK�g9KYxyxyblg�b ]�g9I���`�gl�LIybdeZK�Çªf?u¬bÐ]�f
KY]�km�ªf�]�g�iQR=r*`cblgMK§]�f���ilf���Ry�JRÉf�xqf5Iy�3Rc^yg�b�xyb�]�²l�akm]�b�`cb��*�0KY�	bli�bIx�fhfh�Pb�]©�
g9Rq�yxJK�gMK>»HIyb�pw]�f�«yiYb�x�f

e−p→ e−X
p�b�tLK��qi�bªuEbªu�K�e²Rqx@RJIab��¬ÏPK��q���abli�b�e�f

uTK�t�k2�PxJRqglf��Pxab�`@Rqxqfwe7blg9Ry�qxab�t@ILKNe�f�x��TRyiYb
W 2 ≡ P 2

X

r¬�UbMIabl`qglf5I@R�pdRJIab��
��bIe7bl]wb�g�b±xabÑncRyxyb��ax@Rqglf±b�u;ILK�xJR2r=`cb�gMK�]��qeyRJIabMRy`@R¸Rqxy`c�y�UpdRyi�xJK�tJI@Rc�
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tc���P] � Q2  �R�xyb

ν ≡ (P · q)
Mp

=
Q2 +W 2 −M2

p

2Mp
= E − E ′ � 'q�ÆùN 

`�k=uPfhgMK
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�q^TIJR�pdR@Iyb�xLKYgMK�u;Rqn.f5Iqf�xq®@Rab��PxLK±]hf���fwxJRqf�]hf(p�b�uEb�iYbiKYg
dσ

dQ2 dν
=

πα2 cos2 θ
2

4E2 sin4 θ
2EE

′

{
W2(Q

2, ν) + 2W1(Q
2, ν) tan2θ

2

}
. � 'q���Y 

q2 = 4EE0sin
2(
θ

2
) � 'q�('� 

θ
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R
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]�k&KYg�ilfhgYxLK�]�bq�
W1(Q

2, ν) =
Q2

4M2
p

δ

(
ν − Q2

2Mp

)
, W2(Q

2, ν) = δ

(
ν − Q2

2Mp

)
.

� 'q�()N Ï.IJR�e7b��a`@RI]�gMK�«qxJKY]�gQR�xyb
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Re+e− é b�qg�J�,�O�~�~�g��qg�j�[qg�J�At.�jd6�~ej�b)igb)�j¥8�j� |ê {Ob]���~t~p�a�b6{�if�O`�tJs�p��Oy4���Ob)£jd6a.t~�fb)a���y4b6���Oh���t��r£geRp�ejt~p.�geR�Ap.ifa~�gejt~p.�ge
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î
Re+e− ≡ σ(e+e−→ ï�ðSñEòôó�õ�ö )
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þ *)ÿ���2Q0�Õ �ûú���üXý]þ�ÿ�����þ����Sý]ÿ
2xF1/F2 � 	� � ��
�� Ù ÿ�
�ý�ÿ�ý x  	������S� � � þ���
Sý�ÿ � þ�ÿ�
Sý�� þ �

Q2 � Ã � ù������ 2 < Q2 < 16
�����

2 � �

¥�p.t~p�b)ifb��g¥6b)a�b)zjif��qf���2�fs�¥6����if��d6aJp�trp»�Op����_p�igb8a���iOp»if�rt~p���t.�~£jeRp�egtrp��je
��p�iga.�jegtrp��je � q′q̄′ � `4a.�~¥]p�t~påt.�g�³s�eRpJaJpåd6byù��jpJs�eg��d8t~p)ú��ßd6bè�~�~�Op�s8hftrpJa��t.b�y4b6s��~ijig�âd8�jd6a�b�y?�å�

qq̄′
�
q′q̄ |�� t.b6{��gzOp�trp�£jeg�®�r��b�b�ifb)�j¥8�fugaJpf`ºig�gb�.�~�Op�s)hft~p.yPb$qg�~t�b�zfb²��qf�rt�b)zgb²yPb6s)�~ij�³`)ig� egtrp��jeg�ga�b�t.�jijp.¥8���~d8a�p.t~pJa·ù�s�pJaJ�

t��~�gb)ij�hú�t¬d8�jig¥�{Ob8a.ij�M`;�.b8s�ngt.b8a.ij�®d8t����fs�p.ig�âd6��d6a.��uOig�fu |�� e	�liRuOe	�~£®d6b�~qj�faJp���p����.��{��f���è��trp�ejt~p.�geRp�iOp»yPig�~¥8�»�.{O�fs�e	���jp.d6a���ujij�fbr`«ùSb6{�p�d6a.�jzR�
ijp�a�p)ú�t~�f�³s�eRpf`�d6aJp�trp�t~d6b�qg�J�Ad]{�p��rp��¯qg�J�Ad]{�pJ�	p��¬egtrp��jeg�ga�b�d6bx�O���r��pJaJp
eRpJa���d)t��.�~����ij�zjp.d6a.�jng� |
ô �"! #%$'& (*) +-,/.10'2/)
3�p��Op�s�¥�{Ob]��p~y4b�t��³{�if�rt~pJaJp�k¤hfigejng�fu iOp

Ψ∆++

iOp�zOp�d6a~�gnOpJaJp
∆++ á

Ψ∆++ = Ψspin ×ΨSU(3) ×Ψspace, ���f|"�54	�
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< ��=�> ���·Õ�? Å�@�ACB Ù � � � � þ��?þ � Re+e−
?ED � �Sý���þ���F � �HGEI-
�þ � ý��/JK��þ����L
 �NM'O�PÞÚ ��ý ?

ef�M��b8a��
Ψspin

�.a.zj�faJpåd)qg�jijpg`
ΨSU(3)

�
Ψspace |?} �g�~t.b)�rujtrp.y4b S = 3/2

`
Q�R��f`

(−1)4 |�rb6{g�	Sëp.iët���t.b6����p�ejt~p.ifa.�~t���zg�jd]{O���²ngt�uga |ê a.�j¥]p.y4b����åqg�g�.�.{jb�y d)t����fs�p�i®dUT�b)�OyP���"3��g�Op�eßd6aJpJa.�jd6a.�jeRpJaJp | 3����e	��{�e	�.a��'kmhfiR�_p.y4b)igaJp�{�if�~a��md6��d6a���uOig�gb?ijp·e	�ry?qf�.s��fa~ijp·d8�jd6a�b�y?pTd6bP�~zOp�eR�
t~pl��p©�jy�p

L = 0
`
∆++ �	p��j�f�rijp � J = 3

2 � �.a.¥6�rt~p.�ruoiOp u↑u↑u↑
`�d6��d

qg�g�.b)ejnj�g��d)qg�jif�rt�b'ijp�a.�j�ga�bmegtrp��jeRp�txb]��iOpx��d6���»p�qg�~d6�reRp � s3 = +1
2
� �t.d8�jzgej�»�.a.ig�~d8�ga�b6{�ij����¥�{O�~t~�»y4�	y4b)iga.�»�Op�t~ig��iOp ifh�{�p |	í �³{�if�rt~pJaJpmk¤hfiR�egnj�Ru�bÂd8�jyPb8a.�j�gzjijp���d]{Ob]���~trpJa�b6{�ig�

∆++ d6bTqg����zj�jiRuOt~pxijpxigb)qj�jp.t.�f{OiOpd6a�p�a.�jd6a.�jeRp |
í �³s�ij�gejiOp�{��Ru¸qj�f�~��{Ob�y y4����b��_p¯d6b�qj�gb8���O�.{jb8br`;eRp�a��åd6b�qg�gb]��qf�.{j������ÝiOp�{��gzj�fb)a���iOpåig�~t.�Þejt~p�iga��rt��©zj�jd]{j�l�WVYX[Z]\�`Pa�p.eRpf`Pzgbët.d6b�eg�ßt.�R�

egtrp��je¬�_p�jy�p
NC = 3

�Op�s){O�jzgij�©njt�b)a��~t.b~á
qα ` α = 1, 2, 3 ^�^�^r� zgb)�jt�b)i³`���³{Oa�`�t.�g��{Ob8a��~t �	^�^�^~|Mä �rt~p�t.d8����ig�~d6a�b�ijp.qg�Op�t.b)if��~a �rb6{g�HS[p.iM`³�Oy4b)iR�if�©a��~£ot���t.b6����pÞegtrp�iga��~t.�.a��®zj�gd6{j�`_SnjtJuja�a |�ä �r¥�p.t~p ∆++ y4����bè�_påd6b�giga�b)�jqg�gb8a.�j�Opf`�eRp�a���p.d8�jyPb8a.�j�gzjif��d8��d6a���ujij�fb
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∆++ =
1√
6
εαβγ |u↑αu↑βu↑γ〉 ���f|"��g.�

� s�pJ�.b8{jb6�»b8a�bihjzgbxqg�~igb ´ njtJuja�p�d�p»igb8�~�)¡	�����OyP���_p�ijp.qg�Op�t�uga ∆++ p�iga.���d8�jyPb8a.�j�gzjif��d6��d6a���ujij�gb ��|
í aJp�s��ëeRp��ga.�jijp��	p��j�f�rig�ga�b��ëy4b6s)�rig�ga�b�d6b¤�rqg�jd8trpJa��.a�njt�b8a.ij�ëd8�jij¥��{jb8a~ig� e	�ry4�r�giOp�nj�g� |

B =
1√
6
εαβγ |qαqβqγ〉 , M =

1√
3
δαβ |qαq̄β〉 . ���f|"�)�r�

ê ngb6{�_p�d6b��Rs)�~b)¥8igb�d6����b)d6a.t�hft~p.ifb8a.��ijp�igb)iOpJ��{�æ��_p�trp�ij�è���~qg�³{Oij�R�
a�b6{�ig�ëd8��d6a���ujij�Ruèd¤njtJuja��Op�s8{��jzfb)i��~a�ifh�{�pjhfd8b¤ijpJ{�p.¥�p��_p�d6bxqf�rd6aJhf�j�jpjh
zfb�t.d)�gzjeg�©p�d8�OyPqga��.a.�jzjig�âd6��d6a.��uOig�fuåd)p��.b6s�ngt.b8a.ij�khMa | b | d8�jig¥�{Ob8a.�Þqj�j��f�~a�p.ng�fu�t�njt�b8a~if��qj�g�~d6a.�Op�ijd6a.t.� |�ä �~trp�qg�gb]��qf�.{j����b�ig�gb b �Rs�t.b)d6a.ig�lh	eRp��a��nmlo]prqE\Wsutwvxtivzy{q5|r}~v��]|-����|l\Wv�h�s�p����w���¸t.�)���Ý���®i��)t.�³s�y4����if���f��s�p
ijp���{�æ����)ig�j�ëiOp��8t��~�.����ig���jt~p.�j�j�³á;�O���	��{��	�w���z�gtrp��l�g�j�K�U�g�i�[�6uj�ånjtJul��h
�K���)p�s�p��~t��~�j�5�j��t�njtK�[�w�j���8�l�g¥�{l�5�w�g���8t.���Rs�pK�j���6���f�.��u]�g�fu |l� ���)�w�.�jzl�g��6���f����ul�j�fu�hl�-�����

qq
�
qqqq

�8�������f�����J�r�l�w�Ru]�i�����i�����K���U�f���f����{��K� |¶/�i���l�j���K���j���5���5�.yP�z�8{l�)¥��K�j�w�]�ây����K��y����.�jzj�5�[�-����¡���y'�����z�f{��w�8�R�
� �l�g�j�]�K�j���]�������g�i�j�j�K� | ê �����5�f�w�K���i��� �8�f{]�j���5�{�[�j�)�j�jyC�E������{��g�[���i�-��������K�8{]�f�i�i�������6�����5�f�w�K���i�K�j�[���z�l�x�j�����l�g�j�K� |�ç � � �g¥ |?�f| � �U�g�i�-�����K�g��.�j�j�jzj�g�

Z → ¡]¢K£l¤�¥�¦j§ �6�W�r���.�j�¨�l�©�ª�[�	�~�j�j�K�6{l«�Q�¬' |
í ���j���5�j��hRzj�/���j�l�.£j�g�®�6���f����«l�j�j�m�l¯���¯��g�~¥6�®�����f���g��h{�w���f� ���-���E�����_��	�.{O�]¯P�j�l�w�g�-a¨� ¦±° \/²�³�o��w��z]�K�f�~�j�j�kh´�-�K�j�����f���~z]�K�l�i���i�����K�fzl�w�f�.�jz���g��«[�l���E�]���

Z → qq̄
h]�g�M�]�5�������.�~£l�-�����

qq̄
v�àu²´qE|]o�t�ow²-v |

Ψ∆++ = Ψspin ×ΨSU(3) ×Ψspace ×Ψcolour, ���f|"�5µ	�
SUf(3)→ flavor � ���g��¯��K� �
} �g� 4 �l�i�.�j�-� SUf(6)
SUc(3)

���.�j�¶�l��«l���
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 DELPHI Interactive Analysis

Run: 32711
Evt: 8598

Beam: 45.6 GeV

Proc: 21-May-1993

DAS : 13-Jul-1992
01:40:32

Scan: 12-Sep-1994

 TD  TE  TS  TK  TV  ST  PA

Act

Deact

  0
(  0)

  0
(  0)

141
(153)

  0
(  0)

  0
(  0)

  0
(  0)

  0
(  0)

  0
(  0)

 17
( 17)

  0
(  0)

  0
(  0)

  0
(  0)

  0
(  0)

  0
(  0)

X

Y

Z< ��=¸> ����Õ�? ùE@ D � >�
�ý � >5��þ�ÿ¨
�I-¹���ý����Tÿ�ý �»ºw� ÿ]þ��Sþ ��� B F �¼º þ ��½ ¹]ÿ B ÿ]þ  � ��=H��
�ý � � ��� þ�ÿÿ�ý ��G[
HF�� � � Ù ��þ�ý �¾PC¿rÀ�ÁrÂÄÃ þ � >�
�G)ÿ � ��ý��ÅJ�Æ À-¿rÁ �NÇ Ø´ÈrÉ �ËÊ �Sþ�� � � � ?

� ���g�i�j�j�K���5�»�w�[�E�j�w�[�w�j��.�i�5�j�.�
Ψi ×Ψj ×Ψk × εijk = Ψ

� ���g�i�]�±�j���f���8�x�l��«l��ÌÄÍ/�K�5��� �W�[�j�j�����¶�j���K�j���i�.�¶Îj�j��ÏO�lÌº¶/�����l�g�j�K��5���j�w�[�w�j�kÌ

Ð �ÒÑ ÓUÔ ÕkÖd×ÙØd)dÚ`×Ù2d(�Û�,�2d) .ÜÔ Û�Ý�Û'2d)¾& Ý�ÛÞÕkß©à ×�ÕY(C$'. $�Û'2d×ká
(C0 2/Û âd$�&Ü(

3ã���]����¥uÏ]�]�r�i¯C����Ïl�6���j���w�¤�r�i�®�j�g�i�j�5�5�fá
• ä �����l��� Π0 → γγ � �fÏ]�5�j����¯��.¥[�j���K�E�U�j�f�����5� �
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< ��=�> ���ÂÕE? 6�@�ð � ��I-=�IªJ�þ��/G � ��� G8ÿ � �/F � � Ù G��  =H�Sþ�� � � ���òñ � ��� B F �¼ºi� Π0 → γγ
?

í �)�f��«l�w�f���f�������]���E�]��� �9ó �g�j�j�]� � Γ(Π0 → γγ) = 7, 73(Nc

3 )2eV

� �{�[�j�)�g�]¯C�5�j����Ï��f���-��¯��)���E�l�K��� Γ(Π0 → γγ) = 7.7 ± 0.6eV
hô��Ìõ�iÌ

�]¯��i¯C�
Nc = 3

Ìwö¾�R�ª�K���i���ã�l�����w�����]���E�]��� �ihwÎj�����w�6�i�j�j�g�]�K���ãv�|rqE÷
��vEølo�Zjáf¥uÏO�.����Ï]�]���������g��¯��K�w�l�©�8�]¯C�[�.�j��« �/�]����� ó �E�l���w�©�l�i�w���.�i�.�� � �5�j�.� � �~�g�jù�¥fù�Ï��g�®���]��¥8�]�w¯?� � Ì ä �~¥��K�i��¯4�������´���f�ú�f���-������hCÎ��
Γ(Π0 → γγ)

�j�¨�f���	�~�j�)¥8�j�l�»�w�W�)�-Ï��g�j�K�ã�K�����]¯4���]��£j�f�i�.��«�Ì
• 3��j���5�j�K�5���K�E�f�L�]�d«l�i�w���.�i���i���¨Îg�l��ÏO�L�l��«l�L¯4�����¹�r���f�¹���fù�ûã�E�f�w�.��h�-�K�����f�����E��Ï]�]�����»�w�w�g� ó �5�g�j�[���

Re+e− ≡
σ(e+e− → ¡]¢K£l¤�¥�¦j§ )
σ(e+e− → µ+µ−)

. ��� Ì ¦ � �

e–

e+

q

q

γ, Z

< ��=�> ���ÂÕE? eE@ < �òü þ Ùr� þ�ÿ � ��º � � = ����Ùr� B � F � ÿ�ý��H
 � e+e− → þ�ÿ��������	� ?

ä �J�»�´�K�j�[���¾�]�N�����g�i�j��� ��Ïl��Î]��«��f�$�-�E�wù�� ó �i� �g�i�)���]�r�f�w�.��¯ e+e− →
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γ∗, Z∗ → qq̄ → ¡l¢w£j¤H¥i¦l§ Ì�3����	�KÏ��	�w�����l�i���l�j���K�¾�j�N�f�N�)���5û����L���[�.��
�~�����g�©�fù��[����«l�j���ih-�K�)�g��«j�w�g�i�f���x�´�������g�i�j�����g�]����� � Ì ê Ï]�]���i�i�K�5Ï��g��f�j¯��������f�d�i�8�lÎj�j�ã�Kù���¯4�����j�ã�l�i�.�j�j�ã�¾�j�l�.£j�g�/�fù��f�.�E«]�g�j��û��?�´�����
�jù�Ï��f�i�����l�l�-Ïl�{���l�w�g���f�5Îj�5�j���������l�J���r�w�����l�������f���g��Ì�¤�j�U�5�j�)��

¥)�g�¶�f���

Z
�j�j�-�jh��f�5Îj�5�j���[�.���f���O�ª¯P�l�g�j�l���w���~��¯ô«]�l�®�]�

γ � ���r¥��w�i��[ù_�w�i�f� ó �5�j���5��� Re+e−
�f�L�����r�w�i���i�����j¯��K���W�l���j�����´�����W�]�®�fÏ]�5����


�j�lÎ��5�5�g��«ú������«f�¶�l�®�l�i�.�j�j�j�K�~á

Re+e− ≈ NC

Nf∑

f=1

Q2
f =





2
3NC = 2 , (Nf = 3 : u, d, s)

10
9
NC = 10

3
, (Nf = 4 : u, d, s, c)

11
9 NC = 11

3 , (Nf = 5 : u, d, s, c, b)

.

��� Ì ¦����

� �{�[�j�)�g�]¯C�5�j����Ï��g�j�K���[���~£l�f���f�.�x�����w�i�f� ó �5�j���5��� Re+e−
�5�±�g�j�]�r��


���K�w�5�j���l� � �j¥òÌ � Ì � Ì��m�g�i�[���K��� � �~�]¯����]� � Ì ¦R� �j�±¯4�������r�¯�~�E«]��
�j����ÏO�����]�����`�f�.�������K�f�l�¯���	�KÏO�¬�]���5ÏO�lÎj�j�j�K��_H�l�i���l�	�i�~���g�]��¥8�i�K�fa¼h
�¤�´�K�����5�w¯P�ã�g�]�K�~�-Ï��l�K�����8�j�]���]���f���r£j�g�i�[�ã�l�¨�[�5Î��E�g�j�[���]hJ�´��Ï]�5Î��w�
�j�]��¥6���K�[�K��h´�K�	���w�iÎ��[�w�E¯�hYÎ��

NC = 3
Ì ê ùB�w�w�w�[�w�f�i�.�j�[���ú���g��
,�O�~�~�g�

�j�j���g��
Å�.�l�6���g���5�j�)�j¥8�g��Ì��k���w�fÏ]�6���5�K�ihKÎj�N�8��Ï��g�j�K�������.�l¯4�����)£l�f�w�.��«
�j���f�®�����]¯����±�g���z�w�j�]¯��K�j����hM�w�wÎj�����¶�f���E�w¯4��¡g�l�f�i�K�f���K���ú��� �	�i��

� ��£l�]¯Cù�������Ì

� ���g�i�l�j���K���l���E�]�����U�]� τ Ï]�5�j���i�]�W�[ù�û����´�K�i�K���O����ù�Ï��j���K�[Ï]�g�W���-��
���K�j����hjÎj�
NC = 3

hj�g���j�)�ú��«]¯����´�®�f�L�5�g�j�l�i¯C�¨�f�����f�~�i�g�W�l���.�i�i�jÌ
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< ��=¸> ���ÂÕ�?ûÕ @ È�� B >¼J�ý � ý�� B �
Re+e−

?ED � �Sý��?þ��HF � G�I-
�þ � ý���JK��þ����/
 � M'O�PåÚ ��ý]ÿ � � ?

Ð �%$ &%$�Û�2d(C0�$�Û 'ÜØ/0'Ú`0)(L)/2/Û�Ú`)dÔ Û *�+-,/.10

Ð �32 &%$�Û�2d(C0�$�Û 'ÜØ/0'Ú`0)(L)/2/Û�Ú`)dÔ Û

4#57685:9 ;=<?>A@B<�ÀDC¸ÁE<�ÀãÀB<GF ½ <�ÀEHJI ½ <?H�<LK)@EINMOI	¿PÁXÀE<NM¤ÁEF)<

ç �E�-�QPw�E�l��ÎSRl¯¶� qα
f

�j�����l�TPi�AP��JPKÏ]�����j�K«j�
α
Rã���JP�¯'���

f
Ì��k�N�JP�
UPi�j�VP��f�K�5�

���K�SRj�Ü�]�d�f�]�K�i���E�JR�«j����ûã�WR-�E�JPKÏl�E���w¯C�Ü�K�5�j�AP~�l�JPXPK�E�]��Î��5�SRj�Ü���l�K�[�w�JPw�YP
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�g�JPi�f�~�l�w�j�f�i�APjá

qf =



q1
f

q2
f

q3
f


 Z:[ Ì ¦.¦]\

ä Pr¥��w�i���[�AP~�YP_^r�JR�«j��Ïr��¥a`]�K�VbcRl�w�¶¯BP	b��O^´�®�f�/���K�SR ó �L�-�K�AP
L0 =

∑

f

qf(iγ
µ∂µ −mf )qf . Z:[ Ì ¦J´T\

ä Pr£U��Rl�l�i�A`SR]�K�j�K�5�dPw�w�JPi�5�VP��J`JP]R��E�YPKÏ��JR¬¥uÏSP~����Ï��SR SUc(3)
�Y`l�w�j� � P�`e


¯��K�SRJRU���j�w�[�w�JPw�AP �J`JPi�f�]`l�w�j�f�i�AP
qα
f → (qα

f )′ = Uα
β q

β
f .

Z:[ Ì ¦	f�\
SUc(3)

¯����Y`SRl�JRj�K�©¯BPr¥��K�g^r�®�f�����w�JR ó �K�®�-�K�AP

U = exp{−igs

λa

2
θa} , Z:[ Ì ¦YhY\

��ù^��[�AP
λa(a = 1, 2, ..., 8)

�E��¥f�5�j�i`]���AP�`JRj�K�/�]� � ���e^´�w¯��5������Ï��JPw�AP��S`���^S

�f���w��«]���d�]�

SUc(3)
��ÏO¥[�8�]`]������h-�

θa
�5�ã�J`JP]R��E�APwÏ]�SR �l�Y`l�i¯C�[�Y`SRkÌ�SU���Y`SRe


�JRj�K�
λa �E���w�f����Ïl�j^!P��YRkRU�	^!P���Ï]�[�w�YP]`�«l�������TPª¯ô�-���K�SRVP��j�SR��w�©�fùlPw�w�JP ó ��
�JR�«

[λa, λb] = 2ifabcλc , Z:[ Ì ¦�4T\�-���AP
fabc �5�¶�f�Y`������K�V`j�SR��w���TP��j�[���w���YR �l� SUc(3)

h��TP]Rj�AP��5�m`j�E��Ï��SR/R
�l�w��ù�Ï��VP��w���]Rj�aR]¯C�[�]`JRlÎj�SR�Ì
¶/�w���YP�����Ïl��Îl��«��]���l�i�w���YPi�i�K���©�fÏ]�5�j�Y`JPi^?Rl�l�i¯�Rj�-�jhSR-�_Rl�[�l�i�i¯C��Ï��.¥a`]�K��

bnR]�K�jù´�W^´�Ü�oRj�l�i�Y`JR]�K�j�K�5�gRXPw�i�VP��[�VP�ørq5y{v5øl|]o

SUc(3)
�S`��aP~�]`]���[�����K�SR-«Ùh

θa = θa(x)
ÌS�k�X^r���pR-�E�jù�Ï����5�JP��APi���gR��_Rl�[�l�i�K�j�ih��Y`�«g���i�q^´���f�L�J`JP�¯��5�JR

�j���A`l�TPi�i�K�����S`VP�R-�E�YP_^��]�r^sP �TP��i�Y`JR]�K�j�K�5�dP.�i�5�j��Ì ä ù�£¶�-�K�AP��f�)¥��nRl¯'�w¯C�[ �j�f���w�YRl�aRl¯tR©�]�A`]�w¯C�5�Y`JR�hi�5�/���ebW�JR [ `]���[ÏsRjÎl�SR��-��Ï!Rg�]`JPi�wù�Îl�JR��YPw�iPi�]�
Gµ

a(x)
h-��Ìõ�]�A`�ÌO¥¼Ïl�]P��JR³á

Dµqf ≡ [∂µ − igs

λa

2
Gµ

a(x)]qf = [∂µ − igsG
µ(x)]qf Z:[ Ì ¦wg]\



7 Êvu8Ê�� É8È�Í Ó�Ð É8È�� êfÐ�ÏMÐ98�Ì ÍJÈ Ï�Ì�è È Ã]Ã ú
í �fÏj��Î]��«mR��E�VPwÏj���i�w¯��L�JP�
Å�TP�¯��]�K�j�w�JPw�APwPK�E�]��Î��E�JRj�L�]��¯��K�Y`JRl�SR��K��h

[Gµ(x)]αβ ≡
(
λa

2

)

αβ

Gµ
a(x) Z:[ Ì ¦ [ \

ä `]�K�l� � P�`l¯'�K�SRVP��j�SR��w�`�[�YP~£l�f�w�����l�x�-��ÏsRf��`VP��Kù�Îl�SR��K�¶�VPwÏl�[�����E� � Rl��
�aRJ`]�K�SRxPi�yR-�	Rj�[�l�i�w���5�AP
Dµqf

^´���f� �Y`]�K�l� � P]`]¯�RJ`]���JP��fù�ûgR-«��]�EÎSRl�
�-�K�j�AP

qf
á

Dµ −→ (Dµ)′ = U Dµ U † ; Gµ −→ (Gµ)′ = U Gµ U †− i

gs
(∂µU)U † .

Z:[ Ì ¦�µT\�z`SRmRl� � Rl�JRj�K�f�_R]¯���Ï]�JP
SUc(3)

�S`��iP.�]`]���5���i�K�SRj�ih
qα
f −→ (qα

f )′ = qα
f − igs

(
λa

2

)

αβ

δθa q
β
f ,

Gµ
a −→ (Gµ

a)
′ = Gµ

a − ∂µ(δθa) + gsf
abcδθbG

µ
c . Z:[ Ì ´ � \�k�{^´���JPi�[�Y`VP�Rl¯ �-��ÏsRg�]`JPi�KùjÎj�JP�
|Rj�l�i�Y`JR]�K�j�K�5���SRl���[�]RjÎj�5��Î�Ïl�5���]�WÏ��.¥�


`l�w��bcR]�K�]�®����¥uÏj��Pi�SR��K��h]�Kù��K�abg^´�w¯��L�fùlPw�w�w�[�w�SR��w�ã�VPwÏl�[���fá
Gµν(x) ≡ i

gs
[Dµ, Dν] = ∂µGν − ∂νGµ − igs [Gµ, Gν] ≡ λa

2
Gµν

a (x) ,

Gµν
a (x) = ∂µGν

a − ∂νGµ
a + gsf

abcGµ
bG

ν
c . Z:[ Ì ´V}�\�z`SR±�-��Ï!Rg�]`JPi�wù�Îj�JPW�S`��aP~�]`]���[�����K�SR��

Gµν −→ (Gµν)′ = UGµνU+ Z:[ Ì ´r¦]\
R±�j�w�[�w�]�����W��Ï]��^´�

Tr(GµνGµν) =
1

2
Gµν

a G
a
µν

Pi�[���w�i�{Rl�j���A`SRl�w���w�]��Ì
¶/�K�AP��J`SR-Ï!P	bcRl¯U�VP_^j¡�P_^l«]û©�N�VP�`l¯BP�`VP��w�-� ���¹¥uÏj��Pi�l�JR�«L�SRl���[�]RjÎj�5�¨Î�Ïl�5��h
�l�w�J`]��«��VPwÏj��Î]�K���w¯C�

SUc(3)

|Rj�l�i�Y`JR]�K�j�w�SR-«¶Ï��.¥a`l�w��bcR]�K���]�W�l�i�K�j�AP��i�	


���»¡J`JP�¯�Pi^?Rl�l�i¯�Rj�-�gá

L~��a� ≡ −1

4
Gµν

a G
a
µν +

∑

f

qf(iγ
µDµ −mf)qf Z:[ Ì ´.´T\
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� ^!P~�i�JP��LÏ��.¥a`l�w��bcR]�K�jù´�r^´�®�f�p`l���j^]�[Ï!R±�]�®��«l�TPKÏ��TPc`]���[ÏsRjÎl�SRUÎ]�K�f�YR³á

L~��a� = −1

4
(∂µGν

a − ∂νGµ
a)(∂µG

a
ν − ∂νG

a
µ) +

∑

f

q̄α
f (iγµ∂µ −mf) q

α
f

+ gsG
µ
a

∑

f

q̄α
f γµ

(
λa

2

)

αβ

qβ
f

Z:[ Ì ´Afe\

− gs

2
fabc (∂µGν

a − ∂νGµ
a)G

b
µG

c
ν −

g2
s

4
fabcfadeG

µ
bG

ν
cG

d
µG

e
ν .

�¾ù#`l�YR�«j��`j��^x�l���V`]�K�w�j�5�SR�� [ Ì ´�f �fù^]ù#`�b®���SRj�j�[�YRlÎl�JR Î-Ï]�5�JPi�K�������VPA
Ïl�[��������hw�TP]Rj�AP��VP�`l��bg^´���L�fùNPi�w�K�5�w�JRj�K�Ü�J`JPi�]��¥����AP�`JR�Ì�Í/�w�[�w�JPw�APL�����YRl¯BPA

^]�)£l�f�w�]R��L¯C�jbr^l� �j���A`l�JR�Rè¥¼Ïl�]P��JR��W^´�	^��5�VP®�]�ã�K�YP]`SR-«�`��j^ � �AP��i�-Ï�æ¾Î�
�i�
SUc(3)

¯'���Y`SRj�SRj�K�
λa ÌJ�zP]`]�	^?RW�����J�w�[Ïl�5�]R-«�¡-�A`]�K�j�K�i` �l��¥a`-���]�����¨�]��j�K«j��hlÎ�Ïl�E��ùY�

Gµν
a G

a
µν

�JP]`]��br^r�®�E�w¯BP_^��)£j�[�w�YR�«j�����l��¥uÏj��Pi�SR�Pw�®�Y`j�[���{R
Î��[�i�Kù#`j�����[�K�5�j�5�khV^´�	^��5�SR±�]���Y`��5�YR-«d`���^dPw�®�V`]�K�w�j�5�SR��5�APlÌ
�ã��¥a`]�K�VbcRl�w��ùY���]���j���K�j�APi�������¤¡J`VPª¯BP_^sRl�l�i¯�Rl�-�OR]¯����J`JPi�[���]Re^��wÏ���


¥jP_^r�Y`��5�SRj���]���[�APr£j�[�w�i�K���ú�]���l�K�[�w�]���aR]¯C�[�Y`SR�«�Ì í �aRlÎl�JR��K���AR]¯BP_^��)£j�[��
�YR�«©�f��Pi�SRj�5�i����ÎJ`j�f����^r�l�¾��^sRl�l�f�w�K�E�l�/�TPi�l�f���w�����
gs
h��]�A`j�5Îj�5�]�¾�TPi�l�f���K��


���¾�]�¾�aR�Ï��VPi�AP/�����AR]¯BP_^]�)£l�f�w�]R���Ì��zP�«l���������l�d�5�w¯BP_^��)£l�f�w�YR�«��]���-��ÏsRf��`VPA

�Kù�Îl�JRj�K�N�JPKÏ]�[���/�S`j��^��[���w��Ïl«l�i�/�VP��d� � �5�j��hw���5�[ù�ûã�5�f�i�����i�wû%�/��Ïl��Î]��«©�]�
�j���K�j�APi�������±�fÏ]�5�j�Y`JPi^?Rl�l�i¯�Rj�-�jÌ�S�P	b��E¯�^r��P�Îl�w�j���w¯C��hÙÎ��cR]¯C�5�l�JPU�K�f�	R
�VP��YR��5�w¯�Pi^��)£l�f�w�]R-«�ûã��P~��«l�[��«j���5�AP~£l�f�w�����-�K�AP��K�aR]¯��j�APw�YRlÎl�l�®�[�YP.�]Pi^´�
R±�TPi� � �.£j�]¯C�5�j��hr�TP]Rj�AP��j���[�L�a`j�5û����®���j���K�j�APi���������fÏ]�5�j�Y`VP_^?Rj�]�w¯tRj�-�jÌ
°��f��^´�d�f���S`]�K��«l�/�AP�Îj�SR®�J`j�5�5¯C«j���K�SR-«Ùh�Pw� L~��a� �w�5Îj�N¯BP~¥�����^´�d�[�QR-�E��
Ïl�5�-�K�¨�-�EÎj�5�f�i�K�5�SR � R-�_RlÎj�5�[�SRc`��[�[��Ïl�����YR³áª�l�i�A`l�SR��K�d¯BPr¥��K�O^r��R��[ÏlùjÎj�����

¥¼Ïl�]P��JR�Ì í �l�.£e
Å�JRl�fù��ã�JP]`�«V^]ù����VP gs
hi^sP�¯�Rl�SRJ`]�Kû%�1�S`VP����5�[ù´�d�]��R-�[Ï]ù�Î�


�i�K�j���]����^?Rj�»¥¼Ïl�]P��kÌ ê Ïl��^sPi�����K�[Ï]�JPlhK��^s`JPi�l�SR-«l��`l���E�]�	^®�]�
Z
�YPw�iPi�]��ûã�

�w��ÏOæ¾Îl�i�OPi�5�K�5�
Z → qq̄

`]�����l��^sR�hw�[ù�ûqP/���K�-��R
Z → qq̄G

�fùW�]Rj�YR�«�Ì í ù���K�AP�`JR�«¶��Ïl��Îl�.£ú�5�{�[�j�i`SRl¯��5������Ï��JPW�f�L�]�J�wÏOæo^r�w�i�K���Y`JR��	^?`JPi�l�JR±�[�Y`-�VR�Ì
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G

q

q
< ��=¸> ���ÂÕ�? ï�@ D � � = ����Ùr� þ � � B J�I	� � � þ��?þ � � º ��þ�= J�>�ÿ]þxÿ�ý G � ��� G ?

4#57685�� � ½ <�ÀEHV� ½ <�ÀB�
Gµ

a

R]¯�� f �[�K�5�j�5�JR��]���[�AP]�YP_^r� Z �K�5�j�AP]`kR �5�-��Ïr�A` \ hl���5�ã�SRú���eb��SR±�5�i¯BP^��w�iÌ?�k���AP��i��¯BP	b��O^´�®�f� � Rl�{�aRJ`]���-��Ï!RJ�]`JPi�i�-�����fá

LGF ≡ −
1

2ξ
(∂µGa

µ)(∂µG
µ
a) Z:[ Ì ´�hY\

��ù^��[�AP
∂µG

µ
a = 0

R
ξ
�L�-��Ï!RJ�]`JPi�wù�Î��E�±�l�Y`l�i¯C�[�Kù#`�Ì

��`VP��l�.¥��K�AP]`jù´���~á

< 0 | T [Gµ
a(x)G

ν
b (y)] | 0 >= iδab

∫
d4k

(2π)4

e−ik(x−y)

k2 + iε
Z:[ Ì ´w4T\

ç �5�-�r`l����¥¼Ï]��^´�w¯C�������AR]¯BP_^]�)£l�f�w�]R��5�AP qq → GG
Ì

T = Jµµ′

ε(λ)
µ ε(λ′)

µ
Z:[ Ì ´�g]\

P ∼
1

2
Jµµ′

(Jνν′

)+
∑

λ

ε(λ)
µ ε(λ)∗

ν

∑

λ′

ε
(λ′)
µ′ ε

(λ′)∗
ν′

Z:[ Ì ´ [ \
�-���AP

PT 6= Pc
Ì

Pw�w�JPi�YP���Ï]��^r�i���g^?Rl�.¥a`]�w¯�R8���������



Ã�Ã»6 Æ8Ç.È�É8È 7 Ê»ËjÌ ÇJÍ Ì É6ÎGÈ Ì�ÏMÐ98jÑ;:~Ò�Ó É Ì�Ô
í �l�i�w���YPi�i�K�����J`VPª¯BP_^sRl�l�i¯�Rl�-� ∂µAµ = 0,⇒ �Θ = 0 = ∂µJµ = 0

Ì
ê Ï]��^!P��i�K�K�fÏ��VP

kµJ
µµ′

= k′µ′Jµµ′

= 0
Rx�]�	^]Ï]ùbW�]�����U�JPKÏl«S`SR����K�SR-«GR-�a


Î��f���i��Ì

í ��Ïj��Î]�A��h]Îj� ∂µG
µ
a = 0

hl�f���VPwÏj��Î]�K���
kµJ

µµ′ 6= 0
Ì

3��T��Pi�w�~á
LFP = −∂µΦaD

µΦa, Z:[ Ì ´wµT\
��ù^��[�AP

DµΦa ≡ ∂µΦa − gsf
abcΦbG

µ
c

Ì ä Pr¥��w�i� {Φa,Φb} = 0
Ì

^sR]��¥i`l�i¯��V���������

4#57685�� � ½ <�ÀEHJI ½ Á��D@XÁEMOFXÁ
í �]�A��
Å�JRl�fù����JP]`�«V^]ù����VP gs

Z ^]ù#`l�K�5�5�VPã�S`JRJ�KÏsRVb��5�SR�� \ h{�i�aRlÎj�SR��i¯��-ÏsR�
���	^sR��l��`l���E�f�i�l�i�w��� �f� �S`��E�5¯ô«j�����dÏl�5�5�VPOá
qq → GG

h
qq → qq

h
Gq → GqRú���w�-���]�������Kù���Ìl�k��b���Ï!Pi�[���APi���������SRU�JP�¯��Y���q^´�{`l���i�w�i`j�E¯ � R��_RlÎ��E��


�JR�«��[�K«j�XPw����^s`JPi�SR�ÌJ�dù#`j�YPlh��JRj�d�YRVbr^r�i¯C�/�	^?`JPi�SRkh-�ã���¾�l�i�A`l�SRwRw�¼Ïl�T

Pi�SRkÌ í �AP�`VP]htPi�x�5�{�[�j�i`SRl¯��5������Ï��SR��K�k^´�K�l�JR �E�]���E¯Nh�Îj�k�jPKÏ]�E¯�Rl�]�����x�]�«�^?`��5�SRj�K�L�K���AR]¯BP_^��i�j�[�w�YR�«��[�L¯C�5�SR��d�5�j�i`S�aR�«j���fáj�����YRl¯BP_^��i�l�f�w�YR�«j�����5�
¯��VP��jPU�aR�Ï��JR Z �TP�� � �A�l�]¯C�5�j� \ �S`JR�¯���Ï��SR��5�j�i`S�aRJR�hÙ�JPU�l�i�A`l�SR��K��Rl¯'����VP��K��^��5�SR��¾�]�ã�JPiÎj�YR��5�APY�]P_^��SR�Î]�K�f�]Rj�SR��S`SR��YRl�jP��JR��5���_`J�aRSR�Ì ê Ï]��^sPi�i��

�K�fÏ��VP��TPi�l�f���w���������

gs
���w�YRl�aRnPi�ã�5�j�i`J�iR-«l���jÌ � �TP©�l�i�K�j�AP��i�������J`JP�¯�Pi^?R�
�l�i¯�Rj�-���Q^!P]�]`]�d�K�iP]`SR-«Ùhw�E«��Y`�«J���i��^r�OP��aRJ�f�V`JR�^?Rj�]�w¯�RlÎj�5�W¯��Kû�����ÎJ`j�f�

�j���K�j�APi�]R��K��� � �E���YR�Ì

�E�i���	�V�e�V V¡a¢�£V ���¤V¢g V¤J¥	�i���J¢_�S V¥��p¦V§{¦V�J V¨�©J V¥��
�z`j�5�5¯C«j���K�j�[�AP��l���j�i`j���V`J�����]Rj�i�JR �VP��J`]�K�i�JR ��ùÄ¯ª^?Rl�Y�a`l�i¯�Rj�K�ú�m^�ù#`�

�K�5�[�JP��J`SRV�wÏ!RVb��5�SRj���AP_^sR«^sP¬`l���j��P_^]«lûgRRl�j�K�i`S�a`l��Ï!R�Pw���l�i�K�j�AP��YRj�K�
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�J`SRl¯��JR�Ì?�k���AP��i���/���iPY�_��P_^?Rl¯BP��K�f�	R�Rl�j�K�i�a`]��ÏsRw^r�©�f��`j�i����Ïl«S`SR-�	RJ`]���rR
^r�®�f���JPKÏl��Îl�K���J`]�A�l�SR � R-�_RlÎj�5�[�SRm`��[�[��Ïl�����YR�Ì

qq

ba νµ

k

k – q
< ��=�> ���·Õ�? Ã	·�@ D � � = ����Ùr� þ � 
�ÿ�¹�
�ý � �Sþ � ý � ��þ�� � =H��Æ�þ � = J�>]ÿ�þ ��?

3��m`]���_�uÏl�j^r�i¯C�g^sR]�A�a`]�w¯'�����±�]�±�jP]�i�f�w�w�5�]�������5�j�i`J�iR-« �]�m�uÏl�]Pi�]�ú�]�
� RS�òÌ [ Ì }i® Ìs��`SRj�JPi�[ù´�n�±�nR]¯��-��Ï��[�JPw�AP��S`JPi�f�Y`]�K�l�f�w�YP�¯BP	b��LÏ]�5�[�JP�^´�®�f��J`j�5�5¯C�5�w����hJR��E�JPKÏl�E�i�Y�j�SR±�f���K��^´�A`j�w�JRj�K� � �Y�j�]¯��K�JPi�]RU�S`l�w�YR�Ï��gá

iΠµν
ab (q) = −g2

sδabTF

∫
d4k

(2π)4

Tr[γµ 6 kγν(6 k− 6 q)]
k2(k − q)2

Z:[ Ì f�®T\
ä �[�[��Ïl�����KùY�x�±�S`VP��VP�`j�SRJPi�]��Ï]�5� �]� g2

s

hô���Kû�Pw�APLRl¯��d^������Kù#`]�-�
qq̄G

R
Rl¯����Y`JRl�YR]��Ï]�5�

SUC(3)
� �K�j�AP]`�h

TF =
1

2

h�R�^����Kû Pi�x�l�K�[�w�]�������fÏl��^´�
1

4
Tr(λa, λb) = δabTF

Ì
��`VP]�KÏ]�E¯Cù´�¾�f� �JP�«l��«]�i�Ü�S`JRgRj�j�K�i�a`SRS`l�w�����JP�R]¯��-��Ï��5��h��TPi�[�AP/�YPi^?R�^sP

`l���j��P_^]«lû�R=`j�f�[��Ï]���K�YRMá ∫ d4k

k2
−→ ∞ Ì í ù���¯BP	bW�JR��5��¯��JP]�jP��]�EÎSRl�JR����`��i�f��Ïl«S`SR��_RJ`]�K�j�®�l��`]���j�TPi^?R]¯BPi�f�w����ÎS`��[�®�S`��j^]� � Rl�JRS`l�w�����]��Rj�j�K�i�i`l��


Ï��jÌ � ^��]�L�Kù���¯BP	bW�JPi�f��� �Kù��w�jbr^r�w���5�APL�]�X¯�°V±²
 ¥A³ �]�A`]�w¯C�[�wù#`�´�hw���K�jù��jhÎ����f��Rj�j�K�i�a`SRS`l�K���5�w¯�PpR]¯�����Ï]�aRnµ�¶·´xÌT¸DP]���K�i�ORl���K�_�a`l��ÏlùY�¨�W`]�K�[�5«]û©�
� ���l�j�SR�«x�l�±SxÌ)�zPA
 �	^sPY�w�E�U�®¯C�[�AP_^�ù´���l�w`l����¯C�i`l�]�¹`j��^]���j�SR-«)ºR-�EÎSRl��

Ïl�5�SR�«j�����f�©�J`]�K�K«j���w`l����¯C�i`l�JPi�f�

D = 4 + 2ε
Ìl��`JR

ε 6= 0
Rj�j�K�i�a`]��Ï]ù´�

��^sPY��`���^�� � Rl�SRJ`]�K�8º



»�»½¼ ¾a¿YÀ�ÁaÀ 7iÂgÃSÄ	¿�Å�ÄOÁjÆÇÀ�Ä�ÈÉ 8SÊ;:]ËÍÌ Á�Ä_Î

∫
dDk

(2π)D

kα(k − q)β

k2(k − q)2
=
− i

6(4π)2

(
− q2

4π

)ε

Γ(−ε)
(

1− 5

3
ε

){
q2gαβ

2(1 + ε)
+qαqβ

}

Z:[ Ì fS}�\
� Ïl�]`l�w�YRJPKÏ]�[�APi��������`l���j��P_^?Rl¯�Pi�f� �l���J`SR]¯��-����� �f���S`VP�«l�K«l���W�S`JR ε −→
0
hlÎS`��[�¨�JPKÏsÏ¾�5�®�]�{���i¯��	
 � ���j�l�JR�«j����h

Γ(−ε) = −
1

ε
− γE +O(ε2), Z:[ Ì feÐY\

��ù^��[�AP
γE = 0.577215...

�¨�TPi�l�f���w���������W�]�¹Ñ��-Ï]�i`�Ì
ä ���j�TPi^?R]¯BPi�f�w��� �f���S`��E¯'�	�j�i� ÎJ`j�f�«`j�i����Ïl«S`SR-�_RS`]�Kû�Rj�K���]�A`]�w¯C�5�Y`JR

M −→∞ R�Ï!R
ε −→ 0

ÌA¸Nù#�©�-�K�AP¨�J`j��^´�	^��5�JR�«j�pR]¯��-��Ï��
q2 R]¯��O`l����¯C�i`�
�VP��f��h-�	^!P]�i�JP��z^r���f�L�Kù��w��^]���l�Y`l�i¯C�[�Kù#`

µ
�O`]����¯��i`j�JPi�[�©�]���E���i`S�aR�«�hVR

^r�®�f�p`]���E�SR ó �

(−q2

4π

)ε

Γ(−ε) = µ2ε

( −q2

4πµ2

)ε

Γ(−ε) = −µ2ε

{
1

ε
+ γE − ln 4π + ln (−q2/µ2) +O(ε)

}
.

Z:[ Ì f�ÒT\Ó��	`l���5ù´���Ô�jP]`l�JPw�AP��V`]�K�i���5�SRj���j� ���K�]Rj�iRGPw�
µ
hô�VP��JP��APw�_R �]��ÎJRl���f�

�VPwÏj��Î]�K���r�w�f�_`]����¯C�i`l�l���K�[Ï!RlÎJRl�]�
(−q2/µ2)

�©Ï!P]���A`SR��KùÄ¯'��Ì
��`JRl�VP��fù´���]�®�J`SR]¯��-�����{Pw� � RS�òÌ [ Ì }i® ¯BP	b���^r�W�f��R��EÎSRj�fÏ!R±�-�K�AP

Πµν
ab = δab

(
−q2gµν + qµqν

)
Π(q2) ,

Π(q2) = −4

3
TF

(
gsµ

ε

4π

)2{
1

ε
+ γE − ln 4π + ln (−q2/µ2)− 5

3
+O(ε)

}
.Z:[ Ì fYf�\

�zP]`]�	^?Rn��Ïl�]`l�w�YRJPKÏ]�[�APi�������Õ`]���a��P_^sR]¯BP��f��h'�V`]�K�w�j�5�SR�� Z:[ Ì fYf�\ �j�Ö^r��
�i�`�Kù#`l�f�5�SR-« �S`SRj�JPi���]���jPY���f�w�w�5�l�K���`�E���i`S�aR�«�ÌE¸DPdP]����Îj���JPi�-���E�i�`�-�w�
�APK�_R�� � �E�����f��¯C�5�SR����S`VPª¯ô«l�]�`�l�`�5�j�i`S�f�[�YRlÎl�JR�« ¯��Kû����lÌ � �TP`�E�]���E¯�f�AP]�l�JPi�f�K�����]�

Π(q2)
�S`JR � Rl�{�aRJ`]�K�U�J`j��^´�	^��5��Rl¯��-��Ï��

q2
0

h]¯BP	b��E¯¬^r��«
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Pi�S`���^��fÏsRl¯ �S`JR¶�w�f�E�JRw^?`-�V�¨¯��wû©�A�Sº

Π(q2) = Π(q2
0)−

4

3
TF

( gs

4π

)2

ln (q2/q2
0) . Z:[ Ì fehY\

S�P_b©�E¯y^r�p`]���j^��fÏsRl¯/R��_`]�����/���L�S`JRl�VP��5���]���jPY���f�w�K�E�l�K���L�5�j�i`S�aR�«®�]�
�w�f�E�E¯�Rj�fÏl�5��`l���j��P_^]«lû Î�Ïl�E�gR��J`]���E�©Î�Ïl�E�kh��[ù^]ù#`�b��wû%���w�YRl�aR]¯BPi�f�w���zPw�
q2 h

Π(q2) ≡ ∆Πε(µ
2) + ΠR(q2/µ2) . Z:[ Ì f�4�\¸ØP��i��`l���j^��fÏl�E�JRj���j���©��^r�JPK�E�]��Îj�JPlhY�Kù#���-�K�AP±Î�Ïl�5�JPi�w�[�K�ih´���w�YRl�f�5ûgR=Pw�

q2 hª¯BP]������^´���f�W`]���a^]�fÏl«j���JPã�-«]�TPKÏ��TP��]��ÎJRl�]��ÌVÙ�ù�û��5�f�w�K���i�K�L�]`JRW�×����¯�R�l��^�� � Rj�SRJ`]�K�j�]º

∆Πε(µ
2) =





−TF

3π
g2

s

4πµ
2ε
[

1
ε + γE − ln(4π)− 5

3

]
(µ

;�×���E¯'�

),

−TF

3π
g2

s

4πµ
2ε 1

ε (
´dÚ�
;�×���E¯'�

),

−TF

3π
g2

s

4πµ
2ε
[

1
ε + γE − ln(4π)

]
(
´dÚ�
;�×���E¯'�

),Z:[ Ì f{g]\
ΠR(q2/µ2) =





−TF

3π
g2

s

4π ln (−q2/µ2) (µ

Å�½�ª�E¯��

),

−TF

3π
g2

s

4π

[
ln (−q2/µ2) + γE − ln(4π)− 5

3

]
(
´dÚ�
Å�×���E¯��

),

−TF

3π
g2

s

4π

[
ln (−q2/µ2)− 5

3

]
(
´dÚ�
Å�×���E¯��

).Z:[ Ì f [ \�z`SR
µ

Å�½�ª�E¯������ �f�ÖR��E�JPKÏl�E�i� �f�AP��j�JPi�f�w�����]�

Π(−µ2)
���z�]�w¯�RS`]�K�j�¶�]�

`l���j��P_^]«lû©�K����Î]�K�f��Ìl´dÚ�R ´dÚ �5�®�[ù��J`]�Kû��5�JR�«�Pw� ^�^�^�^�^�^�^�^�^�^�^�^�^�^
Û��J�a¤V§A�J¨�§A�V§YÜA©T¢
� ^r�l�©�j���K�j�APi�YP��JPKÏ]�5�����K�aP�`JR�«��[�d�l�Y`JRlÎl� pw²Ys�|�q»²{��ow²r³{sH��v�h��w�TP©�i�aRjÎl�SR��Ï]�Y`]�K�]RVPwÏl�[�YPi�YRk`l���j��P_^?Rl¯BP��f�YRú�®�j�f«�¯BP����K�q^´�g�wù^´���®�VP��fù�Ï��l�K�YRúÎJ`j�f�
�J`j�aPi�S`j��^]�[Ïj«]�����l�{R��j�TPi^r�SR��K�ã�JPKÏ]�[���{RU�K���AR]¯BP_^]�_�j�f�i�YR�«�Ì
3��Q`]���_�uÏl�j^r�i¯C���fÏ]�5���]`VPª¯��A�[�SRj�w�VPi�AP¾�����YRl¯�Pi^��i�l�f�w�]R���¯��jbr^l��^r�i���fÏ]�5�e


�Y`VP��l�jÌ?�z`SRú�]��ÏsRjÎSR����]���j^��]���S`SRl¯��-�jhl�J`SRj�JPi�[ù´�®�l�©�jPY���f�w�w�5�l�K���©�5�j�i`�

�aR-« �]� � Pw�AP��l� Z �j���K�j�APi�����fÏ]�5�j�Y`JPi^?Rl�l�i¯�Rj�-� \ �f�Ö^r�w�i�GPi���V`l�w�w�j�5�SR��
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e– e–

e–e–

γ

q= + + + . . .

< ��=�> ��� ¼ ? »�»�@�Þ � ��þ�ÿ�
?þ � 
Sÿ�¹�
Sý � ��þ � ý � ��þ�� � =���Æxþ �Qß ÿ�ý�ÿ]þ � G�I�à e−e− ��� B 
�� ü � � þ�� ?

Zá[ Ì f]fe\ h��JPx���5��¯��A�l�JR TF → 1
R
gs → e

Ì�Ù1ùNPw�i�K�[�w�]�����z�w¯���Ï!Rj���	^´���]�
`l���E�f�i�l�i�w���pRl¯'�®�YR�^r�

T (q2) ∼ −JµJµ
e2

q2

{
1− Π(q2) + . . .

}
, Z:[ Ì f�µT\

��ù^��[�APW�
Jµ �OPw�E�l��Îj�5�ú�fÏ]�5�j�Y`JP�¯��Y�[�JRj�w�SR-«l� � �i`l¯tRVP����5�±�APi��Ìâx�l�Y�e
Å�JRl�fù��¨�JP]`�«V^]ù��

T (q2) ∼ α/q2 �S`SR α = e2/(4π)
Ì ä ���j��P_^]«lû�������VP��J`]�K�i�-��hl�J`j��^?R-���YRl�-�K�]��Pi���l�i�w���YPi�YRj�K�ã�S`JR]¯��SRkh]¯BP	b��z^r���f�L�VP��fù�Ï����

ÎJ`j�f�ã�J`j�aP��J`j��^��fÏj«]�����]�®�TPi�l�f���w���������Vº
α0

q2

{
1−∆Πε(µ

2)−ΠR(q2/µ2)
}
≡ αR(µ2)

q2

{
1− ΠR(q2/µ2)

}
,

Z:[ Ì h�®T\
αR(µ2) = α0

{
1 +

α0

3π
µ2ε

[
1

ε
+ Cãåäçæ3èêéeè

]
+ . . .

}
, α0 ≡

e2
0

4π
,

Z:[ Ì he}�\��ù^��[�APú�
e0
��Pw�E�l��Îj�5�]�Öë-o ° \Wv�\Wvã�TPi�l�f���K�j���K���ú�]� �����YRl¯�Pi^��i�l�f�w�]R��gPw�Ï��Y�a`l�w��bcR]�K�]� �]���l�i�w���AP��i�K��� �fÏ]�5���]`VP_^?Rj�]�w¯�Rl�-� � �E«�PY�ª�EÎj���j�����J`�«V


�TP��l�A�KÏsÏ�^´���E¯'��Ìl��`j�aPi�S`��j^]�fÏl«S�l�SR Z:[ Ì h�®�\ h��i¯��-ÏsRj���	^r�K�����l�¹`l���E�f�i�l�i�w����f���w�i�L�S`l�Y�j�]�pRg^r�w�i���AP�Îj�JPã�J`j��^r�[�-�����K�SR��N���/�[�5Î��E�JRj�[�AP¨�]�O`]�����f�i�l�i�K�j�ih
�TPw�[�AP�Pw���[�YP�«��f�Y`]�K�]��¯BP	b��ì^´�ã�f�¾�a`]�K�i�JR�� �E�{�[���_`JR]¯C�5�j����Ï]�SRj�K��^´�K�l�JR�Ì
â��fù�û��JPi�[��¯C�_`JR]¯ pK²ks�|rq»²{��ow²-v�|rv�\WvÜ�TP��j�f���K�j���¨�l���K���AR]¯BP_^��i�j�[�w�YRj�

αR
Ì
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��`��5�JP]`]¯�RS`l�w���5�AP Z:[ Ì h�®�\ �¾�5¯�Rl��Ï]�5�VP¨�5�i¯BP��K�TPã�[���]�K�S`]�K�YR���^r�VPw�E�l��Î�
�VPd
����K�-�jh�Îj� �i�aRjÎl�SR���Ïl�]`l�w�YRJPKÏ]�[�APi�]R«`]���a��P_^sR]¯BP��f�YR¬Pi���w�aRlÎj�SR��wù��j


¯BP	b��SRx�S`JPi�j�5�aRx�]��`]���E�f�_�j���K�j�q^´���f�����JRlûqP	b��w�i�K�±ÎJ`j�f����^r�VPmR �fù�ûqP
�J`j��^�� � Rl�SRJ`]�K�j�Ü�]���TPi�l�f���w����������R®�VPwÏl�[��������Ìe�zPKÏ!P	bnRj�K�fÏ��]������Î��i`j���/�]�
�-��ÏsRV��`VP��Kù�Îl�JRj�K�Ü�K�aP�`JRSR��-���AP¨�l�i�w���AP��i�K�����fÏ]�5�j�Y`VP_^?Rj�]�w¯tRj�-��R®�j���K�j�AP�

�i�����X�J`VPª¯BP_^sRl�l�i¯�Rl�-����h-Îj�/�-��ÏsRV��`VP��Kù�Îl�]�����©�iRl¯C�5�Y`JR�«����Y`l�w���YRS`]���S`��j

�VP�`l¯�RS`��i�E¯BP��f�K�����]���K�aP]`SR�«j����Ì

��`��5�JP]`]¯�RS`l�w�l�K�����TPi�l�f���K�j���
αR(µ2)

���K�]Rj�iRnPw�ã�S`VP�R-���APKÏ��SR-« ¯'�Kû©�A�
µ
�]��R��i�]`]�K�]�����ú�×���E¯�� �]���J`j�5�JP]`]¯�RS`VP��w�-�Líæ�TPi�l�f���w���������

Cscheme
Pw�E�l��


Îl�w�i�«`l���[Ï!RlÎl�JRj�K���J`]�A�l�JR%Î�Ï]�5�VP��K�z���V`]�K�i���5�SRj� Z:[ Ì f-gY\Uî Ì�ï/�i�K�j�AP��YRj�K��J`SRl¯��JR©�Kù��K�abg^´�������K�YRl�aR]¯BPi�[�WPi�/¯��Kû����ª� �JP¾��^?Rj�©¯��VP��jPzR��5�Kù��lÎ��5���l��

ÎJRl�kÌSÓ

αR(µ2)
R��S`��5�JP]`]¯�RS`l�w�l�K���©�JPi�S`l�w�w�-�¨�jùÄ¯z�jPY���f�w�K�E�l�K�����E�Vði`S�aR�«

ΠR(q2/µ2)
���K�]Rj�u«j�{Pi�

µ
h��VP � R��_RjÎj�5�[�-�K�����w¯���Ï!Rj���	^´�W�]�n`l���E�f�i�l�i�w���L�

�5�f�K�5�[�w�K�5�JPW�j�f���K�]Rj�[�5û©��Pw�
µ
º Z Q2 ≡ −q2 \

T (q2) ∼ −4π JµJµ
αR(µ2)

q2

{
1 +

αR(µ2)

3π

[
ln

(−q2

µ2

)
+ C ′ãåäçæ3èêéeè

]
+ . . .

}
=

= 4π JµJµ
αR(Q2)

Q2

{
1 +

αR(Q2)

3π
C ′ãåäçæ3èêéeè + · · ·

}
. Z:[ Ì hYÐ]\

â��fÏsRjÎSRl�l�K���
α(Q2) ≡ αR(Q2)

�[���]�A`SRlÎl� �j���K�j�APi�YP��fÏ]�5���]`VP_^?Rj�]�	

¯�RjÎl�JPmñfZ?òòv�óWqWX[tiv�o���qiôws�� ° \�X�o´s�Ì?Ñz�]Rl�l�VP��K�5�]�������TP��j�[���w�������l� � Rl�]������f�Y`��������V`]�

α = 1/137
�[�c^�� � Rj�SRJ`]��ÎS`j�f�±�-Ïr�K�aRlÎj�5�[�-����� � P]`]¯ô��Ï����l�

¸ØPª¯��fù���h1���K�APi�����E«ªPw�Y�jP��i�Y`�« �]� ¯��VP��jP �JRl�[�SR �E���i`S�aRSR
Q2 = −m2

e

Ì
õ��5�VP��ih�Î����f�AP��j�JPi�[�K�����l�

α
�S`SR �5�{�[�j�i`JR]¯C�5�j�YRj�K���Kù�� � R-�_Rl�-�������]�

�YRl�jPi�SR��w�W�5�j�i`J�iRJR��j���W�fù�û������Lí
α(M2

Z)ö?÷ = 1/129 î Ì)�k�K�]Rj�aR]¯BP��f�K���ú�l�
α(Q2)

Pw�®�5�j�i`S�aR�«j���®�f��`j�i����ÏsRJ`]�rPw�®��Ìõ�]�A`�Ì
β

 � ���l�l�JR�«8º

µ
dα

dµ
≡ α β(α) ; β(α) = β1

α

π
+ β2

(α
π

)2

+ · · · Z:[ Ì h�ÒT\
â ��^r�VP��J`SRl¯��TPi�AP �J`SRJ�KÏsR�b��E�JRj�

β

 � ���l�j�SR-«l��� �f���[�w�jbr^r�G^!P ��ù#`l�YR�«
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�TPw� � Rj�SRj�5����h��TP]�j�AP�� � Rj�{�aRS`]�K�mPi�®�V`l�w�w�j�5�SR�� Z:[ Ì h�}	\ º

β
~�ø��
1 =

2

3
. Z:[ Ì h	f�\

¸ØP����w�i��^?R � �i`j�5�l�JR]��Ï��JPw�AP��V`]�K�i���E�JRj��Pi���jù#`j�]R�`���^ Z:[ Ì h�ÒT\ ¯BP	b��dÏ]�5�[�JP^r�®�f�p`j� ó RmRk`��f�5��Ï]�����KùY���]º

α(Q2) =
α(Q2

0)

1− β1α(Q2
0)

2π
ln (Q2/Q2

0)
. Z:[ Ì hYh]\

¸�ù#� �-�K�AP
β1 > 0

h���«S���KûqPi�AP������YRl¯�Pi^��i�l�f�w�YRj���l���l�i�w���YPi�i�K�����fÏl�E����

`VP_^?Rj�]�w¯�Rl�-�Ö`l�w�f�K���W���K�fÏsRlÎl�w�i�K�j���]�±�E���i`S�aR�«j���Vº

α(Q2) > α(Q2
0)
�w�TP

Q2 > Q2
0 � ��Ìæ��Ì��fÏl�E���Y`JP�¯'�A�[�SR��i�JR�«j�����A`�«V^��]�w¯���Ïj«]�i�¾�]���jPwÏl�E¯tR�`]���E�f�YPE«V
�JR�«�ÌT¸DPi���¨¯BP	b��W^r�ã�f��`l���i�w�i`j��Rj�j���VRj�YRj�i�VP��-�K�APã� � �5�j�ã�l���E�J`]�K�SRJ`]�K�j�

Pw���YRS`����{��Ï��JRj�K�
e+e−

^��YP]�l�JR�hÄ�JP]`JP_^]�E�JR�ÎS`��[� �l�i�K�j�AP��YR�� � �5�j�YR¬Pi�TPA

ÏSP©���A`�«V^r�jÌlT�R��_RjÎj�5�[�SR�«j���i�w�-�{�j¯ �©�l�i�w���AP��i�K���©�fÏ]�5�j�Y`VP_^?Rj�]�w¯tRj�-�rR]¯��
�VP��K��^��5�SR����l�®�JPKÏl«S`SR��_RJ`]�K�]�g^?R��[Ïl�5�j�Y`SRjÎl�]�W�a`j��^´��Ì

+      –
+      –

+      – +      –

+      –

+      
–

+  
    

–

+ 
    

 –

– q q

< ��=¸> ��� ¼ ? »×ÝE@�ù J��HG�ý � ÿ�à � =Sþ���ý]þ�ÿ��HG ��� þ�� ��� þ��$þ � B ��� Æ º � ¹���F�ÿòJ�Æ � þ � 
 � � ºi��?
�zPKÏr�A���A�l�JR

µ2 = Q2 �x�V`l�w�w�j�5�JRj� Z:[ Ì hYÐ]\ h'�f�U���JRlûqP	b��w�i�K�z�i�aRjÎl�SR���K�]Rj�aR]¯BP��f�YRmPi�
ln (Q2/µ2)

Pw���i�aRlÎj�SRU�JP]`�«V^]ù��SRU�JP
α
ÌNú'«!���wûqPw�YPW������


Rl¯BP_^��i�l�f�w�YRj� Zá[ Ì h]hY\ �fù)��RJ`]���i�aRlÎj�SR��AP_^��5û�R¶Ï!P]���A`SR��i¯tRjÎl�JRx�VP��J`]�K�i�JR�h
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��Ìæ��Ì

α(Q2) = α(µ2)
∞∑

n=0

[
β1α(µ2)

2π
ln (Q2/µ2)

]n

. Z:[ Ì h�4T\
ü�P����Y`JRj�i¯�RlÎl�JRj�K�®Î-Ï]�5�JPi�K�gPw���VPA
;�]Rj�aPi���VP�`�«�^�ù��dPw�Y�jP��i�Y`�«j���l���J`SRl�VPA

�5�`�l���S`JP]R��E�APwÏl�5�G��`VP�� �S`JR]¯��SR��]���jPY���f�w�w�5�l�K���¶�5�j�i`S�aR�«�hô��Ï!P	b��5�SR �
�J`JPi�]�A�����AP�`l���l�ã�J`JP�¯C�abg^]�-�Kù�Îj�5� � Pi�APi� �]� � RS�òÌ [ Ì }]} [1−ΠR(q2/µ2)+(
ΠR(q2/µ2)

)2
+ · · · ] Ì

� `l�w�w�j�5�SR�� Z:[ Ì h�ÒT\ ¯BP	b��O^r�®�[�/���w�JR ó ���-���YPSº
dα

αβ
=
dµ

µ
Z:[ Ì hwg]\

¸�ù#�W�-�K�AP��¨��^r�JPi�S`JR]¯��TPi�YPã�J`SRJ�KÏsR�b��E�JRj�
β
�f���[�w�jbr^r�¨�E�w¯BPO^sP���ù#`l�YR�«

�aR��TPi� � Rl�SR��5�j��h
β =

β1

π
α
h{�S`JR����i¯C�5�f�w���K�j�¾���V`l�w�w�j�5�SR��[�YP©�JPKÏl��Îl�w�i�w¯��]º

dα

β1

π
α2

=
dµ

µ
Z:[ Ì h [ \

¸ØP����w�i���jP�`j�JPw�APU�V`l�w�w�j�5�SR��W�f���[�w�jbr^r��^!PÖR-�_`]�����{`]���j^��fÏ]�5�SRx�S`VPª¯C�5��

Ï!Rl�YR dα

α2
=
β1

π

dµ

µ

h]�TP����AP ¯BP	b��E¯ �K��^r�]�A���X^´�nRl���w�i�a`SRJ`]�w¯C��Ì ä �[�[��Ïl�����KùY��]º
−

2

α
+

1

α0
=
β1

π
ln
µ

Λ
Z:[ Ì h�µT\

ýz`j�f�¨�J`j�i�a`����SRJ`]�K�j�¨�l�{R��_`]���_Rj�K�

1

α0

[
1−

β1

π
α0ln

µ

Λ

]
=

2

α
, Z:[ Ì 4Y®T\

�f�YRS���i¯C�W^!P®�S`l�Y�j�SR-«�`��[�[��Ïl���������¨�S`��5�JP]`]¯�RS`l�w�l�K�����TP��j�f���K�j�����]�ã�K���AR�
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¯BP_^]�i�l�f�w�]R��5�APSº

α =
α0

1−
β1

π
α0ln

µ

Λ

Z:[ Ì 4V}�\

ÿ �T�½¢ � §rÜA¡a¢	 J¨�§��s������¥�ÜA J�OÜ{©JÜA¢�¤V¥�§AÜA¢�¥a¢	�e�J§A¨�§��s V¤J¢	¨� J©T¢

+ + + + . . .

<�
 =¸>��� ¼ ? »½û�@ < � ü�� à�� ����� 
 º 
 ��=�����à 
�� º�� F�� 
 � ���"Æ ñ 
 B �/F���� ��� ��à 
 ��� � ��� ��� � � 
 J�!��� � �"� B � 
 à �Hº � ü �#� � 
 � ? Þ �������²��� � �$�%�NJ 
 � 
 Æ/F � G� B � � º >�& �'� �$�%�NF � F���� � G� ?

��`��5�JP]`]¯�RS`l�w���5�AP �]���TPi�l�f���K�j���K��� �l���l�i�w���YPi�i�K���G�J`VPª¯BP_^sRl�]�w¯�Rl�-�
�J`JPw�YRlÎ]���JP��JP_^!P]�w�5���]��ÎJRl�kÌ8�zP]`]�	^?R¶�j�E���i�fÏ]�5�YR�«��{�Y`l�w���w�i`��l�

SUC(3)�fù�ûã�5�[�w���������^sPi�jù�Ï]�SR��w�fÏ]�SRÞ�VP��J`]�K�i�JR Pi� �5�w¯�Pi^��i�l�f�w�]R��[�YP �l���¼Ïl�]PA

�JRj�K�iÌ#Ù�Ï]��^ �S`��E�5¯ô«j���K�j�®�l���fùNPi�w�K�5�w�JRj�K�®��^r�VPA
;�S`SRl¯��TP��YRÖ^?Rl�Y�a`]�w¯�R��]�
� RS�òÌ [ Ì }_Ò hf�[���VPwÏj��Î]�K���N�f�YP]�l�VP��f�K��� �]���jù#`l�YR�«��TPi� � Rl�SR��5�j� �]� β 
 � ���l�l�JR�«j���Vº

β1 =
2

3
TFNf −

11

6
CA =

2Nf − 11NC

6
. Z:[ Ì 4�Ð]\

��PwÏSP	bcRj�K�fÏ��JR�«j���S`JRl�VP��whj�J`JPi�JP]`l�JRJPi�]��Ï]�5�ú�]�
Nf
h-���VP�`VP_^��5��Pw�®�J`SRl¯E


�JR
q


q̄
RÖPi�Y�jP��i�A`�«��l���j���K�j�APi�YP��[Ïl�5�j�Y`JP_^sRl�l�i¯�RlÎj�SR-«Ô`j�f�[��Ïl����� Z �XR-���e
Ï!Ï¾Îj�5�SR����l��¯��VP	bcRj�K�fÏl«

TF \ ÌÙ �i¯BP_^]�_�j�f�i�YR�«j���W�]�c�uÏj��Pi�SR��K�q^r�w�i�K�¹Pw��
`JRl�l�K�K�fÏ��JR�« �S`JRl�VP��wh~�J`JPi�JP]`l�JRJPi�]��Ï]�5���]�
NC

ÌØ¸ØPw�_R��K�AP�`JR�Î�Ïl�E�y^´�K���
PY��«l�[�j�5�SR����]�±�]�K�jù�Ï]�JPk`]���[ÏsRlÎj�JPw�AP��JPi�K�j^]�5�SRj�W�l�U�j���K�j�APi���������J`JP�¯BPA

^sRl�l�i¯�Rl�-�Vº

β1 < 0
�K�TP

Nf ≤ 16
ÌJÙ�ùlPw�w�w�[�w�JPw�AP{��«S���Kû�Pã�����YRl¯BP_^��i�l�f�w�YRj�
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�l�®�l�i�w���AP��i�K���{�J`VPª¯BP_^sRl�l�i¯�Rl�-��h

αs(Q
2) =

αs(Q
2
0)

1− β1αs(Q2
0)

2π ln (Q2/Q2
0)
, Z:[ Ì 4YÒT\

�l�i¯���Ïl«l���®�J`SRU¯���Ï]�SRk`]���E�[�AP�«l�SR-«Ùh���Ìæ�iÌ
lim

Q2→∞
αs(Q

2) = 0 . Z:[ Ì 4�fe\
Ù�Ï]��^!P��i�K�K�fÏ��VP]h����

Nf ≤ 16
�l�i�w���AP��i�K��� �J`JP�¯BP_^?Rj�]�w¯tRj�-���S`JRj�K�jb®�K�i�

�-�ebW�JPw�AP%�[�YP]�l�f�w�AP �l� �K�aR]¯��j�APw�]RjÎl�l� �[�YPY�]Pi^´��Ì�ï/��Ï!RJ�]`JPi�wù�Îl�JRj�K� �5��

¯BP_^]�i�l�f�w�]R-«��l�k�¼Ïl�]P��JRj�K��²-v5t���v5t�X�v�\ )p¯"* ���A`�«�^?Rj�K�¹Rz�J`j��^?R-�E�]Rj�l�i�K�
� � �E���®�l�úv�|]\®o]÷Hs�y[²-v�|]ow²-v�|´s�Ì!¸DPK�	R�� � �5�j�®���L�fù�ûã�5�[�w�������ã���j���K�j�APi�������
�fÏl�E���Y`JP_^sRl�]�w¯�Rl�-��h��wù#�ã�-���AP � Pi�APi�SR��w�N�-«�¯����¾�[Ïl�5�j�Y`SRjÎj�5�ã���A`�«V^�ÌAÙ �i¯BP
���E�A����Ïl�5�]R��-��ÏsRV��`VP��Kù�Îl�JR��w�aP]`SRJR�hC�`�TP]Rj�AP��J`JP�¯��jbr^l�-�KùjÎj�SR��w�±�-��ÏsRV�A

`VP��Kù�Îl�JR��YPw�iPi�SR�R]¯���� �5�w¯BP_^��i�l�f�w�YRj�ih1�S`JRj�K�jb®�K�i�K� �YPi�i���[�AP��j�f�i�AP �]�
�K�j�YRe
;�5�S`l�w�JRS`]�K�j�iÌ

â�ù��S`��5�SR�Î��©�j���K�j�APi�]R��K�®� � �5�j�YR��AP_^]«j�c^!P����K�]Rj�iRl¯BP��f�cPi���5�j�i`S�aR-«V

���jhÙ�Y`�«S�i�i��^r�±�f�nPi�S`��j^]�fÏsR �5���_`J�f�5�YRjÎj�5�z¯��Kû����lh��[�J`�«�¯BPU�TP����APm^r��^]�E�
Q2 �O�jPwÏj«�¯xR�Ï!RU¯'��Ï]ù��kÌ � ^r�l���wù���¯BP	bW�VP��f�©�z^r���f��R-�_�w�i`j��¯��wû©���]h��S`SR�TP]�j�AP

αs
�f���K���U�aR�Ï��VP`�����YRl¯BP_^��i�l�f�w�YRj� Z ��Ìõ�iÌ αs ∼ 1 \ hÄ��ù^��[�AP��K�EÎ����j�¯BP	b��q^´� �f�gR��E�JPKÏl�E�i���K�iP]`SR-«��]�����i`j���V`J���w�JRSR��w�iÌØ�zP�
;�APiÎl�VP�P��J`j��^��fÏ]��


�JRj��¯BP	b��c^r�U�f�r^r��^]�wPw�d`�� ó �5�SR��[�YP¶�]��^?R � �i`j�5�j�SR]��Ï��VPi�AP��V`l�w�w�j�5�SR�����
β

 � ���l�l�JR�«j��� Z:[ Ì h�ÒT\ Ì?â ��^r�VP��J`SR]¯��TPi�YPW�J`SRV�wÏ!RVb��5�SRj�ã�f�L�JPKÏl��Î]�K�i�

lnµ+
π

β1αs(µ2)
= ln Λ , Z:[ Ì 4�hY\

��ù^��[�AP
ln Λ

�¨�S`VP��f�APcRl���w�i�a`]�K�SRVP��j�]���TPi�l�f���K�j���jÌlÙ�Ï]��^sPi�����K�fÏ��JP

αs(µ
2) =

2π

−β1 ln (µ2/Λ2)
. Z:[ Ì 4w4T\

��P��APw�_Rn�]�EÎSRl� ���w¯��5�-«�¯C�k�i�f�_`]����¯��i`j�SR�« �]�A`]�w¯C�[�wù#`
gs
�d`l����¯C�i`l�JR�«

¯��Kû����
Λ
ÌBú `JPE«l�¶�]�A`]�w¯C�5�Y`JR��]�+)p¯"* �K�aP�`JR�«j���mP��f���K�i�U�fù�û�R�«j� Z } ���
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�w�f��¯'�K�jP��YR��j���A`l�JR \ hk�VPú�l�i�K�j�AP��YRj�K��� � �5���]R��VP�`l��br^r�K�±�5�j�i`J�[�[�YRlÎj�]������[�-��Ïr��Ì)â�ù��S`��5�SR�Î��©�V`�Ì Z:[ Ì 4YÒT\ �fù��j^´�K���W�w�j�5Î]���EÏl�E�JRj�ihkÎ������K�]Rj�iRl¯BP��f�K���Pw�ú�5�j�i`S�aR-«l��� �]�

αs(µ
2)
�w��ÏsÏ¾Îj���w^������l�Y`l�i¯C�[�Kù#`]��h

µ2
0

R
αs(µ

2
0)
hk�5�i¯BP

�TP�¯B��Rj�]�K�SR-«l��� Zá[ Ì 4ThY\ ��Pw�®���l��Îj�5�JRj�ihl�-�K�j�AP��¨�JPi�-�����K�JPW� Z:[ Ì 4w4T\ ÌïzP]�����AP
µ >> Λ

h
αs(µ

2)→ 0
hw���K�-�LÎ����f�Ü�Kù��E�f���K�JPi�K«l�����w�aRl¯����APi�YRlÎe


�l�K���U�[�AP]�YP_^r�jÌØ��`JR �VP��JRVb��K���K�j���]�ú�5�j�i`S�aR-«l������«!���wûqPw�YPU�����YRl¯�Pi^��i�l��

�w�YRj���]�A`]�K�f�i�i� � ��� µ → Λ

h
αs(µ

2) → ∞ R �K�aP]`SR�«��]�±�j�i`j���V`V�ª�K�SRJRj�K�
�f���w�i�����5�S`SR-Ï!P	bnR]¯��jÌ]SU�Kû����wùY�

Λ
�JPi�-�����i�¨�TP������aR�Ï��VPi�AP��K���AR]¯BP_^��i�j�[��


�YRj�",�- ¥�.Ü§ °0/ ^�^�^�^21 `l�w�w�j�5�JRj� Z:[ Ì 4w4T\ �VP_^r�[�-���E����h�Îj�N�S`JR��SRl�[�JR��5�j�i`S�aRSR���Kù���¯BP	bW�JPL�]��ÏsRjÎSRj�[�AP¨�l���TPi� � �A�l�l¯C�E���¨�L�j���K�j�APi���������J`JP�¯�Pi^?Rl�l�i¯�Rj�-�jh
�VP����Q^r�w�i��^!P��-�����K�K�fÏ��f�w���d���¾�AP��i��hi�Kù#���-�K�APL�K�aP]`SR�«��]�����i`j���V`J���w�JRSR��w�
�J`j�5�f���K����^r���¨�i��Ï!R�^r�l�®�S`JR

µ→ Λ
Ì

3� ��'4� �¦J§A¦V�J¢	ÜY©V 
â Rj� ó Rj�K���JPi�S`]�K�w�SR��JP �w�aP]`SR-«x�]� ���_`����V`J���w�JRSRj�K�W�5� ¯��VP��jP��VPA
;����bW�JR�©�l�i�w���AP��i�K�����J`JP�¯BP_^?Rj�]�w¯tRj�-�jh�Pi�w�TPKÏ��TPw�APW�®�l�i�w���AP��i�K���©�fÏ]�5�j�Y`VP_^?Rj�]�	

¯�Rj�-�jh��Kù#� �-���YPz�TP��j�f���K�j������� �]���K���AR]¯BP_^��i�j�[�w�YRj�ú�¶¯��JP]�jP �VPA
U�jPwÏj«�¯��
Z �S`SR �JRl�[�SR �5�j�i`J�iRJR \ Ì��k� ���Eû©�K�[�YR��/R �J`j�5�5¯ô«l���w�JR�«j��� �5� ¯��VP��jP �VPA
��ÏSP	bW�SR��K���j�SRlÎ��5�5�JR�ÌØâ�ù��S`��5�SR��Y`��	^��JPi�f�]R��K��hÄ¯��JP]�jPú�w�fÏ!RlÎSRj�SR��5� �K�EÎ��
�J`j�5�5¯C�5�w�l�K�YRU�/�APiÎl�JPi�f�r^sP O(α2

s)
R�Ï!R�^!P�`JRw^sP O(α3

s)
Ì
β

 � ���l�l�JR�«j���®�

�J`j�5�5¯C�5�w�l�K���¶�U�S`SRV�wÏ!RVb��5�SR��c^!P`�Y`SR��J`SRl¯��JR � �JPKÏl��Îj�5�JRj�K� �f�AP]�l�JPi�f�YR�l�®�TPi� � Rl�SR��5�j�YRj�K���S`JR¶�VPA
;�]Rj�aPi�±�JP]`�«V^]ù��ú� ´dÚ��×����¯����E�Vº

β2 = −51

4
+

19

12
Nf ; β3 =

1

64

[
−2857 +

5033

9
Nf −

325

27
N2

f

]
.

Z:[ Ì 4�g]\5 �TP
Nf ≤ 8

h
β2 < 0 Z β3 < 0

���
Nf ≤ 5 \ h��TPi�[�AP¬^sPi�jù�Ï��JRj�K�fÏ��VP

^!P��J`SRj�]�K�u«ú�����JPi�K�j^]�5�SRj�[�AP��]���K�aR]¯��j�APw�]RjÎl�l���[�AP]�YP_^´��Ì
�k�K�]Rj�aR]¯BP��f�K�����l�w��«S���Kû�Pw�APú�����AR]¯BP_^]�i�l�f�w�]R��gPw���5�j�i`S�aR-«l��� �S`JRx�VPA
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�YRl�jPi�±�JP]`�«V^]ù��U�f�z^´�K���rPw�Jº

αs(µ
2) = αs(µ

2
0)

{
1− β1

2

αs(µ
2
0)

π
ln
(
µ2/µ2

0

)
− β2

2

(
αs(µ

2
0)

π

)2

ln
(
µ2/µ2

0

)
+ · · ·

}−1

,

Z:[ Ì 4 [ \R-ÏsRU�®�K�_`l¯�Rl�SRU�]�
Λ
h

αs(µ
2) =

2π

(−β1) ln (µ2/Λ2)

{
1− β2

β1

2

(−β1) ln (µ2/Λ2)
ln

[
1

2
ln
(
µ2/Λ2

)]
+ · · ·

}
.

Z:[ Ì 4wµT\��`JR��a`]�K�i�-«]�i�K�j���]�¹`]���5Ï!RlÎj�SR6)p¯"*87J± §ò^�^ �p^´�K�l�JRj�K�ih´�Y`�«J���i�n^r���f�Rl¯��ã�J`j��^r�YR�^�h{Îj�d�w�u«l�-�z^´�	^��5�]�¨�f�AP��j�JPi�f�©�l�
αs
�f��Pw�w�]�K�u«����pP��J`j��^��fÏ]�5�

R-�i�]P]`��l��¯��Kû�����R��S`��5�JP]`]¯�RS`VP��Kù�Îl�]�d�×���E¯��jÌ:9d�5ûqPd�JPi�w�5Îj�ih��JPKÏl��Î��5�SRj�K�
ÎJRl��Ï!Pi�YR¨�[�AP]�l�VP��f�YRã�E� `]���[ÏsRlÎj�SRkh��w�TP��[��`]���YPi�YRã�;-êð ¢w£�< ¦>= Z Q@? \ h ¦ ð'A�±Í
�± ¥ 
-êð ¢w£�< ¦>= ZCB Q@? \L¥�¤�¦ ð'A�±Í
�± ¥ 
 ¦ ð'A�±Í
�± ¥ 
D-êð ¢K£0<Ë¦�= ZCB B Q@? \�¥i¤	£ ð ¤ Ì ^�^�^ â�ù��J`j�5�SRÎ��W�]�A`]�w¯C�5�Kù#`�ùY�

Λ
�j�®���K�]Rj�aRyPw�¶¯��wû©�A����hk�YP]� �©���K�YRl�aR]¯�Pw�U�×����¯�������Ì

9/�w�J`SR]¯C�i`8º
Λ2ö?÷ =

ð γE

4π
Λ2ö?÷ . Z:[ Ì g�®T\

9¾�EûqP��VP��K�5Îj�ih
ΛEGF 6= ΛHIEGF 6= ΛHIHIEGF Ì)â1�fù�û��JPi�f� � B Q@? ¯BP����K�c^´���f�q^r��


^r�K�¹`l���[ÏsRjÎl�JRm^�� � Rl�SRj�SRJR��]�
Λ
�®���K�YRl�aR]¯BPi�[�nPw���]��ÎJRl�l���l�¹R-�_�]RS`l�w���

�l�LRj�j�K�i�i`l�w�JRJPi�l�l�K���z�TP��j�f���K�j��� �S`SR`j� ó �K�i�w���¶�l�=^sR � �_`��5�l�SRl��Ï]�JPw�AP�V`l�w�w�j�5�JRj�ã���
β

 � ���j�l�SR-«l���jÌN¸Nù#�`�-�K�AP��m´dÚkR ´ÖÚU�×���E¯tR��K�©�TPw� � Rj�SR�


�5���]R��K�±�]�
β

 � ���j�l�SR-«l���`���K�YRl�u«j�dPw�

Nf
h
Λ
R]¯��=`l���[ÏsRjÎl�JR �f�AP]�l�JPi�f�YR

�J`SR��S`VPª¯ô«l�]�¨�]�p�]`JP�«��A`JP�¯��K�YR�ÌJâ B Q@?©hª�Y`jù��E�-�����¨¯C�jbr^]��¯��Kû����]Rj�K� Λ���©�Y`JRdR±Îj�[�YRS`JR`�A`JP�¯��K���W�f�z^´�K���gPw�Jº

Λ4 ≈ Λ3

(
Λ3

mc

)2/25 [
ln
(
m2

c/Λ
2
3

)]−107/1875
. Z:[ Ì ge}�\
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e–

e+

γ, Z
Hadrons

q

q
<�
 =¸>I��� ¼ ? »Çþ�@

e+e− → γ∗, Z∗ → � º � �'� 
 ?

4#57685KJ Ld�T@DHJ�@NM?<sH�OQP�RE</FNP?<SREH�T�P?<LK)@NT?MUT�VWOQRB<?MXOEF)<
e+e−

→

¢�!�J§A¤V 
Ód�l��Ïj�{�_Rl�w�JPw�YPW`]��br^´�K�j���]� ��^s`JPi�SR�Pw���K�SRe�JR�Ï��w�JR�«j���Ü�l�

e+e−
�'�S`JPi�j�5�wh

�TP]�j�APL¯BP	b���^´�¾�f�oR��E�VPwÏj���i� ��� ^´�K���K�j�1�]��P����5�l�-���]�¾�J`j��^r�[�-�����K�SR-«l�����]�
�j���K�j�APi�������Ô�J`JP�¯�Pi^?Rl�l�i¯�Rj�-�jÌ ä ��br^´�K�j�[�AP��l�z�	^?`JPi�SR �f��P��fù�ûã�E�f�w��«]�i�ÎJ`j�f�=Pi�[�JPi�i�JR�« ¯C���{�w�JR��5ùÄ¯

e+e− → γ∗, Z∗ → qq̄
h��-�K�AP �S`l�Y�j�]�����

q



q̄
^��YP]�l�-� �K���AR]¯BP_^]�_�j�f�i�i��ÎS`j�f�Y)p¯"* �iR-ÏsR � ��Ìõ�iÌ��l�i�Y`j�SR��w� PY�ª¯C�5��«j�ÕR

R-�[Ï]ù�Îl�i�K�{�uÏl�]Pi�SR Z R q′ 
 q̄′ ^��YP]�l�JR \ �JPW�w�iRjÎl�JR¶�Kù���¯�P_bW�SRú�l��ÎSRj�SR�Ì��`JR¨�]Rj�jP��JR��E���i`S�aRSRkhE�TP]�����YP
αs
�1¯���Ï��-��h�¯BP����K�Q^´�Ü�f��R��E�JPKÏl�E�i�K�Ü�j�i`�


���V`V�ª���YRl�w�SRW�w���j�JRl�SR®���OR-�E�fÏl��^r�i�w��� �l��`]���[ÏsRjÎl�SR��VP_^r�J`JPi�j�5�aR8º
e+e− →

qq̄, qq̄G, qq̄GG, . . .
9zP��w�[�¹Piû����j����«l�f�E�z�]��ÎJRl�jù´��hC�JP��TP]�j�AP��l�i�A`l�SRe


�K�mRÕ�uÏj��Pi�SR��w�U�	^?`VP��JR��_RS`l�K��Ì�ï���Î��E�f�w�K�E�VP��JP]�uÏl�j^��]���AP]hBPw�
q


q̄
�APi�-���f�

`l��bg^´�����l�i�Y`j�SR¬R��	^?`VP��JR��S`JR�¯��VP��jP`¯���Ï]�SRG`l���E�f�AP�«]�JR�«�h
x ∼ 1/

√
s
Ì

Ù�Ï]��^W�APi���d�K�Ü�J`JP_^]ù�ÏSb��w�i����^´��R��[Ï]ù�Îj������^sPi�jù�Ï��JRj�K�fÏ��VPã¯C�E�JRr�¼Ïl�]P��JR®�
�l�i¯���Ïl«l���K�j���l���E���i`S�aR�«j����Ì]��`SR��JP�
|�jPKÏ]�E¯�R�`l���E�f�AP�«l�SR�«�h

x ∼ 1/Λ
h������YRe


¯BP_^]�i�l�f�w�]R��5�AP��f���K���ã¯��JP]�jPã�aR�Ï��VP�R��l�w�f�Kù��l�i�¨�S`JPi�j�5�¾�l���	^?`VP��JR����K�SR�«�Ì
¸�ù#� �-���AP©Ï!Rl�l�[�i���f�Y`JP]�jPgPi�SRj�5�w�JRj�/�]��¯C�j�{�K�SR���¯��ã�]�ã�TP�� � �A�l�]¯C�5�j��hj���
¯BP]�����k^r���[�n^´�	^´�����APiÎl�SR �S`���^r�[�-�����K�SR-«z���d`]���[ÏsRjÎl�SR��K�ú�E�{�[�-Ïl�{�_Rl�w�SR
�J`JPi�j�5�aR�h{�]�K�S`JR]¯C�i`

e+e− → 16π
Ì�9zP�¯BP	b���^´�¨�f�d�]�K�S`l�w�YRc^!P��f���¨�APiÎl�VP

�J`j��^r�[�-�����w�JRj�����{Rj�l��Ïj�{�_Rl�w�JPw�YP¹`l��br^r�w���ã�]���	^?`VP��JR¶�-���APW��«�Ï!PSº

σ(e+e− → ¡]¢K£l¤�¥�¦j§ ) = σ(e+e− → qq̄ + qq̄G+ qq̄GG+ . . .) . Zá[ Ì g]ÐY\
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��P_^?`VP]�i�JPi�f�]R��K�¨�]���J`]�A�l�l�K������^s`JPi�SR����K�SR-«U��«]¯'���®�Y`jù��E�-����Rl�j��Ïj�{�	Rj��

�l�K���x���j¯���hC���Kû�Pw�APx�w�i`JPE«l�w�JPi�f�K���������	^?`VP��JR����w�JR�« �±�S`VP��f�AP ��^sRl�SRj�]�
�VP�`l��^sR¶�l� ó �[�APr^sPi�����5�-�K�j�/���®�TP�� � �A�l�]¯C�5�j��Ì

σ ∼

q
e– e–

e+ e+

γ γ
σ~

q

<�
 =¸>��� ¼ ? »G(E@ D 
 ��=�����à��$�%��F � G� B � � � ��I B G�$�%��àS��Z º >/ý�ÆEJ � � � ���Í��� � 
 � B �[���$Z º � � �� �\� º � �'� 
]
 ß > � G�ý 
 Æ��%�
Πµν(q)

?_^ �òF�G�$�%�
qq̄
�¸I º I`��Za� � � 
 ��G 
 � I B à � Z � 
 M�O�PG � ���HG�ý 
�
 ? Þ �������Í��� � �$�%� � ����� 
 G�uJ � �LJ 
 � 
 Æ®F � G� B � � � ����G��F�G�$�%�	�;��� B º �ÅJb� � ��F �� � 
 ��G 
 � I B à � Z � 
 � �½� 
 � 
 �%�òGI� � ����J�Æ � �$�%� 
 º Æ�� � �$�%�;�#�'��� � � º � � ��= �'� ���fÆ��;��I � �$!� ��� ���c� �c��à�F5J 
 ��> º �%�%� � �;���$Z º � � �

T

 � � � � ü�� �$�%��G � à�FEJ��HG�� ��� ��F�����= � �$�%�

T † B �º � º � ��� àS�#Z º 
 ����� ��I`��� � Æ � 
 � ?

S±�VP��jP��JP_^edx�SRj�-�¹`l��bg^´�K�j�[�APú�]����^s`JPi�SRU��^sP�¯tRj�SRJ`]�K�JP�Pw���S`VP����j

�aR��l�ÖP]��¯ô«]�l�`�]�

γ
Ì�Ù�Ï]��^!P��i�K�K�fÏ��VPx¯BP	b���¯·^´�`�J`j�5�5¯C�5�w����¯ �f�EÎ��5�SRj�[�AP

�l�z�JPi^r�S`VP����5�iR��K�
e+e− → γ∗ → qq̄, qq̄G, . . . Z � ^r��^]�E� `���^ �JP

αs \ R^r�`���E�E¯C�E¯ �j�]P]`]�kR]¯�ÌE¸~���j�JRlÎj�5�[�SR ��¯��JP]�jP��VPA
 Ï]�5�[�JPk^r�¶�f���S`j�5�5¯C�[�i���
�j���K�j�APi�YP��J`VPª¯BP_^sRl�l�i¯�RlÎj�JPw�APg¸�
Å�J`JP]R��E�K�j^]�5�SRj�Ü�]�z^����/�[Ïl�5�j�Y`JP�¯��Y�[�SR���
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�JRú�YPi�-�Öí

Jµèêé =
∑

f Qfqfγ
µqf î º

Πµν(q) ≡ i

∫
d4x

ð iqx 〈0|T (Jµè�é (x)Jνèêé (0)†
)
|0〉 =

(
−gµνq2 + qµqν

)
Πèêé (q2) .

Z:[ Ì g�ÒT\ï/�w���YPÜ�1�JPi�-�����K�JPÜ�]� � RS�òÌ [ Ì }	h h5�VP��¼Ï]ù�û©�wû©�K��� Îl�w�f�¾�l� PY�i�5�j��� Z ��Ìõ�iÌiR]¯���
�aRj�j�i`l�l�K���dÎl�w�f��h��TP�«l�AP/�S`VP�R-�[ÏsR�����Pw��P]�]`�«j�E�i�w���[�YP�
k��Ïr�A���K�j� �l�¾�JPi�wù#`]�e

�VP��f�K���qR�Ï!R6f�gih$j�k�lmli
��l���S`JPi�]�A�����AP�`JRj�K�/�]��PY�ª¯C�5�j�5�JRj�K�¾�S`VPª¯C�jbr^l�-�wù�Îe

�JR��l�i�A`l�SR/RG�uÏj��Pi�SR �JP��w�aRlÎj�SR��Kù���¯�P_bW�SR �]��ÎJRl�SR \ Pi�Y�jPi���A`�«��J`JPi�[�AP�l���a�YP]`]�=Pi�x�j���	^?`l�K�YRj�K�¶�]��¯BP_^]��ÏsRj�K�U�]�Ô`l���[ÏsRjÎl�JRj�K���w¯���Ï!Rj���	^?R �]�
`l��bg^´�K�j�iÌs¸DPiÎl�]�����®�Y`jù��E�-���L��«�Ï!Pw�YPW�f�5Îj�5�JRj�L�]º

Re+e− ≡
σ(e+e− → ¡l¢w£j¤H¥i¦l§ )
σ(e+e− → µ+µ−)

= 12π npo Πem(s) . Z:[ Ì g	fe\
�z`j�5�j�a�]`j�i�[���A�l�JR ¯���Ï��JRj�K� Z ^´��Ï]�5Î Pw� �S`l�Y��� \ �TP�`��E�j�SRJR�h �JP]`JP_^]�5�SR Pw�
���5����Ïl�E�YRj�K�/¯��K�iR��]�¨�j���A`l�JRj�K�ih�Pw�w�JP ó �5�SR��[�YP Re+e−

�f�W^´�K����Pw���j�i`j���V`e

�����]Rj�w�5�k`j��^ÖPi�®�[�K�5�j�5�JR¶�l�

αs(s)
º

Re+e− =




Nf∑

f=1

Q2
f


 NC

{
1 +

∑

n≥1

Fn

(
αs(s)

π

)n
}

=




Nf∑

f=1

Q2
f


 NC

{
1 + F1

αs(µ
2)

π
+

[
F2 + F1

β1

2
ln

(
s

µ2

)](
αs(µ

2)

π

)2 Z:[ Ì gYh

+

[
F3 + F2β1 ln

(
s

µ2

)
+ F1

(
β2

2
ln

(
s

µ2

)
+
β2

1

4
ln2

(
s

µ2

))](
αs(µ

2)

π

)3

+O(α4
s)

}
.

â��AP]`SR�«j�cR��_`l��� � P]`]¯ô��ÏsRJ`]��«l�5�VP��-�K�m�E«!���wûqPi�AP������YRl¯BP_^��i�l�f�w�YRj�
αs(s)�J`j��^r�f���w��Ïl«l�����i�f�E�S`l�Y�j�]�����j¯��L�l�dÏ!P]���A`SR��i¯tRjÎl�JR�Î-Ï]�5�JPi�w� Pw�¨�]Rj�jP��®�VPA


`�«�^�ù��kÌ
3XPw����� �J`j�5�5¯ô«l���w���5�AP��`�]�K�S`]�K�K�E�VPL^sP

α3
s

R«^´�K���G`��[�[��Ïl����� Z � MS
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�½�ª�E¯�� \ º

F1 = 1 ,

F2 = 1.986− 0.115Nf , Z:[ Ì g�4T\

F3 = −6.637− 1.200Nf − 0.005N2
f − 1.240

(∑
f Qf

)2

3
∑

f Q
2
f

.

Ód�j�K�i`j�5�[�]���Ü���Y`�«�^sPi�i�K�������K�]Rj�aR]¯BP��f�¨�l���]`��[�]R-«úÎ-Ï]�5��hª�TP�«j�AP��[� ^�ù�ÏSbnR
�l� �J`SRl�VP��5�Ü�l�N�Y`SR¨�J`JP�¯C�abg^]�-�Kù�Îl�SRq�¼Ïl�]P��l� Z �tPi�a^��fÏ��l�Ü�l�i�A`l�TPi��� ÏsRl�JR�«�����w�f�5�SRú�fÏ]�5�j�Y`JP�¯��Y�[�JRj�K�5�U�APi�¶�l� � RS�òÌ [ Ì }	hY\ Ì

�k� h �A`JP�¯��K���{R]¯��i¯C�]º

Re+e−(s) =
11

3

{
1 +

αs(s)

π
+ 1.411

(
αs(s)

π

)2

− 12.80

(
αs(s)

π

)3

+O(α4
s)

}
.

Z:[ Ì gwg]\�¾�_`����V`J���K�YRl�w�]�����d�j�aPi�S`��j^]�fÏ]�5�JPi�f�¾�]� �APi���¾�J`j��^r�[�-�����K�SR�����Pi�d�VP�`�«�^�ù��
α4

s

h��Kù#�z�-���AP`�TPw� � Rl�JRj�5�j�Kù´�
F4

�W���iR��E�w�5�f�K�5��Ì8¸Ä«x�w��Ï!Ï¾Îl�i�kR �j�aPi�S`j��

^]�fÏ]�5�JPi�f�]R��K��h��[�wù#`-���K�SR��zR��i�]P]`]�ã�]��¯��wû©���rR��½�ª�E¯��¨�]�ã�S`��E�VP�`l¯�RS`]�K�j�iÌ
â�ù��J`j�5�SRxÎj�nPY��û©�����ú���j¯'�ú�l�±���i`j���V`J���K�YRj�i�JR�«x`��j^��j�®���K�]Rj�aRyPw�U�S`��j

�VP�`l¯�RS`JPi�KùjÎj�SR��w���ª��Ï!Pi�w�JPi�[�YRkhS`]���[ÏsRlÎ��5��R��i�]P]`ú�]��¯'�Kû©�A�rR�q�R�ÏsR±�½�ª�E¯��
�]Rk^!P��K�fÏd^sP Z ¯��w�-�A`=R�¯���Ï��SR \ `]���5Ï!Rl�JR�� ÎJRl��Ï]�5�SR��K�®�S`���^r�[�-�����K�SR-«¶���PY�]`�«j���K�SR�«�`j��^ÄÌ

ý�Rj��Ï]�5�SR��w���[�AP]�l�VP��f�YR �l�
αs

Rn�TPw� � Rl�JRj�5�j�YRj�K�
Fn

Z n ≥ 2 \ ���w�YR�
�¼«l�wPi�mR-�i��`l�w�l�K�����×����¯�� Z �fù�û�P�R βn
���
n ≥ 3 \ Ìr9��K�S`JR]¯C�i`x�Kù�� �K�AP�`JR
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�VP�`�«�^�ù��`s�hl�]`�ù��E�-�K����¯��jbr^l�d´dÚ�R ´dÚ��×����¯��ã��º

α
ö?÷
s = α

ö?÷
s

{
1 +

β1

2
[ln (4π)− γE]

α
ö?÷
s

π
+ · · ·

}
, Z:[ Ì g [ \

F
ö?÷
2 = F

ö?÷
2 − F1

β1

2
[ln (4π)− γE] = 7.359− 0.441Nf . Z:[ Ì g�µT\

ä ���[ÏsRj�-�K����¯C�jbr^]�Ô^r�K�[�K���×���E¯�RLPiÎj�5�]Re^r�VP`�W� � �5�j�ÖPi�`�JP�
Å�YRl�jP��z�JP]`�«V
^]ù���ÌB��`SR
Nf = 5

hB´dÚ �×���E¯��K����^r�w�i�¶�TPw� � Rj�SRj�5���dPw���K�YP]`SR��VP�`�«�^�ù��
F
ö?÷
2 = 5.156

h��TP]�j�AP�� Ò Ì 4 �jù´�YR��JP�
|�jPKÏl«]¯ Pw�
F
ö?÷
2

ÌtÙ�Ï]��^sPi�i�K�K�fÏ��VP��j�i`�

���V`V�ª���YRl�w�SR�«j�w`j��^¶���JP�
Å�½�TPi^]«lû �S`JRÖR-�_�YP]`]���l� ´dÚú�½�ª�E¯���Ì

¸Ä�iP]`j�[�YRlÎj�JPw�AP¶�J`j��^r�[�-�����w�JRj�ã���
Re+e−(s)

�]�	^z�S`]�A���
b


b̄
�®�a`]�K�i���5�JP

�l� � RS�òÌ [ Ì }54 �mR-��¯C�i`j�5�JRj�K�m^r�w�j�SRkh��-���YP��E�����E�[�YR �J`j��^r�YR�^ ¯��K�aPi�YRj�K��VP��J`]�K�i�JR/Pw�`�fÏ]�5�j�Y`VP���Ïr���]R Z Pw�dPY�ª¯ô«l�]�±�]� Z \ �S`VP����5�iRkÌÙ3¨�w�[�K���S`SRj�]RPw�Y�jP��i�Y`�«j� �]�
Λ

(Nf=5)ö?÷ = 60
´�ðDt Z ^!PwÏ]�]���S`SRj��� \ R Ð]h�® ´�ðDt Z �jP]`l�]��J`SRj��� \ Ì09��Y`l�w�f�w�i�w���5�AP©�S`JR �YRl�jP��JR��5���_`J�aRSR��[�W^]ù�ÏSbcR��]�XP��l� ó �-�����¨�]�

Z
�SRj�-�jÌvuiÏ!PY����Ï]�SR�«j�w7J±¾�jùÄ¯ �i�aRjÎl�SR�^´�K�l�JRU¯��jbr^l� Ð�® R 4�hyx ðDt1^r�w�i�

αs(34 x ð#t ) = 0.146± 0.030 . Z:[ Ì [ ®�\
5 ^s`JPi�l�]����� ó RJ`SRl�l���l� Z �]PK�iP��l��¯BP	b��X^r���[���K�]��ÏsR-�_RS`]�W�JP��fù�ûgR-«

�l��ÎSRj�8º

RZ ≡
Γ(Z → �	^?`JPi�SR

)

Γ(Z → e+e−)
= REW

Z NC

{
1 +

∑

n≥1

F̃n

(
αs(M

2
Z)

π

)n

+O
(
m2

f

M2
Z

)}
.

Z:[ Ì [ }�\uiÏ!PY����Ï]�SR�«j� � �K�j�AP]`

REW
Z =

∑
f(v

2
f + a2

f)

v2
e + a2

e

(1 + δEW ) Z:[ Ì [ ÐY\
zC{0|C}�~Q����|C������}������G�����\�����$�$��}���|��%���`������|��;�������p��p���������}������������p�����y�p������|C���G�C����������C��}��b���>��p����%���G�p�������#������|C������|C����� ����|m�%���`�����c�	�`��~N���G�c���p����;�	|C}�~N�[� �G����������%����}��b�I{0��}��������G���W�$��������C�����U� �'�¢¡��G£S�X� �'�¢¡�¤G£S|D�W�C�������%����C�������;��W|����'��N��W�`��~W���G�'¥

µ2ö?÷ = (4π/eγE )µ2ö?÷ �
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<�
 =¸>��� ¼ ? »»6E@�ACB àS��� � � � 
 Æ � �
Re+e−

?ED¦� ����� � ��F�����G�I`� � �%� 
 G�� 
 � 
 ��� M�O�P¨§�© � ?

�fù^]ù#`�b®���w¯��-ÏsR��K�_^´�������]�W�fÏ]�5�j�Y`JPi��Ïr����R-«Ô`l���E�]�	^
Z → ∑

f qf q̄f
Ì?¸Nù#�

�-���AP��S`SRj�fù��[�w�i�K�qRW�K�5�j�AP�`j�]�����XR��w�{�aRl��Ï]�JP�
Å�K�E���AP�`j�]�����ã�TP��j�[���w������h{�TPA

� � Rl�SR��5�j�YRj�K���l�ª)p¯"* 
Å�JPi�S`l�w�w�SR��K�

F̃n
�f��`]���5Ï!RlÎl�w�i�K�¹Pw�

Fn
���
n ≥ 2

Ì
9/�w�J`SR]¯C�i`��K�{�aR]��Ï��]�������TP��j�f���K�j�����]�

Z
�VP�`l��bg^´�c^��K���J`SR]¯��TPi�]R-«��J`SR�


�VP��
Z → tt̄→ GG→ qq̄ Z ÎJ`j�f� �Y`SR�ù#�[ù�Ï]�SR��l�i�Y`j�TP��YR�^?Rl�Y�a`]�w¯�R \ h��TP]�j�APÏ!Rl�j�5�i�©�Kù����w�5�j�AP]`l�JR�«ú��Ïj��Î]�A� � �APi�����YPi^?R¹^!P�^sPi�jù�Ï]�SR��w�fÏ]�]���VP��J`]�K�i�-�

O
(
α2

sm
2
t/M

2
Z

) Ì
�k�/^´� �[�ÔPi�S`���^��fÏsR

αs
Pi�

RZ
h����-�ebW�JPÕ^´� �f���l�w�J`]�K�]R·�¼Ï!PY�ª��Ï]�5�

�K�]��ÏsR-�d�]��^r�w�j�SR��w�WPi��Q�¬'GRwÚjQ#¯dhª���5��¯��A�l�JR��S`j��^��]Re^ �fÏl�E���Y`JPi�fÏ��A�]Rj�K�
�VP��J`]�K�i�JRnPi�L�]Rj�aPi���JP]`�«�^�ù���ÌT�zPi�fÏl��^r�]�����/�f�YP]�l�VP��f�¨�l�

αs
hA^sPi��Ï���^����K�]�
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Pw� Q�¬� ¬N-�ð«�± ¤H¥I. ð ¢ µ�¬ ¥i¤ µ <Ë¦�=x/¤�¥ °�/�hl�]º

αs(M
2
Z) = 0.125± 0.005± 0.002 . Z:[ Ì [ Ò�\

e+e−
→

��¥����e 

e–

e+

q

q

γ
G +

<�
 =�>��� ¼ ? »»eE@�Þ � F���� � G 
 G�I�à
e+e− → qq̄

� �NF�� � ý���� 
 �'� � � 
 B J�I_� � � � � � �N= J�> �'�ª?

ân�]�A��
Å�JRl�fù��ú�JP]`�«�^�ù��ú�JP��TP��j�f���K�j���������l���aR�Ï��VPi�APW�����YRl¯�Pi^��i�l�f�w�]R��
`l��bg^´�K�j�[�AP��]�±�	^?`VP��JRz�S`JRz�����YRl¯�Pi^��i�l�f�w�]R-«l���ú�]�

e+e−
�S`VPi�YRlÎl�¶ÎJ`j�f�

e+e− → qq̄
ÌWÙ�Ïl��^sPi�����K�[Ï]�JP �S`JR �]Rj�jP��JR �5�j�i`S�aRJR �J`]�A�l�SR��K���	^?`VP��j�SR

�fù��f�AP�«l�SR�«��]`�«J�i���g^´�{Rl¯��K�W�J`j��^?Rl¯��VPr^r���ª�f�Y`��V�j�]�W�f�]`-���j���V`]��h��TPi�[�APW�
�¶�fù#�uÏr�K�aRj�W���E¯��SRS`JRlÎj�SRj�K�ú�l�A�KÏsÏ�^��5�JR�«�Ì���`JR O(αs)

R-�[Ï]ù�Îl�i�w���[�YP¶�]�
�w�Kù#`]^ �¼Ïl�]P��¬Pw�x�l�i�Y`j� �J`j��^?R-���YRl�j�����J`j����P_^

e+e− → qq̄G
h��AP_^��5û ^!P

�Y`JRl�f�Y`��V�l�l���TP�� � RJ�f�V`l�w�JR�«�Ìt�k���i�f��¯��w�jPi�]Rx�l�i�Y`j�SR ^sR � �_`��5�l�SRl��Ï]�JPw�AP
`l���E�J`j��^��fÏ]�5�JRj���l�®�S`l�Y�j�JPw�YP��fù��f�YPE«]�JRj��Pw�®�Y`SRU�K�[Ï��®�f��^´�K�i�rPi�Jº

1

σ0

d2σ

dx1dx2
=

2αs

3π

x2
1 + x2

2

(1− x1)(1− x2)
, Z:[ Ì [ f�\

��ù^��[�AP

σ0 ≡
4πα2

3s
NC

Nf∑

f=1

Q2
f

Z:[ Ì [ h]\
���f�EÎ��5�SRj�[�AP

e+e− → γ∗ → qq̄
Pi�ú�l�Y�e
Å�JRl�fù����JP]`�«V^]ù���Ì)ïzRl�j�E¯����]Rj�-�K���

�f�ìP��J`j��^��fÏl«�ÎJ`j�f��Rj�l�i�Y`JR]�K�j�YRj�K�
s ≡ q2 R sij ≡ (pi +pj)

2 = (q−pk)
2 ≡



7aÂ u Â � ÁaÀ�Å Ì É×ÁaÀ�� ê É×ÈÉ 8 Ä�Å�À�ÈsÄ è À »½û�(
s(1− xk) Z i, j, k = 1, 2, 3 \ h-��ù^��[�AP p1

h
p2
R
p3
�5�rRl¯��-��Ï��aR��w�L�fùlPw�w�w�[�w�JP

�l�¶�j���A`l�khô�K�j�YRl�j���A`l�xRG�¼Ïl�]P��khô�
q
�����j¯'�A`l�JR�«j�dRl¯�����Ï]���l�

e+e−
Ì��k�

^r��^]�5�JP
s
Rl¯����E�w¯BPì^r�K�1���f���K�YRl�aR]¯�Rã�SRj�j�E¯��K�YRlÎj�SR��S`VPª¯C�5��Ï!Rl�YR�h��JPi�j�jb��

x1 + x2 + x3 = 2 . Z:[ Ì [ 4�\
âz�aRl�f�K�E¯��/�l���j�5���wù#`��]�L¯��K�aRj�K�pí

qµ = (
√
s,~0 ) î h xi = Ei/Ee = 2Ei/

√
s
Ì

1 `l�w�w�j�5�SR�� Z:[ Ì [ fe\ �¹`]���a��P_^l«]ûqP]h��TP]�����YP x1
R-ÏsR

x2
��Ï!Pi��«j����ùÄ¯ } Ì¸ô���_Rg`]���a��P_^sR]¯BP��f�d� ¯��JP]�aPO`]���[ÏsRjÎl�]�zPi�d��Ïl�]`l�w�YRJPKÏ]�[�APi�]R��w�ih��TP]Rj�APX`l���j


�¼Ï]��^´�	�l¯C�ã�S`��j^sR`�cRl���K�_�a`l��Ï!Rj�K���l���J`SRl¯��JRj�K�iÌ)â �f�i��� ó �JR�«U��Ïl��Îl�Y�¶�5��
¯�������^]ù#`l�K�E�[�l���w¯��-ÏsR��K�_^´���f���K�����aRj�S����Ïl«S`l�l���{�a`]�K�SRjÎl�l�K���nPY�KÏr�K�[���]�
� ���iPi�YPw�AP��S`JPi�f�Y`]�K�l�f�w�YPlÌJ��`JPY�wÏl�E¯�ù´�¨�f�¾�TP]`j�5�SRW�qRl� � `l��Îj�i`l�K�5�JPw�AP©�VPA

�K��^��5�SR����l�®�S`JPi�]�A�����AP�`JRj�K���]�®�J`JP�¯��jbr^l�-�KùjÎj�SR��w���j���A`l�JR8º

x1 → 1 ⇐⇒ (p2 + p3)
2 = 2 (p2 · p3)→ 0 ;

x2 → 1 ⇐⇒ (p1 + p3)
2 = 2 (p1 · p3)→ 0 .

Z:[ Ì [ g]\
Ù�ù�ûã�E�f�w���������q^��w��Pw�i^��fÏ]�SRú�SRj�j�E¯��K�YRjÎl�SR±�TPi� � RS���V`]�K�SRJR�hl�TP]Rj�AP��AP_^]«j�
^!PUo]|r}k²�v�ëlsÅ²kXKs�|]o ²�v5t�m�q_ô�o���q ° \®o!º
} ÌN® T_¯NO°RB�e<s@B��R«>¯E��T�R ºJýd�[�]RJ`SRJR]¯������fùY���]�q�uÏj��Pi�]�������[�JP]`j��^��5�W�]�
Îj�[�YRS`SRJR]¯�����Ï��5���l�d�j���A`l�-�zR�Ï!R®�K�j�YRl�j���A`l�-��Ì]¸ØP��i�¾�f� �]�A`SRjÎ]���fù�ûqP
��v ° q�X�v ° o]|Nò»³Kø-ZK²r|rq ° \�hÄ�Kù#�z�-���AP=`]���j�TPi^?R]¯BPi�f�¶�-«�¯���^´�mR]¯��`�K�TPR�ÏsR��uÏl�]Pi�jù´�qR�ÏsR �l�i�Y`j�jù´�rRl¯'����¯'�K�5� Z p3‖p2

PK���l��Î]�K�i�jhªÎ��
s23 = 0�w�TP

p2
2 = p3

3 = 0 \ Ì
Ð ÌN± �TF >�¯B��TSR º

p3 → 0
Ì

Ó �=^�����������Ïl��Îl��« �S`l�Y�j�SR��w�`�	^?`JPi�l�JR �fù��f�AP�«]�JR�« ûã�±�f�ú�]���wÏ!Ïo^r��

�i���`�-���AP��TP�� � RJ�f�V`l�w�JR�«/Pi� Ð �f�Y`��VRkh~�JPi�j�jb����j� ¯BP	b��n^r�¶�f�c`]���j^��fÏsR�aRj�[�K�E¯��K���

qG
R�Ï!R

q̄G
Ìe�zP�`l��^sR��S`l�Y�j�]�����p`]���j^��fÏsR��K�[Ï]�]���[�JPi�jP]�i�JPi�f�L�l�

�w�aRlÎj�SRy^]�[�w�5���YP]`SR������W�wù���¯BP	bW�VP Z ^sP]`SRz�VP`�J`SRj�l�SRj� \ ^´�ú�f�nPw�i^��fÏj«l�Pi�j�f�_R�^��K���f�]`-�V�l�JR��fù)�]Rj�YR�«�hi�VP�`VP_^��5�JR{Pi�OP��[�JPi�w�SR�«®�S`VP����E�
e+e− → qq̄

h
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Pw�

e+e− → qq̄G
�fù)�]Rj�YR�«��©�TPKÏsRj�j�E�Y`��5�ÔR�ÏsRx¯C�5�=�uÏj��Pi��Ì)�k�n^´���[�g`]���j


^]�fÏsR��Y`SRl�f�Y`��V�j�JP¶�fù)��R��]R��ihk�®���eb��JPk�uÏj��Pi�jù´�w^´��Rl¯�� �E���i`S�aR�«=Rxù#�fù�Ï
�l� Pw�i^]�[Ïj«]��� Z �[�S`�«]¯�P �l�i�A`l�-�LR-ÏsRn�K�j�YRj�l�i�Y`j�-� \ �JP�
|�jPKÏ]�E¯�R«Pw�/`l���_`j��

ó �5�SR��5�APW�l�q^��[�K�5�j�AP�`l�jÌ²9����KÏsÏ�^´�K���K�JPw�APW�[�5Î��E�JRj�d���©�Y`SRU�[�Y`-�VR¶�JRl�TP]����-«�¯��{^´� �w��Ï!Ï¾Îl�i� �S`VP]�KÏ]�E¯��K�YRjÎl�SR-« `]�A�JPi�

x1,2 → 1 � ��Ï]��^sPi�����K�fÏ��JP �YPûã�q�iù^]���J`]�A�l�VP]h´�wù��J`j�5�SR�Î����f�AP]�l�JPi�f�K���ú¯ô�±���K�YRl�aRÖPw�¹^]�5�K�5�j�AP]`l�l�K���
`l���j^]�[Ï!Rj�K�fÏ��l�ã�[�VP��jPY���VP��f�pRSq�R-ÏsRW�AP�Îj�]������^�� � Rj�SRl�JR�«��]� ° \/²�³KZ Z ��Ìæ�iÌ σ���K�]Rj�aRú�]�{R��i�]`]�K�SR��w�q�a`l�w�JRl�SRU�]�{Rj�j�K�i�a`SRS`l�w��� \ ÌÑd�o^?`-�V�����f�]`l�w�l�o^��K���f�]`-�V�l�l�K���Ü�TP�� � RJ�f�V`l�w�JR�«�û��'�w��ÏsÏ¾Îj��� R

e+e− →
qq̄

R
e+e− → qq̄G

���j�5�]���wÏ!Ïo^r�K�E¯·�¼Ïl�]P��kÌØâ ��bW�JR�«j�¶�Kù��S`VP��©�YP]���K�i�ú�
Rj� � `]��Î��_`j�w�5�VPi�AP��VP��K��^��5�SR�� �]�¾���j¯��K����Pi��^r�K�[�K�N�i¯���Ï!Rj���	^sR�ÌeÑ��ª¯ô«l�]�����
�l���]RJ`j���ª��Ï]�SR¹�uÏl�]Pi�SR�¯C�abg^]���j���A`l�JRj�K�d�JP]`]��br^r�ã�VP��J`]�K�i�-� O(αs)

�jùÄ¯
�w¯���Ï!Rj���	^´�����W�]�

e+e− → qq̄
º

T [e+e− → qq̄] = T0 + T1 + · · · Z:[ Ì [Y[ \
��ù^��[�AP

T0
� �S`JRl�JPi�fùY�dPi���l�Y�e
Å�JRl�fù����JP]`�«V^]ù�� Z ^�ù#`j�w�5�[�JP��J`SRV�wÏ!RVb���
�JRj� \ h T1

���JPi�S`]�K�w�-�K��� O(αs)
R`��Ìõ��Ì8Ó/�j�K�i` � �i`j�5�l�JR�«j�����l�

T0
R
T1
�VPA


`l��bg^´���S`JRl�JPi� O(αs)
��ùÄ¯ �f�5Îj�5�SR��5�APW�l�

e+e− → qq̄
Ì

e–

e+

q

q

γ
+ +

<�
 =�>��� ¼ ? »½¼�@�ù º���� F�� 
 à�G �'� 
 = J�> ����� 
 F � F���� � G 
 GEI�à
e+e− → qq̄

?

â��5Îj� �E�]���E¯Nh�Î�� �J`SRl¯��TPi�YRj�K�Q^sR]�A�a`]�w¯tRrR]¯��K�d��Ïl�]`l�w�YRJPKÏ]�[�APi�]Rn`l���j��PA

^sR]¯BPi�[�YRkhY�TP]Rj�AP��Y`�«S�i�i�n^´���f�©�J`j�5�JP]`]¯�RJ`]����Ì8â ^!P���ù�Ï��j�5�JRj�ã�K�{R]¯�����R
Rj� � `]��Î��_`j�w�5�JR/`]���j�TPi^?R]¯BPi�f�]Rkh��[�wù#`-���K�SR����TPKÏsRj�j�E�Y`j�SR Rz¯C�5�SRx�TP � R�

���V`l�w�JRSR��l���YRS`j���ª��Ï]�SR-«y�uÏj��Pi��Ì�S�P	b��gR��_`SRjÎl�JPc^´�W�f�©�J`JPi�w�i`JR�hYÎ���Rl��

� ��Îj�i`j�w�5�]�����c`]���j�TPi^?R]¯BPi�f� O(αs)

�l�
σ(e+e− → qq̄)

�AP�Îj�JP��fù��J`]�Kû��K���
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`l���j��P_^?Rl¯BP��f�K�����

σ(e+e− → qq̄G)
hl���w�-��Îj���f�j¯������®�O^!P]�]`j�O^]� � Rl�JRS`l��


�l�Jº
σ(e+e− → qq̄) + σ(e+e− → qq̄G) + · · · = σ0

(
1 +

αs

π
+ · · ·

)
. Z:[ Ì [ µT\

¸ØP��i���¨�AP�Îj�JP¹Rl�j��Ïj�{�	Rj�i�JR�«j��`��f�5��Ï]������hj�����TP]�j�AP��f���K�]���wù��J`JPi��� [ Ì h Ì f Ì¸ØP��i�������w�[Ïl�jbcRj�K�fÏ��VP��fù��S`l�wû©�w�i�K�j�W�]�kRl� � `]�EÎj�i`l�K�5�]�����Ö`l���j��P_^?Rl¯BP��f�
�w�fù�û©�VP��f���qPY��û `j�f�[��Ïl����� Z ¸Ä�aP�`���¯�RU�]�´³¦- ¥ « ¡�µ B ¥�¤	£j§�< ð«�µ�R¨¶ < ¦�¥�§»¡�< ± ¢IµQlðað µ B ¢ °Jð ¦ ,sð ¤�=e\ º�����^sPi�[���K�Kù�Îl�VPÔRl�j��Ïj�{�	Rj�i�JR��[�5Î��E�JR�«z�f� �fù��S`l�wû©�K�����R±�TPKÏsRj�j�E�Y`j�SR��w�qR¶¯C�5�SRj�K�XRj� � `]��Î��_`j�w�5�JRÖ`l���j��P_^?Rl¯�Pi�f�YR�Ì

J1

J2

<�
 =�>��� ¼ ? »»ï�@ D¦� >�������> ü�� �ÜG �'��ß 
 =¸>����ý 
 Æ ?
�dù�Ï]�JPw�AP ��^s`JPi�l�JP �f�5Îj�5�SR��¶�`�j��^r�����E¯�Rj�fÏl�5�JPL^]� � Rl�JRS`]�K�JPlh �JP��w�f�

Piûã� �Ü���ebW�VP��APiÎl�VPXP��J`j��^��fÏ]�5�JRj���l�L�JPi��«j�YRj�[�APã�f�]`-�i«�hw���z^r��¯BP	b���¯=^´�
�-Ïr�K�aR � Rj�SRJ`]�w¯���^r��^]�E�VPx�[ù)�]Rj�YR��±�-�K�APÔ^r���T
uhô�Y`SRe
uhNÌ ÌËÌ hBR-ÏsR ¦ 
;�[�Y`-�V�l�]��TPi� � RS���V`]�K�SR-«ÙÌ�¸ô�w�TPi���dPi�S`���^��fÏ]�5�SR����Y`�«S�i�i�d^r����«]¯'�ÔRj� � `l��Îj�i`j�w�5�SR
`l���j��P_^?Rl¯BP��f�YRXR�^´� �j�����K�YRl�aR�Pw���JPi^?`JPY�i�JPi�[�YR��w�1�]�Ü���E���i`j���V`J���K�YRj�i�l�K���
� `]�A�5¯��5�����K�SR�«��]�/�	^?`JPi�SRkÌT��P��-��Ïl«S`j�5���S`SRl¯C�_`ã���W^]� � Rl�JRl�JR�«��]�d�[�Y`-�i«
����ÌN�l�Y`kÌ[·b¸�*�¬ ��Ï!�jP�`JRj�KùÄ¯�hN�TP]�j�AP«R��E�JPKÏl�E�i�¹«a°V±ú�]�xRl�l�i�A`SR]�K�j�w�l�K���
¯��K�5�Jº

Ò �[�Y`-�VR ⇐⇒ sij ≡ (pi + pj)
2 > ys (∀i, j = 1, 2, 3) .Z:[ Ì µY®T\
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ÑdÎj�5�]Re^r�VPR �w�aP]`j�[�YRlÎj�SRj�K���J`j��^r�[�-�����w�JR�«�hQR �5�{�5���i`SR]¯C�5�j����Ï]�SR��w�LR��j

¯C�i`l�i�K�SR�«±���K�]Rj�u«j�{Pi���Kù��E�S`SR��[�������g^�� � Rj�SRj�SR�«`�]���f�Y`��w«ÙÌ�·b¸�*�¬n��Ï!�jPA

`JRj�KùÄ¯CùY�W�J`j��^r�[�-���E�������®Îl�w�f�K���{Pw�®�Y`SRl�f�Y`��V�j�SR��fù)�]Rj�YR�«8º

R3 =
2αs

3π

{
(3−6y) ln

(
y

1− 2y

)
+2 ln2

(
y

1− y

)
+

5

2
−6y−9

2
y2+4

Q < 2
(

y

1− y

)
−π

2

3

}
,

Z:[ Ì µV}�\��ù^��[�AP
Q < 2(z) ≡ −

∫ z

0

dξ

1− ξ ln ξ . Z:[ Ì µ�ÐY\
Ù�ùNPi�w�K�5�w�l�K���WÎl�w�f�{Pw�g^��K���f�]`-�V�l�JR¶�fù)�]Rj�YR�«±�f��^´�K���®�-���AP

R2 = 1−R3
Ì

ý/�w�f�K���wPw�w^��K�T
 R-ÏsR��Y`SRj�[�Y`-�V�l�SRx�fù)��R��YR�«ÔPiÎj�5�YR�^r�VP����K�]Rj�iRÖPi��R-�i��`l��

�JR�«¨«a°�±

y
Ì)Ó/� � `]��Î��_`j�w�5�JRj�K�®�aRl�J����Ïl«S`l�VP��f�YR��[�©�S`VP�«l�K«l�������w`]���j�TP_^l«V


ûqPw�YPW�VP��K��^��5�SR��¨�]�
R3

�S`JR
y → 0

Ì
��`JR �VPA
;�]Rj�aPi���JP]`�«V^]ù�� �JP

αs
�]`�«J�i����^´�¨�f�W^�� � Rj�SRJ`]���®Î]�K�f�K����¯��VPA


�jPi�f�]`-�V�l�JR �fù)��R��YR�«�Ì>9��w�J`SRl¯��i`�¯BP	b���Ï]�5�[�JP�^r�ã�f��PY�YP]�iûgR]·b¸�*�¬���Ï!�jPA

`JRj�KùÄ¯��jhf��� ^r� �f����Ï��w�aR � Rl�JRS`l� {p1, p2, . . . , pn}

�fù)��R��]R��'�-�K�AP ¦ 
Å�f�Y`��V�j�]��TPi� � RS���V`]�K�SR-«Ùh��J`SR�����Ï!Pi�]R��ih�Îj�
sij > ys

�����w�aRlÎj�SR
i, j = 1, . . . , n

Ì 5 �TP
^����cR]¯��-��Ï��5�W�j���	^!P���Ï]�[�w�YP]`�«l�������APi���nP]�i`l�w�JRlÎ��E�JRj�ih��w���f�XPY�i��^?Rj��«l�����
����^?Rl�dR]¯�����Ï]�gR��fù)�]Rj�YRj�[�AP��f�©�[ÎSRj���W���

(n − 1)

Å�f�Y`��V�j�]���TPi� � RS���V`]�	


�JR�« Z �w�TP�P]�a`]�K�SRjÎj�5�SR��5�AP��ã�	^!P���Ï]�[�w�YP]`j�5�VPú�S`JR��i�aRlÎj�SR=Pi�f���K�]��ÏsR��TPª¯D
�]Rl�l�w�JRSRnPw�pR]¯��-��Ï��aR \ Ì�Ñz�iûgR-«l�OR��_`]���N���/Î]�K�f�w����Pi� ¦ 
;�[�Y`-�V�l�SRW�fù)�]Rj�YR�«�J`SRe^sPY��Rj�����YR�^´�Vº

Rn(s, y) =

(
αs(s)

π

)n−2∑

j=0

C
(n)
j (y)

(
αs(s)

π

)j

, Z:[ Ì µYÒT\
�-���AP ∑

nRn = 1
Ì

¸ ���`¯BP]�����g^´�®�f�L�]�K�S`]�K��«l�W�-«]�TPKÏ��TPW�TP�¯C�E�����A`]�Vº
• ý��K�[�K��� �f�]`-�VR%�S`VP�«]��«l��� Î����w�[�w�YRj�K�fÏ��VP��f�n��ùÄ¯ αs

í
Rn ∼ αn−2

s î Ìâ�ù��J`j�5�SR�Î��ÜÎ-���i�f�w�YRj�K�fÏ��JPi�f�K���q`]�K�[�K�Ü�
n
h]�]`JPE«l�L�[ù)�]Rj�YR-«W�]�w¯���Ïj«V


���®����`VP�«U�]�®�f�Y`��VR��w�iÌ



7aÂ u Â � ÁaÀ�Å Ì É×ÁaÀ�� ê É×ÈÉ 8 Ä�Å�À�ÈsÄ è À »½û�ï
• ý¾Ï]�5�VP��K�[�w�zPw���VPA
;�]Rj�jP��w`j��^ αs(µ

2)j lnk(s/µ2)
�5���fù)�]`]�K�SR �

αs(s)
Ì

9zP �TPi� � Rl�SR��5�j�YRj�K�
C

(n)
j (y)

�i�f�z�]�K� �fù^]ù#`�b®��� Î�Ïl�5�JPi�w�
lnk(y)

Ì
��`SR��JRl�[�SR��f�AP]�l�JPi�f�YRx�l�

y
hlRj� � `]��Î��_`j�w�5�l�K����`]���a��P_^sR]¯BP��f� Z y →

0 \ �f�L�JP�«l�K«l�i�rPi�w�JPi�APwR±�®�APK�	RU��Ïl��Îl�Y�±�j�¨¯�P_b©��^r�®�f�p`]���EÎSR������]��j�i`j���V`J�����]Rj�i�JR�«k`��j^�Ì!�k�q�jPwÏl�E¯tR
y
h�Îl�w�f�K���©�]�ã�[�Y`-�VR

Rn
�
n ≥ 3

�
¯'��Ï��-��Ì

• � �{�[���_`JR]¯C�5�j�YRj�K�XR-��¯��i`j�����{`VP_^��5�SR��K�ã��^s`JPi�SRkh]�©�����]�A`j�APi�SRkÌ?Ù�Ïl��
^sPi�����K�[Ï]�JPlhÜ�Kù#� �-���AP �w�f�_R%�]���KÏsÏ�^´����¯�R �j���E� �]�K�jù�Ï��VP-Rl�j��Ïl�T

�	Rj�i�JR�h��fù�û��5�f�w�K���i�����_R-�i�i�jbW�l�����K�]Rj�iRl¯BP��f�{Pw���j�5�j�i`j���V`V�ª���YRl�i�K���
� `]�A�5¯C�E�����K�SR-«��l�d��^s`JPi�SR�Ì�¸�«qP]�]Rl�j�JPi�w�5�JP/�f��¯BP_^]�[Ï!RS`l�dÎJ`j�f��S�Pi��

�w��ï��A`�ÏSP��K�]��ÏsR-�	RLR��w�]�K�u«x�K�iP]`j�[�YRlÎj�SR����iPi�S`���^��fÏ]�5�JPi�f�YR�h��TP�R��YP
�]`�«J�i����^r�®�[�OP����5��«j��Ì

â�ù��K�j^]�5�SRz�5�¶¯��VP��jPÖ`]���[ÏsRlÎj�SR���Ïs�jP]`SRj�i¯�R¬R��J`JP�¯��5�-ÏsRl�YR ���±�[�Y`-�VR
Z»º ða± ¤»¢ ±½ð § hJð�¼]ð ¦ ± §»¡l¢ /sð § hJð ¦ ð ¤�=b½ « ¥i¤	¤ ð- ¢ ± < ¥i¦l§ h´Ì5Ì[Ì \ h{���X^´�®�f�OPi�j�YRl¯tR-�_RS`]����i`j���V`J���K�YRj�i�JR�«j�`�K�]��ÏsR-��Ì#â �-«]�TP]R���Ïl��Î]�AR��f���J`]�K�]R��J`j�5���j¯tRJ`]�K�j�©�]�
Î-Ï]�5�JPi�K�5�K�

αs(s)
n lnm(y)

�S`JR
m > n

hÙ���m^´�U�[���JPi^sPY��`JR��YPiÎl�VP��f�K�����l�
�J`j��^r�[�-�����w�JR�«j���®�S`JR¶�JRl�[�SR±�f�AP��j�JPi�f�]RU�]�

y
Ì

9�� � RJ��Ì [ Ì Ð�® �d�JPi�-�����K�]�¨�E���i`S�f�[�]RjÎl�l�K���ã���w�YRl�aRl¯�Pi�f�ã�]��R���¯C�_`��5�]�����Îl�w�f��`l��bg^´�K�j���l� �]`JR��[�Y`-�VR
R3

Z y = 0.08 \ h´�a`l�w�w�j�5�]�����S`���^r�[�-�����K�SRe
«j���¶�]�`�j���K�j�APi�������Ö�J`JP�¯BP_^?Rj�]�w¯�Rl�-��Ì�3��K�l�JRj�K�ú�5�¶�k^!P]�]`JP��[ù#�¼Ïr�K�aRj���
)�¯[* R��fù��i�l��^r�K�`���J`j��^r�[�-�����K�]�����ú���w�YRl�aR]¯BPi�f�`�l�k��«S���Kû�Pw�AP`�����YRl¯BPA

^]�i�l�f�w�]R�� Pw�d�5�j�i`S�aR�«j����Ì]ïzPi�l�f���K�j�w�]�d�f�AP��j�JPi�[���]�

αs
�j�N¯BP	b�� ^´��P��JR ó ��l�A�KÏsÏ�^´�K�i�w�JRj�K�w/ ¤H¥-£ °�«�± <Ë¥i¦U¤»¢ ±Çð § ÌYT�RJ���V`]�����W�JPi�-���E�i�cRU�S`���^r�[�-�����K�SR-«V
���jhC�VPwÏj��Îj�5�SR�� �A�w�fÏ]�5���¶�w�5�j�AP]`l�l�`�w�aP]`SR-« �S`SR O(α2
A)
hô�TP]Rj�AP�«l�[�JP��f�

R-�E��ÏsÏ¾Îj������Ì
9��K�S`l�w�K�5�SR±�5�®��«l�TPwÏ]�TPcR���¯C�i`l�i�w�JR�«±�l�

αs
��`]���5Ï!RlÎj�SRU�S`JP�¯C�5��ÏsRj�]R

�l���[�Y`-�VRj�K�iÌ�â��aRlÎj�SR��w�U�5���d^sPY��`VPx�[ù#�¼Ïr�K�aRj��R �S`���^r�f���K�KÏj«]�i��� �VPwÏSPA

bnRj�K�fÏ��]�ú�J`JPi�w�i`l�-���]� �VP���Ï]��^!P��i�K�K�fÏ��VP��f�K���ú�l�¾)p¯"* �S`��j^��[�-�����K�SR�«j����Ì
ï�Pª¯B�]Rl�SRJ`]�A�l�JRÖ`��[�[��Ïl�����YRj�K�XPi�W�w�aRlÎj�SRú�5�{�5���i`SR]¯C�5�j�YR±�]��Q�¬'R=ÚjQ#¯dh
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�f�L�JPKÏl��Î]�K�i�®�i`���^r�]�������f�AP��j�JPi�f�Sº

αs(M
2
Z) =

{
0.119± 0.006

(
O(αs)

2
)

0.123± 0.006 (
�J`j�5���j¯tRJ`]�K�SRmR���¯C�i`l�i�w�JR�«

)
.

Z:[ Ì µ�f�\3¨�w�[�K�±ÎSRj�fÏ��yPw�Y�jP��i�Y`�«j�x�]�y`]���[ÏsRlÎj�SR �w�aP]`j�[�YRlÎj�SRn�S`JRJ�KÏsR�b©�5�JR�«�h�R��j

�VPwÏj�E���K�SR±�Kù��\7S± § ���gR��E�KÏ!RlÎl�w���¨�]� αs

Ì
¸ `SRj�[�Y`-�V�l�SR��K�ã�[ù)�]Rj�YR-«U¯BP����K�X^´���f��R��E�VPwÏj���i���{R ����Pi�S`��j^]�fÏl«l�j�/�]�

�[�JRl�]���]�Ô�¼Ïl�]P��l�jÌ��k�Ô�uÏj��Pi� �fù����[�JRl� ® ^sR � �i`��E�j�SRl��Ï]�JPw�YPG`]�����J`j��^���
Ïl�5�SRj�±�f�w^r�w�i�dPw���V`l�w�w�j�5�JRj� Z:[ Ì [ fe\ hC�-���YP �f�ú�5¯C�E�JRxR��_`]�����
x2

1 + x2
2

�
ÎJRl��ÏsR��K�[Ïj« �

x2
3/4

ÌQï����YP ��«�Ï!P ����¯BP	b��d^´���f�=P��J`j��^��fÏ!R �TP�« �	^?`VP��e

�l���f�]`-�i« �J`JP]R��[ÏsR-���dPw� � `l�Y�5¯C�5�j���w�JR�«j�����]���l�i�A`l� Z R�Ï!R �K�j�YRj�l�i�Y`j� \Rx�TP�«x�J`JP]R��[ÏsR-����Pw�m�uÏj��Pi��ÌØÙ�Ï]��^!P��i�K�K�fÏ��VPU��¯C�5�f�YPú�APi���ú�f�����5��¯�� �VP_^S

`��jbr^´�K�j���l���f�]`-�VRj�K�

x1 > x2 > x3
h����TPi�[�AP

x1
�f�kPi�w�]�K�u«n���z�f�Y`��T


«j�����`�]�A��
|�jPKÏl«]¯�� �5�j�i`S�aR�«�h Ð ���z��Ï]��^����Kû������LR Ò �����f�Y`��w«l�����`�]�A��
¯���Ï��-���E���i`S�aR�«�hf�TP�«l�APÜ�]�A��
Å�K�i`JP�«j�w�JPìPi�Y�jP��i�A`�«¨�]�Q�uÏj��Pi��Ì�ïzP]�����YP
x2 → 1Z x1 → 1 \ h]�w�5�j�AP]`l�VPi�AP��¼Ïl�]P��j�JP¹`]���E�S`��j^]�fÏ]�5�SR��¨����^?Rl�j�f�i�K�5�JPlh��JP��[ùNPw��
�K�[�w�JPw�YP��[�-��Ïr�A`l�JP{�uÏl�]Pi�l�JP{`]�K�S`j��^]�[Ïl�5�SRj�L�j����h��wù#�±�-���APW�������_R��YPiÎl�-�

x3 = (1− x1) + (1− x2)→ 0
ÌNÓ¾��¯��i`��E�VPi�AP¹`]���E�S`��j^]�fÏ]�5�SR��O^sPY��`��¨�fù���


�l��^r���\)p¯"*Þ�S`j��^��5�-�����w�JR�«j�������n�¼Ïl�]P��¶�[ù��¨�[�JRl� }Y� �[�-��Ïr�A`l�JR�«j���¼Ïl�]P��«l�[�JP��f��R��E��Ï!Ï¾Îl�i�jÌ
��`���^r�[�-�����K�SR-«l���x���L`]���E�S`��j^]�fÏ]�5�SR����]� �[�Y`-�VRj�K�ÔR ð�¼�ð ¦ ± §»¡]¢ /sð § �5�� ���l�j�SRSR��l� � �K�j�AP]`SRj�K�ú�l�`�l�K�[�w�]�����d�a`����l�

TF = 1/2
h
CF = (N2

C −
1)/(2NC)

R
CA = NC

ÌJ¸~�f�_Rú�w�fÏsRjÎSRj�SRU�S`JP]R��[Ï!R����K�nPw���j�w�[�w�]�����W��Ïs�f�a�A

`l�jh]�[�Kù#`����K�]���p`l���[Ï!RlÎl�JRj�K���wù#`]��Pi�w�L�]�®�����AR]¯BP_^]�i�l�f�w�]R��XR��-�A`]�K�j�K�i`SRe

�_RJ`]�����a`����]�������l� �l�K�[�w�]���aR]¯C�[�Y`SR�«�Ì 5 �TP±�aR-Ï��JPw�AP±�K���AR]¯BP_^]�_�j�f�i�YRj�©�f�
Pi�SRj�[��� ó ��Pi�z`l���[Ï!RlÎl�l���-��Ï!RJ�]`JPi�wù�Îj�]���a`����l�jh��J`JP]R��5�YRlÎl�wû�Rj�K�N�S`��j^��[�-��
���K�SR-«g�]R��{�d�[��`]���5Ï!RlÎl�w�i��Ï!R��VPL�f�AP��j�JPi�f�]R��K�Ü�l�d�K�f�_R©�Y`SR � �w���AP�`l�jÌA¸Nù#�
�-���AP��wù#`]��P��K�[�K�L��Î]�K�f�i�i���W�JP¹`]���[ÏsRlÎ��5�U�l��ÎSRj�¶�n`l���[Ï!RlÎl�JRj�K���]���wÏ!Ïo^r��

�E¯�R�h��w�f�_R±�l�K�[�i�JR � �w���AP�`JR�¯BP����K�q^´�®�f��Pi�S`���^��fÏl«j��ÎS`��f�ã�S`JR�Ïr�A���K�j�L�]�
« ¥:o , < ¦ ð £ 7S±��jùÄ¯d^´�K�l�JRj�K�iÌ�T�RS�òÌ [ Ì Ðe} �a`l�w�w��«l���zP��J`j��^��fÏl�E�JRj�K�WPw��?LS¸LQ
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CA/CF

R
TF/CF

�fù����[�AP]�l�VP��f�YRj�K���]�ú�w�f�_RLPw�w�JP ó �5�JR�«x����^?`-�V�aR/�a`��T
�JR��]���l��«l��Ìr3��K�l�JRj�K��Pi�5ÏsRlÎj�JP±�fù��w�]�	^´��� �fù��ã�f�YP]�l�VP��f�YRj�K�����
SU(3)

R
�fÏ!R]¯�Rl�JRS`]���ú���w�[Ïl�5�]R-«�¯BP_^]�[Ï=R�¯��JP]�jP���Ï��w�aRjÎj�5�[�SRd�a`-���SR��l�¹üXRkÌ¿u`��T

�JRj�K�ihw�VP��-�����w�JR©��Pw�w�YP]`j�5�SR��K� �j���	^?`l�K�YR{R��S`�ù#�jP��K�ih��E�¾�K�5Îj�oR-���-ÏsÏ¾Î��E�JR�h
�VP����jb©�������fù^�ù#`�b��K�¾�Y`JR��l�K�[�w�SR��f�K�5�j�5�SR��]���[�AP]�YP_^r� ���¾�j���A`l�JRj�K�iÌ���PA

^!P]�i�SRk`j�f�[��Ïl�����]RU�5���S`���^r�f���K�w�5�JRÖR�Pw�r^?`��V�aR��w�¨�5�{�[�j�i`JR]¯C�5�j�YR±�]��Q�¬�
Z `]��br^´�K�j�[�AP��]�±�	^?`VP��j�SR��f�Y`��VR � pp̄ �TPKÏr�A��^��i`JRz�fù�û�Pú���K�]��ÏsR-�_RS`]�K�JP�VPx�JP_^!P]�w�5� �l��ÎSRj� \ Ì ä �f�_Ïd¯C�ú�]���VPwÏj��Îj�5�SR��w��Pw�w�JP ó �5�JR�« �]���l�K�[�w�SRj�K�� �w���AP�`JRÖPw�c`]���5Ï!RlÎj�SRú�5�{�5���i`SR]¯C�5�j�YR±��^r��^]�E�VPW�]� � RS�òÌ [ Ì ÐYÐ Ì
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<�
 =¸>��� ¼ ? Ý�·E@�ù � ����=���� 
 � � � B � � 
 � 
 à � �#� � �2À#Á'À � © �"ÿ © À � �2���$Z º � � �#� �a� ���'� 
 �#�'��> 

R3(y = 0.8)

� ����� �'� � � ���¨F���� º �HG� B � � 
 ÆI�%� � ��� � �uJ 
 � 
 � � 
 �'� M'O�P F������Íà]ÆI�%� � 
 Æ
O(α2

s)
� �0& 
 F � �'� B �$�%� B � � � B � � 
 � 
 à�� � �@� � ����= 
 Æ��%�

αs


 ����¹��¸Jb� � �$�%� � �HG�� � � � �¿��� � � 
 Æ� O(α2
A)
?
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<�
 =¸>I��� ¼ ? Ý_»�@ ^W�'� �ò>� 
 � 6�¼�Â 
 ï�('Â� 
 �'� � � º�� ��� �'� ��� ��� �#� � ��� �'� 
 � �G!�%�
TF/CF

� �
CA/CF

� � º � ��� 
 �'� � �Ã�Á:ÄôÀ�? Þ � GI� B � � 
 ��� 
 � ���òG � � � 
 Æ��%� � ���� B J 
 � � 
 G�uJ 
 ¹'� �'� I_� � 
 à �Hº �¸J 
 ?

QCD

ALEPH (Comb.)

DELPHI (4 Jet)

L3 (4 Jet)

OPAL (4 Jet)

OPAL (Evt. Sh.)

UA1 + UA2

2.43±0.31

2.32±0.25

1.95±0.37

2.11±0.32

2.38±0.40

2.14+0.51
-0.74

CA/CF

QCD

ALEPH (Comb.)

DELPHI (4 Jet)

L3 (4 Jet)

OPAL (4 Jet)

OPAL (Evt. Sh.)

UA1 + UA2

2.75±1.15

1.33±0.75

1.15±0.72

2.01±0.85

1.60±1.00

1.50+1.90
-1.20

TR/CF

1.5 2 2.5 3 3.5 4 4.5 5

0 2 4 6 8

<�
 =�>��� ¼ ? Ý�ÝE@ È�� B�Å àS� � � 
 B àS��� � � � 
 Æ!�%� � ��ý � ��� � 
 ��� ß ��GI� � � 
 ? È>� B >»J��%�%� 
 !�'�Æ��� � � � ���"Æ�� B � ( ��G�� 
 �'� 
 �$� � à��$�%�"�
TR ≡ NfTF = 5TF

?
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ÇYÈÊÉeËÌÉ Í

Î ÈÊÉ6ÏÌÐ Ë¨Ñ´ÉeÐÓÒ Ô]Õ×Ö´ØÓÙwÚÛËeÐÝÜ

Ù�Ï�Þ��]Rp`_Þ�ßIà_Þ	^?R�Ì't�
�¸âáAP:ã�Ì�¯NNäÌåaR_æNç�áY`SR>è�Ì�9UÞY``é ó çêJR�çëê_Þ�¯[ìØ
|R�ê0í:ÞY`JR_Þbê�á�êJP:å�á�Þ>îÙÆï�Þ��]Rk`0Þ�ßIà0Þ�^sR�
�P�á:ãJ`SR>á]RkP:á�úÆçã�çi`�ç�ï } [:ð�ñ �$î β 
U`_Þ�ß�à0Þ�^#º
n→ p+ e−+?
} ð Ò]® �$î��XÞé�ïsR�íKù@í�çjbr^�ÞXê>ç�é`áY`JR0êJP�áAP ν º_
rê`èSæëÞ ç�ï0çã�áY`SR�ò�çå�ãSR�ß�ÞA`óèV^ Z ê>çj
é`áY`0Þ�ï_êJP \$ôSoªõ�®�ô é>ò_Þbå�á�í:ÞyàS`JRöå'ï�Þ��]R�ábç	í�ß�ÞAR_æBP_^_çi�0å�á�í]R`èrî
n→ p+ e− + ν̄÷øçi`0ætRùàJP:å�áY`JP�è0íóÞwábçaP]`SR>è�
�Þ	^?`VPóê>çIêmRiï_çà�áAP:ê�çêiáAPóãúî
HI ∼ jh ∼ p jl ∼ eν̄ÙÆï_ç�^ûábçiP]`SR`èâê_Þüà>çi`�á�éV`J�óÞ�ýJRSR>á�ç+þábçaP�`JR>è�á�Þüê0Þ¨÷øçi`_æ�R¿î ä çj^�Þ+ê�ççå½�TPi^_èlû Riá�çaP]`SR`è0á�Þÿê>çpP:àSR0å�í:Þq^sPY�]`�ç	í�åaR0ò0ãTP0î
jh → n↔ p

jl → eν̄
`0Þ�br^�Þ

GF = 1, 436× 10−49[erg.cm3] ≈ 10−5m−2
p h = c = 1

âÆçi`JP�è�á�êJP:å�á�Þöß�Þöå'ï�Þ��Ô`0Þ�ßIà_Þ	^¹ç
V ∼ G2

F ∆5 î ∆ 
���Þbã�áAP]` ô å�í��#`>ß�Þ�êå���Þ�ßiP:í]R`è/PY�:çIæaî����cçê�çi`S�aR>è�á�Þ ô ãTP�è�áYP+å�çÿàS`�ç�^�Þ�í:Þùê0ÞùàJ`JP_^0é>ã�áYR�ábç�P�á`0Þ�ßIà0Þ�^�Þ�î
∆ = µn−µp +mν

�U`_Þ�ß�ïsR0ã`Þ�á�ÞXP�áwæëÞbåaR�ábç:îSâ `>ç�æNçê_Þ�ê0ÞXbnR0íAP:á
τµ ∼ 10−6s; τν ∼ 1000s; ττ ∼ 10−13sï�P�ï_ãTP:áAPXçj^�Þ�ê�ò_Þbå�áYR0ý_Þ ç2àVP��Cá�çjbÿã`Þ ô áYPbïSãTP:í:ÞXàVP��Dæ Þ�ïSãTPXç2ê>ç_��êJP�áAP�íY`�çIæNçê0ÞgbcR0íAP�á	�

τ ô Þ ∆
ç�àJP
�|�jPbï0è_æBP_î

»Çþ�(
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�z`SR_æNçi`8º
µ→ e+ ν̄e + νµ

mτ ∼ 1, 8GeV

τ+ → π+π0ντ

mπ+ +mπ0 ∼ 2× 137MeV¸ØPóãTP:íbçábç	å�ç�ê_ÞA`SR0ò0Þbáyß�ÞA`�ç�^SçêJR ô á�î ç:î jh R jl R_æëÞ�áwß�ÞY`óè�^�îÙÆï�Þ��]R=`�çIÞbã0ýSRJR��aí�åaR0ò�ãSR+í��¿ß�æBP	bÿêSR+ãTP�æB�]R0ê_ÞbýSRJRüê_Þ
β
�U`_Þ�ßIà_Þ	^�îÑXå�í�çê

å'ïSÞA�]Rm`_Þ�ß�à0Þ�^sR¾ê_Þ���ï!Ïo^�Þ�í:Þ:æNçXR¾å'ï�Þ��]Rk`>çIÞ�ã�ýSRSRúî
n→ peν̄ ô ÞbãTPcR_æëÞ:æNç Ψ1γµΨ2 ô Ψ2γµΨ1

î
9 ç�é`áY`JR0êJP¹P�áw`>çIÞ�ã>áYP]`SR

νn→ pe
�2àJ`�ç�^?R`ß�íYR0ã�íóÞÿå�çpP�á

ν õ�� å'ï�Þ��óÞc`>ç��
Þbã0ýJR>è¿î
p→ ne+ν̄

��R`ßIí��#`��\í:Þ	å�çcåIÞ�æBP�íøè�^?`VP:áAP ô R0æëÞ�ò�ç�ç�ê�çí��¿ß�æ�P_bÿê_Þ�çê�çi`S��ç��áYR�ò�çå�ãSR ô
} ð h ñ �$î�ê0ÞA�bïsÏ�^vÞbíóÞbê_Þn`>ç�Þbã0ýJR>è�á�Þ ν̄ep→ ne+ P�á��	çi�0íYR0å
} ð �bñ �$î¿ê�ça��ï!Ïo^�Þ�í:Þbê6çÿêVPóíiáYR0àL`�çIÞ�ã�ýSR`è!��`_Þ�ßIå�ç_��íóÞbê�çyê_Þiê�ç�é`áY`SR�êJPdP�á
ç�ï0çIã>áY`JP:ê¿î"��`>çj^Så�ã`Þ�ß�ÞbêJP{P�á�ábçiP]`SR`è0á�Þ�ê_Þ]÷øçi`_æ�RLº

ν̄ee→ eν̄eâ üøÞY�a`0Þ�ê�bcR_Þbê_Þ L R0æëÞ:æNç	ãJR0ê�ç�áYR0ò>çêöò`ï_çê ô áAP:ã
Ψ̄Ψ

�DàVP�ï0ç:î
ß�ÞwáAP:ã

j = ēνe + µ̄νµ + τ̄ ντ + adud̄u+ as̄us̄u+ ab̄ub̄u+ ad̄cd̄c+ as̄cs̄c+

ab̄cb̄c+ ad̄td̄t+ as̄ts̄t+ ab̄tb̄tå�àJR0êJP]`SR#� ñ �]`JP�èiï0çIà>áAPóêJRÖR ñ �]`JP�è¾ã�íóÞA`0ãJR
jµ =

∑
i Ψ̄γµΨ° ô « ô ±$� } q Ð% ô'&�ô(& � Ð q Ò

º õ�}ãTPóæB��R�ê_ÞbýSRJR��2ãTP]�'Þ�áAP´ã�íóÞA`0ãJRdP�áw�jP]`0êJR>èd`�ç�^¨å�çøå�í��#``ßIíóÞ�áÿå	ã0í:ÞY`�ãSRdP�á
^!P�ï_êSR`èk`�ç�^
÷�é>ê�^vÞ�æNçê�á�Þ�ïSêJR�ábç\ò_Þbå�áYR�ýSR#� Ò àVPóãTPbï_çêJR>è¿î



»Çþ�)
νe νµ ντ ®ð

µ τ }° « ± } q Ð% & , Ð q Ò
} ð*� h �$î+�zPóàJR0å�í:Þ�êYáAP:ãÌè_í�êJP+åiR0æNçáY`JR0ò�çê¬RYê`èSæëÞùàS`�ç���P_^xP�á+ç�^�êVPÛí

^s`>éV�jPÿàJP:ãTPbï_çêSR>ç
ïXÞA�]RJ�YPwß�Þ:æNçå�á�íóÞ

j = ēνe + µ̄νµ + d̄
′

u+ s̄
′

c
d

′

= d.cosθc + s.sinθc

s
′

= −d.sinθc + s.cosθc

θc
�,�#��Þ�ïê0ÞrïXÞA�]RJ�YP_îVÑ��:çã�áYRe^Sç�åì^Sç-�OR0êSRJ`_Þbê_Þ�æëÞ�åÞ�åÞ	« ô % ô °¿î�÷�R>ß_R0ò>çå��ãJR�ábçøå��@å�áYPIè_êJR>è¾åÞwåæNçå�æNçjbr^_éªòSR0å�áYR�ábç�å��@å�áYPIè_êJR>è % ô'&

θc ≈ 130 sinθc ≈ 0, 22
j = ēνe + µ̄νµ + τ̄ ντ + d̄

′

u+ s̄
′

c+ t̄
′

bÓXæ Þ�æNç Ò íY`��¿ßIãSRº
d

′

s
′

t
′

.ùÞ�áY`0/�ý_Þ
3× 3

��æëÞ�á]`�/0ý0Þ]ê0Þ¹ï21]�óÞ�è3�4/5�6.ùÞ�å�ã`ÞbíóÞ>îJ¸QÞ�ß7/ùæëÞbáY`�/0ý_Þ�å�ç
^31óà8�¿ïSí:Þ�å"à�1óæ91;:øá�Þ�ê0Þ Ò �#���¿ï�ÞXê_ÞqÑz�>ï_ç-<�=

θ1, θ2, θ3 > /yç�?�ê0Þ@��Þ�ß�Þ	=
eiδ > î

θ1 ≈ θc¸A<0/0æNç7<�ê0/ií��B<�ábçê0/`èC� � á�<�/´ß�Þbí��B<�á�Þbê0/`èií\à>ï31:å�ã*1óå�áD� å�ç-<0/>èE1:á Ò ?Síbé*�æNç-<0ê�/¾í��B<>á�çê�/>è¿î
¯F��ìG�DäH�I/�ê0í:Þ�<�/_Þbê�á�ê�1:å�á�î
t→ −t
c→ 1:à�ç-<0Þbá�1;<_Þ
=
θ − τ > à0<�1Y�bï_çIæ
θ+ → π+π0

τ+ → π+π+π−¸J�LKM?_çIå�á�íbçIê�/E�ëç�?�ê_Þbã0í:ÞyæëÞbåIÞ ô ß�Þ�<óè5?N/!OUà0<81;Pbï_çIæaîsÑ�ã`Þ�ßIí:Þ\å�ç ô ò>ç θ+ /



»Íþj¼ ¾i¿AÀ�ÁaÀ�aÂgÃJ¿YÀ��×Ä�ÁjÆÇÀ�Ä�ÈÉ�� Ê��]ËÍÌ Á�Ä_Î
τ+ åÞ[Þ
Póå�1bïsÏcá�ê�1[á��LKM?Sçå�á�í�çê0/úî-Q21;<_Þ�á�Þ[åÞ"æ9/0å'ïR/`ïR/ ô ò�ç�¯F��ìG�DäH�I/�ê0í:Þ�<�/_Þbê�á�ê�1:å�á�á�Þ�î
π+π0 ��ò>ç�á:ê81óå�á�Þ�ç�STO
π+π+π−

�¦ò�ç�á�ê�1:å�á�Þyç��UO
Ñ áüábç�ß7/V?�í:ÞW<0Þ�ßIà_ÞX?vÞ��Uê0Þ�<`é8�wÞbí:Þ�ê>çiê_Þ¨ìG�I/�ê0í:Þ�<�/_Þbê�á�ê�1:å�ábá�ÞY��O ð*Z�ñW[ îü\/5� õUê [ 1;P�è0å�ê>è0íóÞ�á]=

θ − τ > à�<�1�P�ï0çIæ ÞVº°à�<_Þbíbè�áÛà�<�ç�?�à81�ï01XK�çIê�/�ç ô ò>çùìG�/�ê0í:Þ�<�/_Þbê�á�ê�1:å�ábá�Þå�ç�ê_Þ�<>é8�\Þ�í:Þ^O ®Y® _ í�å'ï�Þ
P;/�ábç	í�ß�Þ�/_æ`17?_ç-a0å�á�í;/`èrî
L = Lscalar + Lpseudoscalarâ L /_æëÞ�æWç�í�çã>á�1;<�çê�/ùÞ�ã�å�/_Þ�ïSíbçã�á�1;<�çêiá�1:ã¿î
.¾Þbá�<0/�ý0/öê_ÞT��/�<_Þbã¿î
{γµ, γν} = γµγν + γνγµ = 2ηµν

γ5 = γ0γ1γ2γ3

Ψ̄γµΨ
�¦íbçã�á�1 <

Ψ̄γµγ5Ψ
��Þbã�å-/0Þ�ï_í�çã>á�1;<

Ψ̄(1 + γ5)γµΨ
�¦ê0Þ�<�/0ò_Þ�å�çUtb�C¸Êá�à0ãúî

JA
µ = Ψ̄γµγ5Ψ

��Þbã�å-/0Þ�ï0çêªá�1:ã
Ψ =

(
ΨL

PsiR

) �c?�í�é>ã*1�æWà81óê>çIê>ábçIêùå�à0/�ê�1;<
Ψ
ç	å�á��¿ï0P_î

ΨL = 1√
2
(1 + γ5)Ψ

ΨR = 1√
2
(1 + γ5)Ψ

γ5)
<_Þ�ß�ý>çà0í:Þwå�à0/0ê81 <�/�ábçøê_Þ Ð�ô�2<0/Ìå�à�<óè [ Þ�ê>ç�ê_Þ Ð åà�/0ê81 <0Þ#� å-/6åæNçIê`è0áùæNçå�á�Þ�á�Þ>îNì å�çÿê_Þ�<>é8�\Þ�í:Þiê_Þ

O-d�d _ î�ì¹ç\1 [ ï_ç�?�Þ�ï_ê_Þwå�/_æNç�á�<0/`èüæNç�KM?0é´ï0è0í�1�/#?0è_å�ê81_î
Ψ̄(1 + γ5)γµΨ = 2Ψ̄LγµΨLÙe�@åXß�Þbê0ã�f + g 1�ßIê_ÞIò_ÞbíóÞ�æNçUç-<_æ9/>á�1:í�1å�à�<óè [ Þ�ê>çóî
Lch =

Gµ√
2
jµj

µ+

Gµ
�Æã*1:ê0å�á�Þ�ê>á�Þÿê_Þ]÷øç-<_æ9/úî

jµ = 2(ēLγµνeL + µ̄LγµνµL + τ̄LγµντL + d̄
′

LγµuL + s̄
′

LγµcL + b̄
′

LγµtL)h �Då�/0æWç�á�<0/`è0á�Þyå�ç�ê0Þ�<`é8�wÞbíóÞCO7d�d _ îSìG�Då�/_æNç�á�<0/>è�á�Þyå�çUê_Þ�<>é8�\Þ�í:Þ ô ê�1 h ì
å�ç�å��+i�<0Þ�ê`è_í:Þ>î



»Çþ�j
¸�ç�1 <>ç�æëÞwê0ÞrüXÏH?Sç-<0åk�6�XÞ�1bïR/ h ìWäÓå�ç�å��+i�<0Þ�ê`è_í:Þ�î
K0 �#æNç�ß71:êC��æëÞbá�<0/�ý_Þ
K̄0 ��Þ�ê>á�/0ò_Þbå�á�/0ý_Þ
CP |K0 >= |K̄0 > õ4� K0 ê>çUçUå�1;P:å�á:íbçê_Þ4�Xé>ê0ã�ý0/`èùê_Þ41:à�ç-<0Þbá�1;<_Þ h ì�î
CP |K̄0 >= |K0 >ïl1�æ`P;/0ê_Þbý0/`èm=mïR/�ê�ç-a0ê0Þ > º
K0

1 = 1√
2
(K0 + K̄0)

K0
2 = 1√

2
(K0 − K̄0)

CP |K0
1 >= |K0

1 >

CP |K0
2 >= |K0

2 >
K0

1

�¦ò�ç�á�ê�1M�¦å�1;P:å�á�í�çê_Þyå�á�1;a0ê�1:å�áESTO
K0

2

�Dê>çò�ç�á�ê�1M�¦å�1;P:å�á:íbçê_Þwå�á�1;a0ê�1:å�á��nO
ý çábçêoP;<�1;a ô ò�ç�á�ê_Þp�Xé>ã0ã�ý0/`è ô ê�çò�ç�ábçêqP <81 a ô ê>çIò>ç�á:ê0Þr��é>ê0ã0ý�/>è¿î 5 ã*1
h ì å�ç�å��+i�<_Þbê>è0íóÞ ô á�1Sº
|K0

1 >→ π+π−

|K0
1 >→ π0π0

|K0
2 >→ π+π−π0

|K0
2 >→ π0π0π0O ð�ñ�s^[ î²ê0Þ�PbïsÏH?vÞbí:Þ�êÛç h ì ê_Þ�<>é8�\ÞbíóÞ�: <0Þ�ßIà_ÞX?r1:ákït<�1:ê0/�ê ô ït<�/0ê�å�ábçê5�å�çê ô ÷4/�á�ò ô ¸°ç-<`ïR/¿î

K = Γ(K0
2→π+π−)

Γ(K0
1→π+π−)

= 3, 7.10−6

eiδ u δ = 0, π

vBwyxBw{z |W}*~+���,�S¯QRQO��0�R����P�}
O ð � Ò [ î�å�ç�ê0Þ�PbïsÏH?vÞbí:Þ νµ + p→ νµ + p̄+ π+ + π+Ùe�B:øçIå�á�í�é>íóÞ�áyá�Þbã0/�íóÞ�í�ß�Þ�/0æ91-?Sç-a0å�á�í;/`èrî
ν̄µνµ = ūud̄dO ð ����[ î e+e− → µ+µ−



»�(k� ¾i¿AÀ�ÁaÀ�aÂgÃJ¿YÀ��×Ä�ÁjÆÇÀ�Ä�ÈÉ�� Ê��]ËÍÌ Á�Ä_Î
O ð�� Ð [ î e+e− → τ+τ−Ùe�B:øçIå�á�í�é>íóÞ�á�O Ð ?�/_Þ [ 1óê0Þ�ï_ê0/iç�ï_çIæNçê�á�Þ>î
jn = ēe+ µ̄µ+ ...+ t̄t9 ç�é`á�<0Þ�ï0çIêiá�1:ã�1:à0/�åí:Þyà�1-?Sç�1;P�çêªá�/0àùà0<�1:ý�çå�/¿î
jn
µ → Ψ̄LγµΨL, Ψ̄RγµΨR

1
2
−Qsin2θW

� [ �¿ï¾ê_Þ¹â�Þ�a0ê�P�ç-< [ νe, νµ, ντ

−1
2 −Qsin2θW

� [ �¿ï¾ê0Þ¹â2Þ�a0ê8P:ç-< [ e, µ, τ)���1:à�ç-<0Þbá�1;<ùê0Þwç�ï_çã�á�<0/�ò�çå�ã0/`èùß�Þ�<óè8?
ï0çí;/>á�çt��å'ïSÞ�P�/`ß71:å�à0/�ê

SUL(2)?_çåê�/�ábç��¦å�/0ê [ ï_ç�á
Ln =

Gµ√
2
jnj

n

jn = ēe+ µ̄µ+ ...+ t̄t

vBwyxBw�� �$}��R�QO��ûR`�]}ó¯`}*�,�8�`����¯`��M"�R���YPR�*�SO`����Vc}*�`���0PSO`}
ÙÆï�Þ
P�1:á�/D/�ç�ï_çã>á;<81�æëÞ [ ê0/�á�ê81:á�1�í�ß�Þ�/_æ`17?_ç-a0å�á�í;/>ç¦æ`1 [ Þ�áJ?�ÞAP��+?vÞ�á�1�P�ç�?R/5�ê>çê0/^/´á�1:íóÞ\çUà�1:å�á�/ [ ê_Þ�á�1	1:á\á�ç�1;<0/`è0á�Þwê_Þÿu:ï_ç-��1�é ô â�Þ�a�ê�P�ç-< [ /kÙaÞ�ï�Þ�æà�<�ç�ßTO ð:ñ d [ î8�t<>ç�ßTO ð �bðD[ î�à�1bï0é>ò0Þ�í:Þbáy921�P�ç�ï01óí:Þ	ê_Þ [ <_ÞX?vÞ�ß�Þøê>ç�é`á;<0Þ�ï_ê0/��ábç�á�1:ã*1óíbç:î

SUL(2)
å'ï�Þ
P;1üíbß�Þ�/_æ`17?Sç-a�å�á�í�/�çC��ï0çí;/>á�ç¾å�à�/0ê�1;<0/âå�çªà�<�ç�1�P <0Þ�ß�é>í:Þbá

à81�ç�?�/0êE?0é5P�ï0çá ô Þ4?Sçå�ê0/>ábç	ã`Þbá�1]å�/0ê [ ï_ç�á�î
SUL(2)× UY (1)���¦å�ïSÞ�PMi�/�à�ç-<>ß�Þ�<óè8?
Q = I3 + B+S

2

Q = Iweak
3 + Y

2Ñ�à�ç-<_Þ�á�1 <�/�ábç;�
I3,

Y
2

í�� ô � î�õ d



�G(7�
� Þyã`Þ�ïR/8P <81óí��>ò0ê_Þ�á�ç�1;<0/`è��

SUL(2)× UY (1) ô n2 − 1

SUL(2)→W+W−W 0

UY (1)→ B0

g1 ô g2
�¦ã*1óê�å�á�Þ�ê>á�/+ê_Þyí�ß�Þ�/0æ`17?Sç-a0å�á�í�/�ç�á�1_î

�2<_Þbí;/¾å�çUï3/0ê�ç-a�ê_Þyã*1óæ9P;/0ê0Þ�ý�/>èL�
A = B0cosθW +W 0sinθWd�P;1bß-1óê0ÞM:øç�à0<>çê_Þbå%è¾í�ß�Þ�/0æ91-?Sç-a0å�á�í;/>ç�á�1ÿå�ê�ç�é`á�<_Þ�ïSê0/¾á�1óã*1:íbç
Z = −B0sinθW +W 0cosθW

T̄ , Y
21 ?3�¿ï0K�çê_Þ�á�Þ[à�<�1;/>ßIí�17?�ê0Þ�:øçc/_æëÞ"í�/5?�Þ�� Dµ = ∂µ−i(g1

1
2Y B

0
µ+g2T̄ .barWµ)âÆç-<�1Iè0á�ê�1:å�á�Þ�ß�Þ�/`ß�ï3�>ò0í:Þ�ê>ç�ê_Þ

γ,W+,W−, Z
î 5 æëà`ïR/>ábé7?vÞ�á�ÞM/0æ Þøí�/5?vÞ8�

−i g1g2√
g2
1+g2

2

Q.A− i
√
g2

1 + g2
2(T3 − Qsin2θW

jn )− igl(TW
+W−)
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ÇYÈÊÉeËÌÉ #®

¯ ÚªÉr° Õ Ép± ÚÛÖE° Ò Ô]Õ×ÖÿÈ

²5xBw�² ³l����´`}*��µ`�@}*¶��*�3·`¶�µ¹¸��R�,�8µ�´��,µ�¶,µ`���,µº}*¶`}*�`»�µ,µ
¼�½�¾y¼
¾�¼ ¿`ÀXÁ�Â8À �

µ− → e−ν̄eνµÃXÞ�a���1�P :�1�i�Þ:æ9/>ï0á�1óê�/_Þbê_Þcß�ÞlÄ7Å�ò_Þbå�á�/�ò0ê0/`èT<_Þ�ß�à0Þ§?wê0Þ æcÆb1:ê_Þ å�çÆß�Þbà0/�åí:Þ
í�å'ï0ç�?Sê0/`èùí;/�?G�

Heff =
∑

n,ε,ω

gn
ε,ω [eεΓ

n(νe)σ] [(νµ)λΓnµω] .
=ÇO:îyO >

È2é>ã¾å
ε, ω, σ, λ

åÞ41�á�P:ç�ï�è�ß�Þbê0/iã0/�<_Þ�ïSê81óå�á�/�ábçE=mï�è_í:ÞT/C?0è_å�ê0Þ > ê_Þ�å��+�1�á�í�ç�á�ê�1�ábç@�Xç-<_æ9/�1:ê0ê�/à81�ï0çá�Þ ô Þ	å n á;/�à_Þøê_Þ	í�ß�Þ�/_æ`17?_ç-a0å�á�í;/>ç ��å�ã`Þ�ï�Þ�<5�ê81N=
I > ô à0å�çí
?31óå�ã`Þ�ï�Þ�<0ê81�=

γ5 > ô í�çã>á�1;<0ê81N=
γµ > ô à�å�çIí§?R1:íbçIã>á�1 <�ê�1N=

γµγ5 > /ábçê>ß-1;<0ê81�=
σµν > î � Þ\?�Þ§?_çIê�/

n, ε, ω ô ã0/�<_Þ�ïSê81óå�á�/�ábç�ê0Þ\ê>ç�é`á�<�/0ê_Þ�á�Þ σ /
λåÞT1:à0<>ç�?Sç�ï_çê0/iç�?�ê81�ßIê0Þ�ò0ê81_î

É21:ê0å�á�Þ�ê>á;/>ábç
gn

ε,ω

å�ç�1:à0<�ç�?_ç�ï�è0á¾çã�å�à�ç-<0/0æNçIê>á�Þ�ïSê81�1�á¾çê�ç-< [ ç�á�/0ò0ê81��á�1�/�� [ ï31:í�1�á�1Ê= à�1Ë1�á:ê81 �øçê0/>çûê0Þ åà�/0ê0Þ ê0Þ
µ− > <_Þ�ßIà0<>ç�?_ç�ï_çê0/>ç ê_Þ

ç�ï0çIã>á�<�1:ê_Þ ô à�1bï0è0<0/`ß�Þ�ý�/>è�á�ÞÌê0Þ6ç�ï_çã�á�<81óê0Þr/ å�çò�çê0/>ç�á�16ß�Þp<>ç�Þbã0ý�/>è�á�Þ
νµe
− → µ−νe

î
Ì æWà>ï3/�á�éX?�Þbá�Þÿê0Þ4<0Þ�ßIà0Þ§?�Þøé>ò_Þbí�å�á�í:ÞbáwåÞ:æ`1øï_çí;/E�Uç-<_æ9/�1:ê0/ ô å�ç-�Uçã5�á�/�í�çê!i�Þ�æc/`ï_á�1:ê0/_ÞbêYí�ã>ï3Æ ò0í:Þ�: íbçIã>á�1 <�ê�1�/6à0å�çí§?R1:í�çã�á�1;<0ê81]= Þ�ã�å�/_Þ�ï��

íbçã�á�1;<0ê�1 > í�ß�Þ�/0æ`17?Sç-a0å�á�í�/�ç�í��@í�í�/5?vÞ V −A �
�UÍkÎ
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Heff =
GF√

2
[ēγα(1− γ5)νe] [ν̄µγα(1− γ5)µ] .

=ÖO:îØ× >
É21:ê0å�á�Þ�ê>á�Þ�á�Þ

GF
å�ç�ê_Þ�<0/�ò_Þ�ã*1:ê0å�á�Þbê�á�Þÿê0Þ]÷øç-<_æ9/�/ùå�ç�1óà�<�ç�?Sç�ï0è�1�á

à8�¿ïSê0Þbá�Þ��4/0<�/0ê0Þyê_Þ�<_Þ�ßIà_ÞX?vÞ8�

1

τµ
= Γ(µ− → e−νeνµ) =

G2
Fm

5
µ

192π3
(1 + δQED) f

(
m2

e

m2
µ

)
,

=ÇO:î'Ä >
ã8�+?Sç�á�1

f(x) = 1− 8x+ 8x3 − x4 − 12x2 lnx
/
δQED = α

2π

(
25
4 − π2

)
≈

−0.0042
1�á�ò0/>á�Þ�á´í�17?_ç7:4/�ábçTÉ@Ù,� ã*1 <>çIã�ý0/�/

[ � ] î"Ú�á�/>ß�æNç-<�çê�1�á�1ÿí;<>çIæWç
ê0ÞÛK�/�í�1�áiê_Þ´æcÆb1:ê_Þ

[ � ] ô τµ = (2.19703± 0.00004)× 10−6 &�ô ß�Þ GF
å�ç

à81�ï�é>ò_ÞbíóÞ8�

GF = (1.16637± 0.00001)× 10−5GeV−2 ≈ 1

(293GeV)2
.

=ÇO:î s >
¼�½�¾y¼
¾ØÜ ÝHÞ-ß�ÀDà8ÀXÁ�Â8À �
á ï�Þ
P;/�ábçøà0<>ç�i 17?R/

d→ ue−ν̄e
/
u→ de+νe

æ`1 [ Þ�áM?vÞMP��+?vÞ�á�/>ß�é>ò_ÞbíóÞbê0/
ò�<�ç�ßÿå��"1:á�íbçá�å�í:Þ�:4/�ábç	/0æ Þ§?R<�1:ê0ê�/r<0Þ�ßIà_ÞX?�/

n → pe−ν̄e
/
p → ne+νe ôà81óå'ï0ç�?Sê0/`è]1:áüã*1 />á�1¨å�çê_Þ
P�ï3Æ$?�Þ�í:ÞüåÞ:æ`1+íöè8?R<_Þ�á�Þ ô ß�Þ�:�1�á�1+ç´çê�ç-< [ ç��á�/�ò0ê�1	ß�Þ
P <0Þ�ê>çIê�ß�ÞXå�í�1�P;1-?Sçêyà0<81:á�1:êY=

mp â mn > î5ÙWã�å�à>ç7<�/_æNçê�á�Þ�ï_ê�1�á�1/`ß�é>ò_ÞbíóÞbê�çiê0Þ+ábç�ß7/âà0<81óý>çå-/âà81óã`Þ�ßIíóÞ ô ò�ç´á�çiæ91 [ Þ�áN?�ÞYP��+?vÞ�á�1:à0/�åIÞbê0/
å��@åUå�ï0ç�?�ê0/`èiç-�Uçã�á�/�í�çê#i`Þ�æ9/>ï_á�1:ê0/0Þ�ê+�

Heff =
G∆S=0

√
2

[p̄γα(1− gAγ5)n] [ēγα(1− γ5)νe] ,
=ÇO:î Z >

ã8�+?Sç�á�1
[ � ]
G∆S=0 ≈ 0.975GF , gA = 1.2573± 0.0028.

=ÇO:î ñ >
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á />ïSÞbá�Þê_Þÿí�ß�Þ�/_æ`17?_ç-a0å�á�í;/>ç�çøà�<0/8P�ï3/>ß7/�ábç�ïSê81#<_Þbí�ê_Þÿê_Þ�á�Þ�ßX/+à0<0/

µ<0Þ�ßIà0Þ§?E/�1�á:ê81óí�1�é>ò_Þbí�å�á�Þ�í:Þ�á	åÞ:æ`1�ï0çIí�/	�Uç-<0æc/81óê�/¿î8ì 1�ï�èSæëÞ�á�Þ�à�<0/`ïR/0ã`Þ
æNç�KM?0é�=ÖO�î Z > /^=ÖO�îí× > í�17?�/\à�1Uà0<�ç�?Sà�1bï31XK�çê0/>ç"ß�Þcé>ê0/0íbç-<0åÞ�ïSê�1:å�á�=�ç�?�ê_Þbã5�
í�/iá�/0à�/öå�/>ïSÞ > ê_Þyí�ß�Þ�/0æ`17?Sç-a0å�á�í�/�ç�á�1ÿê_Þyê0/�í�1ÿã�íóÞ�<0ã�/N/ªï0çIà>á�1óê�/L�

Heff =
G∆S=0

√
2

[ūγα(1− γ5)d] [ēγα(1− γ5)νe] .
=ÇO:î � >

� Þbà_Þ�ßIíóÞbê�ç�á�1;ê0Þ[íbçã�á�1 <�ê0/`è�á�1óã
∂µ (ūγµd) = 0 ô 1bß�ê0Þ�ò_Þbí:Þ ô ò�ç 〈p|ūγµd|n〉 =

p̄γµn
à0<0/

q2 = 0 ô á�î ç:î�å�/>ï_ê�1�á�1�íbß�Þ�/_æ`17?Sç-a�å�á�í�/�ç�ê>ç íbï3/>è�ç�ê_Þ	íbçIã>á�1 <�ê0/>èá�1:ã¿î

¼�½�¾y¼
¾Øî
π− → l−ν̄l

ÙNã�å�à�ç-<0/0æNçIê>á�Þ�ï_çê^��Þbã�áwç ô ò�ç�ß�Þ�<>ç�?_çê0/>èï_çà�á�1:ê�<�17?_çIê´í�×�Å`ò0Þ�å�á�/0ò�ê0/>è
<0Þ�ßIà0Þ§? ê_Þ

π−
çÛí�/0ê_Þ [ /q?Sçå�çIêúîJÚ�áYß�Þbà_Þ�ß�í:Þbê�ç�á�1âê_ÞV� [ ï01óí�/>è æ91óæNçê�áå'ï0ç�?SíóÞ0=Sá��Ba\ã`Þbá�1Uà0/�1:ê_Þl/0æ Þ å�à0/�ê�d ô á�1�à�<�17?0é>ã�á�/�ábçcê0Þl<_Þ�ß�à0Þ§?�Þcá;<óè�P:íóÞ?�Þ	/_æëÞbá]ç�?�ê0Þ�/ùå��B:wÞyå�à�/0<_Þ�ïSê81óå�á > ô ò�ç ν̄l

çøå��B:�1M?_è0å�ê�10î Ì ã*1´å�ç	à�<�ç�?0�
à81�ï01XK�/ ô ò�ç�åÞ�æ91�ï0çIí�/ùï0çà�á�1óê�/ï=F/^?Sçå�ê0/üÞbê�á�/`ï_çà�á�1:ê0/ > é>ò0Þ�í�å�á:í:Þ�áªíå'ïSÞ�P;/�ábçyí�ß�Þ�/0æ`17?Sç-a0å�á�í�/>è ô á�1�<_Þ�ßIà_ÞX?vÞ

π− → l−ν̄l
:�ç4P��+?Sçøß�Þ
P;<_Þbê�çêüí

[ <0Þ�ê�/0ý_Þöê_Þ+ê`é�ï_çí:Þ+æëÞ�åÞùê_Þùï0çIà>á�1óê0Þï=;á�1 [ ÞbíóÞöåà�/0<0Þ�ï_ê�1:å�ábá�Þ+ç�?31;P;<�1
ã�íóÞbê�á�1:í�1öò0/�å'ï31 > î�ð ß�Þ�/0æ91-?Sç-a0å�á�í;/>ç�á�1V=ÇO:î Z > à0<>ç�?�å�ã`Þ�ßIí:Þªà�1�á�/0å�ã`Þ�ê>çÿê_Þå�à�/0<_Þ�ïSê81óå�ábá�Þÿíwábç�ß7/N<0Þ�ßIà_ÞX?�/

Re/µ ≡
Γ(π− → e−ν̄e)

Γ(π− → µ−ν̄µ)
=
m2

e(1−m2
e/m

2
π)

2

m2
µ(1−m2

µ/m
2
π)

2
(1+δQED) = (1.2352±0.0005)×10−4,=ÇO:î � >í�1�áIï3/0ò0ê81´å�� [ ï�Þbå-/>ç�åXçã�åà>ç-<0/_æNçê�á�Þ�ï_ê�1�/`ß�æNç-<�çê81:á�1	1�á:ê81 �øçê0/>ç �

Re/µ = (1.230± 0.004)× 10−4 [ � ] î
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¼�½�¾y¼
¾'ñ

∆S = 1
Â8à�Þ�ò�ó �3ô

Ì ê0Þ�ï3/>ß�Þ	ê_ÞD<_Þ�ßIà_ÞX?�/>á�çXåcà�<�1óæQè_ê0Þøê0Þ	å�á�<0Þ�ê�ê�1:å�ábá�Þ^õ
K → (π)l−ν̄l ô Λ→

pe−ν̄e ô î�î�î¥ö¿à�1:ã`Þ�ßIí:Þ ô ò�ç;�
• á ïSÞ�P�1�á�1]í�ß�Þ�/0æ91-?Sç-a0å�á�í;/>ç�ç	í�/0ê0Þ [ /^1�áyá�/0à_Þ

V − A î

• á /`ï�Þ�á�Þ�ê_Þ�í�ß�Þ�/0æ91-?Sç-a0å�á�í;/>ç�á�1�ç�ç�?Sê_Þ�/¾å��B:wÞøß�Þyí�å�/0ò�ã0/�<_Þ�ß�à0Þ§?R/ ôê�1�ç	à81��Dæ Þ�ïSã`Þ41:á�á�Þ�ß7/�/>ß�æNç-<�çê_Þ\ß�Þwà�<�ç�i*1-?�/
∆S = 0

�

G∆S=1 ≈ 0.22GF .
=ÇO:î ð >

• ð¦å-/�ò0ã�/�<0Þ�ßIà0Þ§?R/ié7?R1:íbï0çá�í�1 <óè0í:Þbáÿà�<_Þbí;/`ï31�á�1
∆S = ∆Q

õ á�î ç:î0<_Þ�ß��
à_ÞX?�/âã`Þbá�1

Σ+ → ne+νe ô />ï3/ K̄0 → π−l+νl
ê�ç´å�çªê_Þ
PbïRÆH?vÞbíóÞ�á
ö ôã`Þ�ã>á�1]å�ç@1:ò_Þbã0í:ÞM1�áÿà0<�ç�i 17?vÞ

s→ ul−ν̄l
î

¼�½�¾y¼
¾Ø÷
V − A ø ó � Þ�ù

ð¦å�/0ò�ã0/�/>ß�ï31XK�çê0/ú?R1�ábé>ã8çã�å�à�ç-<�/_æNçê�á�Þ�ïSê�/û��Þ�ã>á;/ æ`1 [ Þ�áË?�ÞËP��+?vÞ�á
1:à0/�åÞ�ê�/#?31;P;<�ç�åti`Þ�æ9/>ï0á;/�ê0/0Þ�ê0Þ��

H =
GF√

2
JµJµ,

=ÖO�î�O-d >
ã8�+?Sç�á�1

Jµ = ūγµ(1− γ5) [cos θCd+ sin θCs] + ν̄eγ
µ(1− γ5)e+ ν̄µγ

µ(1− γ5)µ.=ÖO�î�O�O >ÈQÞ�ã`Þyà�<0/ùê0/0å�ã�/¾çê>ç7< [ /0/iå'ï�Þ
P />ábçøà0<�ç�i 17?�/¾å�çti�Þ�<_Þbã�ábç-<0/>ß7/�<_Þ�áå��
• ü ê0/�í�ç-<0åÞ�ïSê81óå�á6ê_ÞÛí�ß�Þ�/_æ`17?_ç-a0å�á�í;/>çá�1ý=�ç�?�ê81r/¹å��B:41üß�ÞÛí�å-/�ò0ã�/
�Uç-<_æ9/�1:ê0/ >
• ð¦ã>ïRÆ ò�íóÞ�áÿåÞ:æ`1wß�Þ�<�ç�?Sçê�/¾á�1:ã*1óíbç
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�°Þ�ß�ïR/�ò0ê_Þ�á�Þ\å-/`ï�Þ�ê_ÞwÞX?�<81óê�ê0/>á�ç�à0<81óý>çIå�/ªå

∆S = 0
/

∆S = 1
æ`1XK�ç

?�ÞCP��+?SçT<_Þ�ß7P;<_Þbê_Þ
[
O�O

]
ã`Þbá�1^/�?�í:Þ�:\ÞC1�áE� [ �¿ï�Þ]ê_Þ´åæNçåí:Þbê�ç θC ô ?_ç-�@/5�

ê�/0<0Þ�êÛà81iå'ï_ç�?�ê�/>èÛê0Þ�ò0/�êL�
sin θC ≡ G∆S=1/GF ≈ 0.22

î+ð <>ç�ß�é�ï0á�Þ�áªê0Þ
á�1:íóÞ å'ï�Þ
P;/>è�à_Þ�<�á�ê��X1 <\ê_Þ

u
ã�íóÞ�<0ã`Þcç2åæNçå

d
/
s
î�Ú�á á�é>ã

cos θC ≈ 0.975 ôã*1�ç�á�1�ç	í�å�� [ ï�Þbå�/�çUå�=ÖO�î ñ >
²5xBw�� �N�	�"}�
c}*¶,µ,}N´,��µ��Rµ,� �R�,µ�}*¶`}*�,»�µ�µ
�2<0/yí�/0å�1:ã0/\çê>ç7< [ /0/4i�Þ:æ9/`ï_á�1óê�/_Þbê_Þ�=ÇO:îyO7d > ê>ç-1:à0/�å�íóÞ�ã*1 <>çã�á�ê�1	å'ïSÞ�P�1:á�1í�ß�Þ�/0æ`17?Sç-a0å�á�í�/�ç:îG�t<0/�ò0/�ê_Þªß�Þªá�1:íóÞ¾åÞÛ?�í:Þ���é>ê5?�Þ:æNçê�á�Þ�ï_ê0/ à0<81;Pbï_çIæëÞ
å�í��B<>ß�Þbê0/iå

V −A í�ß�Þ�/0æ91-?Sç-a0å�á�í;/>ç�á�10�
O�î |W}*´,�,}*¶`�R�`�tµ,��~�}��@���;�� �21óà�<_Þbí:ã�/�ábçF1:á[í;/�å�1óãUà�1;<óè8?3�@ã ô ã`Þbá�1 νµe

− →
µ−ν̄e → νµe

− åÞ�<0Þ�ß�i 17?_è0:4/ýõ
T ∼

∫
d4k (1/k2) = ∞ öCî ü ï_á�<_Þbí;/��1�ï0çá�1:í;/>ábç�<_Þ�ß�i 17?R/_æ`1óå�á�/ å��B:�çå�á�íbé>í:Þ�áÛípÉXí:Þ�ê>á�1óí:Þbá�Þ+ábç-1;<0/`è¹ê_Þ

à�1bï_ç�á�1 ô ê_Þbà0<¿î9É\Ù,� ô ê81+á�Þ�æ í�å�/0ò�ã0/VP�ç�ß�ã�<_Þ�a0ê81óå�á�/âæ`1 [ Þbá^?vÞ�P;�+�
?vÞ�áYç�ïR/_æ9/�ê0/0<0Þ�ê�/ ò�<�ç�ßÛà�<�ç�?Sç-��/0ê0/�<_Þbê�çÛê0ÞÌà_Þ�<_Þ�æNç�á;<�/�ábçq=�à0<>ç��
ê�1;<_æ9/0<0Þ�ê>ç > ô á�Þ�ã`Þ�ò>ç�/>ß�æNç7<óè�çIæ9/�ábçøí�ç�ï3/0ò0/�ê0/öåIÞ�í�/0ê0Þ [ /ùã0<_Þ�a0ê�/¿î�t<�1�P�ï0çIæ Þ à�<0/

V −A í�ß�Þ�/0æ91-?Sç-a0å�á�í;/>ç�á�1Xç ô ò�çaá�1�ç"ê�çà0<>çê�1;<_æ9/0<`é*�ç�æ`1 ô á�î ç:î0ê>ç�ç	í��¿ß�æ917Kÿê�1T?�Þyå�ç�ç�ïR/0æc/�ê0/�<_Þ�áí�å�/0ò�ã0/^P:ç�ßIã0<0Þ�a�ê�1:å�á;/
ò0<�ç�ß�à0<�1:å�á�1à�<�ç�?Sç-��/0ê0/�<_Þbê�çøê0Þyà_Þ�<_Þ�æWç�á�<0/>ábçT/¾à81�ï0çá�Þbá�Þ�î

×�î�� ¶,µ��*�R�,¶,�"���� �@ç�ß�é�ï_á�Þbá�1�áùé>ê�/�á�Þ�<0ê81óå�ábá�Þüê0Þ�1:à�ç-<0Þbá�1;<_Þöê0Þ�<0Þ�ß��
å�ç-a�íóÞbê�ç[ç ô ò�ç å�çò�çê�/�ç�á�1	ê_Þ�í�ß�Þ�/0æ91-?Sç-a0å�á�í;/>ç σ < 2π/s

î ÈQÞ�ß7/�å�á�1 a��
ê�1:å�áyå�ç�ê_Þ�<0/0ò0Þ\é>ê0/>á�Þ�<0ê_Þ [ <_Þbê0/�ý_Þ>îÚ�áTi�Þ:æ9/>ï0á�1óê�/_Þbê_ÞW=ÖO:îyO-d > ß�Þyå�çIò>çê0/�ç�á�1�å�ç�à81�ï�é>ò_ÞbíóÞ

σ(νµe
− → µ−νe) ≈ G2

Fs/π.
=è×�î�OX× >

ü ê0/�á�Þ�<�ê�1:å�á�á�Þå�ç�ê0Þ�<`é8�wÞbí:Þ ô ã*1 [ Þ�á�1 s ≥ √2π/GF ∼ (617GeV)2

�l1 <0Þ§?R/öá�Þ�ß7/üà0<�/0ò�/0ê_Þ
V − A æ`17?_ç�ï�Þ]æ917K\ç\?�ÞÛP��+?SçøåÞ:æ`1ê0/�åã*1�çê�ç-<5�

[ />á;/�ò0ê0Þ�ç-�XçIã>á�/0í�ê_Þyábç-1;<0/`èöê_Þyå'ï�Þ
P;1�á�1ÿíbß�Þ�/_æ`17?_ç7a�å�á:í�/�ç:î
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W

e

µ

−

ν

ν

, d  , d  



e−

µ−

����������� � ��!ã��"
µ #%$�&(' ) *+$�,-)�.0/1)�2 !

W

e

µ

+

ν



ν

−µ

e−

����������� �3��!546"
νµe

− → µ−νe 798 /1:0;<. 8 W &>=6' 8 )�?�.0& !

¼�½�¾ãÜ*¾�¼ @ ô Â8ó�ß§Þ�Á�À\Á�ÀTÂ8à�ó ø ÞBA �DC ß<EGF�ÞIHKJ�ÞIL�ßXó�à8ÞIHKM�ó
Á�ó�H
ð!É\Ù��Ë�Xç7<0æ9/�1:ê0/�ábçÆíbß�Þ�/_æ`17?_ç7a�å�á:í:Þ�á;ò�<�ç�ßF1;PóæNçIêUê_Þaí;/�<�á�é�Þ�ï_ê0/

γ
ã0í:Þ�ê��

á�/úî;ÈJ�Bawã`Þ�á�1@��1�á�1óê�/�ábçcåÞlP:ç�ß�æëÞ�å�1:í;/�<�ç�ß�é�ï0á�Þbê�á�ê�1�á�1
ēeēe

íbß�Þ�/_æ`17?_ç7a�åk�
á�í�/�ç;ê�ç"ç"ï01óã`Þ�ïSê81 ô á�î çóî���1�á�1óê�ê0/`è]à0<�1:à_Þ [ Þ�á�1 <�à81 <0Þ
KT?vÞt?R�¿ï [ 17?Sç-a0å�á�í:Þ§�:\Þÿå-/`ï�Þ�å�Þ:æWà�à>ïR/>á�éX?vÞ

T ∼ α/q2 îRÈJ�Ba+ã`Þ�á�1´å'ï�Þ
P;1�á�1´í�ß�Þ�/0æ91-?Sç-a0å�á�í;/>çç�ã0<_Þ�á�ã*17?Sç-a�å�á�í:Þ�:�1 ô á�1]å�ç\1:ò_Þbã0í:Þ�<�1bï0è�á�Þ�ê_Þ	��1�á�1óê0ÞT?vÞ�å�ç\/>ßIà8�¿ïSê0a0Þ§�
í:ÞW1�á6æ Þbå�/0íbçêm1;P�çã�á�î Ì ã*16å�ç´à0<>ç�?Sà�1bï31XK	/

[
O§×

] ô ò�ç´ß�Þ�<�ç�?Sçê0/`è á�1óã¹å�çà81 <0Þ
KT?vÞ�1:á]æëÞbå�/0í�ê�1ÿíbçIã>á�1 <�ê�1ÿà�1bï_ç�å��@åUå�à0/0êpO
Wµ ô
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L =
g

2
√

2

(
JµW †

µ + h.c.
)
,

=è×�î�O-Ä >
V −A í�ß�Þ�/0æ`17?Sç-a0å�á�í�/�ç�á�1�æ`1XK�ç2?�Þ4P��+?Sç [ çê�ç-<0/�<_Þbê�1yò�<�ç�ßt1;PóæNçê´ê_Þ

W
î �t<0/¾çê�ç-< [ /�/+æWê�1 [ 1]à�1
�#æëÞ�ï_ã0/�1:áæëÞbåIÞ�á�Þÿê_Þ

W
íbçã�á�1 <�ê0/`èüà�<�1:à_ÞX�

[ Þbá�1;<¾å�ç@<�ç�?_é>ý�/0<0ÞM?31ÿã*1óê>á�Þbã�á�ê�1í�ß�Þ�/_æ`17?_ç-a0å�á�í;/>ç ô
−gµν + qµqν/M

2
W

q2 −M2
W

q2<<M2
W−→ gµν

M2
W

.
=è×�î�O s >

ÈG1 [ Þ�í:ÞT1�áR=ÇO:îyO7d > å�ç�à�1bï0é>ò_Þbí:Þyò0<�ç�ß
g2

8M2
W

=
GF√

2
.

=è×�î�O Z >
� Þ!?�ÞeçöíYå�/>ï�Þ6á�çIÞ�<0/`è0á�ÞYê_ÞÌà>ç7<>á�é8<�PóÞ�ý�/0/�ábç ô á�î ç:î¦ã*1:ê0å�á�Þbê�á�Þbá�ÞYê_Þí�ß�Þ�/0æ`17?Sç-a0å�á�í�/�ç

g < 1 ô á�<óè�Póí:Þ4?vÞyç@/>ßIà��¿ï_ê�çê�1
MW < 123 NPO>Q îð ß�Þ�/0æ`17?Sç-a0å�á
K�/>çá�1 =è×�î�O-Ä > ?�Þ�í:Þ+à81�� ?R1�P <81¨à�1:í�ç�?Sçê�/�çªê0Þüå�çIò>çê0/�ç�á�1à�<0/ùí;/�å�1óã�/¾çê>ç7< [ /0/´ß�Þ νl−→ νl− ô

σ(νµe
− → µ−νe)

s→∞∼ G2
FM

2
W/π.

=è×�î�O ñ >ð �@à0<>çã0/+ò>ç�é>ê0/>á�Þ�<0ê�1:å�ábá�Þ´çD1�á:ê81óí�1ªê0Þ�<`é8��çê0Þ ô /0ê�íóÞ�<0/0Þ�ê>á�ê�1�á�1ªå�ç��ò>çê0/�çüí�çò�ç+ê�ç+ê_Þ�<_Þbå�á�í:Þ åöçê�ç-< [ /`è0á�Þ�îJÃl1]1:á�ê�1:í�1âê�ç-�@/`ßX/�ò0ê81ûê0Þ�<0Þ�åk�
á�í:Þ�ê>ç¾ê_Þüå�çò�çê0/>ç�á�1¨å�ç´à�1bï0é>ò_Þbí:Þüíüá�ç�ß7/âà0<81óý>çIå�/ ô ã��+?Sç�á�1¨å�ç#<0Þ
KM?�Þbá
ê0Þ§?0ï3�LKÿê�/

W
P�1bß71:ê0/úî

σ(νeν̄e →W+
L W

−
L )

s→∞∼ s ; σ(e+e− →W+
L W

−
L )

s→∞∼ s .=è×�î�O � >R ßá�1:ò0ê0/�ã`ÞÌê_Þeà0<�1�Pbï_çIæëÞÌæ`1XK�ç�?�ÞpP��+?SçN<_Þ�ß7P;<_Þbê à�1
�Õ?31;P;<�ç+Þbã*1Yå�ç
Þbê_Þ�ïR/`ß7/0<_Þaç�?�ê�1:à0<�/_æWã*1:íóÞ�á�Þ[Þ:æWà>ï3/�á�éX?�Þbá�Þ

T (e+e− →W+W− → e+e−) ôã8�+?Sç�á�1ªà81�ï0çá�1
W
é>ò_Þbí�å�á�í:ÞåÞ�æ91í�/0<�á�é�Þ�ï_ê�10îTS\1;��1:á�1ªà81óíbç�?Sçê0/>ç�à0<0/
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í�/0å�1:ã0/´çê>ç7< [ /0/#/�?�í:Þ41�áyò_Þbå�ábá�Þ

qµqν
ê0Þ\à0<81óà0Þ [ Þbá�1;<_Þwê0Þ W ô ã*1Iè0á�14?�Þ§�

í:Þ	ã0í:Þ§?R<_Þ�á�/0ò0ê81�<0Þ�ß�i 17?_è0:T/`èÛ/0ê>á�ç [ <_Þ�ïrõ
T ∼

∫
d4q/q2 =∞ öCî8�217?31;P:ê0/

?R/_Þ [ <_Þ�æc/å��B:�çå�á�íbé>í:Þbá�í	ÉlQl� ô ã��+?Sç�á�1øé>ò_Þbí:å�á�íóÞ�á4��1�á�1óê�/ªíóæNçå�á�1
W ôê81\ß�Þbà_Þ�ß�í:Þbê�ç�á�1wê0Þ�ç�ï_çã�á�<81�æëÞ [ ê�/�á�ê0/`èiá�1óã qµJµO�U = 0 ô />ßIã>ï3Æ ò0í:Þ\à�<0/��ê81óåÞøê_Þ

qµ îVSD/�à0åÞ�á�Þ\ê0Þ�á�Þ�ã8�@íwà0<81;Pbï_çIæ í�ÉbQl�×çXåí��B<>ß�Þbê�1�å�ê>é�ï0çíóÞ�á�Þ
æëÞbåÞ��t1:á�1:ê0/>á�ç ô ã*1�ç�á�1+í�17?�/Y?R1ùá�1óí:Þ ô ò�ç]ê0Þ§?0ï3�LKÿê0Þbá�Þ+ã*1�æWà81óê>çIê>á�Þ¾ê_Þ�t1:á�1:ê0ê81:á�1à�1bï_ç�çD��/>ß7/0ò>çåã�/¾ê�çê_Þ
P�ï3Æ$?�ÞbçIæëÞ>î

ð �¿ß�æ`1XK�çIê ê0Þ�ò0/�ê ß�Þ]<_Þ�ß7<�ç-�wÞbí:Þ�ê>çüê_Þ à�<�1�P�ï0ç�æëÞYçÛå��B:øçIå�á�í�é>íóÞbê�ç��
á�1öê_ÞÛ?31óà8�¿ïSê0/>ábç�ï0çêÌà0<�/0ê81óå�ã8��æ Þ:æWà`ïR/�á�éX?�Þbá�Þöê0Þ

W+W− ô ã*1;a�á�1#?vÞ
å��@ã�<_Þ�á;/¾ê0Þ�<0Þ�å�á�íóÞbê�ç�á�1]ê_Þyå�çò�çê0/>ç�á�1ÿà�<0/¾í�/0å�1óã�/içIê>ç-< [ /0/úî�ðq?_ç7a�å�á:í�/5�
ábç�ïSê81óå�á ô á��Baiã`Þbá�1 W /_æëÞ\ç�ï_çã>á;<�/0ò>çIê´ß�Þ�<óè8? ô å��B:�1\á�Þ�ã`Þ\á�<óè�Póí:Þ�?�Þ\å�ç
1�á�ò�ç�ábçøà0<�/0ê�1:åÞyê_Þ & ��ã`Þ�ê0Þ�ïSÞ e+e− → γ →W+W− ô ã*1 a>á�1	?�Þ�í:Þyà�1-?R1�P��
ê81øà�1:í�ç�?_çIê�/�ç

σ ∼ s
îGS\1;�41�á�1øà�1:í�ç�?_çIê�/�ç;à0<0/ÿí�/0å�1:ã0/yçê�ç-< [ /�/�P /]æ`1 [ ï31?�Þ@P;�+?_çcç�ïR/0æc/�ê0/�<_Þbê�1�ò0<>ç�ß å�é�æ9/�<_Þbê�çcê0Þ	å�ïSÞ�P;/�ábçl/�ç�ï_çã>á�1óæëÞ [ ê�/�á�ê0/>á�çÞ�æWà>ï3/�á�éX?�/ ô 1:å-/ [ é8<óè_í:Þ�a�ã0/\í;<8�¿ß�ã`ÞUæNç�KT?_é\å'ï�Þ
P�Þ�á�Þ

g
/\ç�ï0çã�á�<�1óæëÞ [ ê0/>á§�ê0Þbá�Þ

e
ã*1:ê0å�á�Þbê�á�Þ�îF�\1 <�/q/ï?�ÞpP��+?Sç�<�çIÞ�ïR/`ßX/�<_Þbê�1eá�1:í:ÞÌå��@ã0<_Þ�:\Þ�í:Þ�ê>ç

à�<�1�P�ï0çIæ Þ^1:å�á�Þ�í:Þ¾ß�ÞùÞ:æWà`ïR/�á�éX?�Þbá�Þ+ê_Þ�<�çIÞbã0ý0/`è0á�Þ
νeν̄e → W+W− ô ß�Þ§�:�1�á�1ÿê>ç�é`á;<�/0ê0Þbá�Þ]ê>ç	íbß�Þ�/_æ`17?_ç7a�å�á:í:Þ�á�å\��1�á�1óê0Þ�î

¼�½�¾ãÜ*¾ØÜ W�Þ C ß§à8ÀXù�H ô ßXó�L ó�J�Þ
��Þ�ß�i 17?�/0æ91:å�á�/�ábç;à�<0/\í;/�å�1:ã0/�çê�ç-< [ /0/\æ`1 [ Þbáb?�Þ2P��+?vÞ�á21:á�å�á�<_Þbê�çê0/�ò�<�ç�ßí��@íbç�KT?vÞbê�çeê_Þ]?31óà8�¿ïSê�/�ábç�ï_çê ê�ç�é`á�<_Þ�ï_çêÓæNç�KM?�/�ê�çê íbçIã>á�1 <>çIê�P;1bß-1óê
Z ô ã*1 a>á�1¾íbß�Þ�/_æ`17?Sç-a�å�á�í:Þ´ã`Þbã�á�1¾å��@åøß�Þ�<_ÞX?Sçê0/>á�ç\ï_çà�á�1:ê0/Ûá�Þbã`Þ#/¨åwê�ç��
é`á�<�/0ê_Þ�á�Þ>îYXt<�ç�ß#/>ß-P /�<_Þbê�ç´ê_Þüà�1-?0i 17?_è0:wÞ+æ ÞbåÞW/ ã*1:ê0å�á�Þbê�á�Þ¨ê0Þüíbß�Þ�/5�
æ`17?_ç-a0å�á�í;/>ç´ê0Þ

Z ô ç´í��¿ß�æ917Kÿê�1�?vÞöå�ç]å��@ã0<0Þbá�/ à0<�/0ê81óå�/�ábç & ��ã`Þ�ê0Þ�ï3/�ábç
e+e− → Z →W+W− /

νeν̄e → Z →W+W− îúîÚ2PóæNçê_Þcê_Þ
Z

P;1bß-1óê0Þcà�1+Z6��ã`Þ�ê0Þ�ïSÞl1�P�è0å�ê>è0íóÞ;ê0Þ�ï3/0ò�/�ç�á�1�ê0Þ�à�<�1:ý�çå�/�ábç
νµe
− → νµe

− /
νµp → νµp

îGÃUÞ�ï3/0ò�/�ç�á�1+ê0Þiá�Þ�ã�/0í:Þùê>ç�é`á;<0Þ�ï_ê0/Ìá�1:ã*1óíbç
çùà81:á�í��B<;?Sçê�1Yçã�å�à�ç-<�/_æNçê�á�Þ�ïSê81Ìà�<�ç�ßmO ð � Ä [ î [

O7Ä
] ô å�1:á�ã�<0/0í:Þbê�ç�á�1 ê_Þ

ç�ïSÞ�å�á�/0ò�ê0/>èöà�<�1:ý�çå
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νµe
− −→ νµe

−.
=è×�î�O � >�t<81óý>çå-/>ábçyà�1;<�1-?Sçê0/�1�áªê>ç�é`á�<0Þ�ï_ê0/Ûá�1óã*1:í�ç ô à0<0/¨ã*1;/�á�1iå�ç\à0<�1óæNçê>èÞ�<�1óæëÞbá�Þ ô åIÞ]å�/>ïSê81ià�1�á�/0å�ê_Þ�á�/ ô ß�ÞC<0Þ�ß�ï3/0ã`ÞC1�áªábç�ßX/Ûà81 <817?Sçê�/�1:á]ß�Þ�<�ç��

?_çê0/iá�1óã*1:í�ç:î
[ � ]

Γ(µ− −→ e−e+e−)

Γ(µ− −→ e−ν̄eνµ)
< 1.0× 10−12;

Γ(Σ+ −→ pe+e−)

Γ(Σ− −→ ne−ν̄e)
< 1.3× 10−2; (90%CL)=è×�î�O ð >

Γ(KL −→ µ+µ−)

Γ(K+ −→ µ+νµ)
= (2.79± 0.15)× 10−9.=è×�îí×
d >ÈQÞ�ã`Þyò>ç\1;PóæQè_ê0Þbá�Þyê_Þ

Z
ê�ç�í�17?R/E?R1ÿà0<81�æQè0ê_Þyê0Þ�Þ�<81�æëÞ�á�Þ>î

¼�½�¾ãÜ*¾Øî []\�ó^M�ÞIH8ó�\�ß ô H8À_\kù�À<M�ó�ß§ó_J
Á�À ô ø ó � ÞI`D\�ß�J ô Þ�2<0/ ê0/�åã�/Ýçê>ç7< [ /0/ å'ï�Þ
P;1�á�1âíbß�Þ�/_æ`17?Sç-a�å�á�í�/�çÛå�ç�i`Þ�<_Þbã�ábç-<0/`ßX/�<_Þâå��@å
å'ï0ç�?Sê0/>á�çD1:å�1;P�çê�1:å�á;/+�
O�î`È�1�çUà81���å'ï�Þ
P;1^= à�1
��PóÞbí:ê81 > 1�áwå�/`ïSê�1�á�1	/´ç�ï_çã>á;<81�æëÞ [ ê0/�á�ê81:á�1 Γweek

� Γem � Γstrong
î

×�îaRUæëÞ]æëÞ�ï3�@ã�<_ÞX?�/`é�å	ê0Þ�?_ç7a�å�á:í�/�ç
rweak ≈ 10−2rstrong

î+�2<0/0ò�/0ê0Þ�ß�Þ
á�1:í:Þwç ô ò>ç W± /

Z
åÞ�æëÞ�å�/0í�ê0/úî

Ä>îFÃUÞ�<`é8�wÞbí:Þ h /ÿìY/0ê�íóÞ�<0/0Þ�ê>á:ê81óå�ábá�Þ ô à81 <0Þ§?R/yã*1:ç�á�1UåIÞ�æ`1 ï_çí;/T�Uç-<5�
æc/81óê�/¾íbß�Þ�/_æ`17?Sç-a�å�á�í:Þbáÿå'ïSÞ�P�1_î

s îFÃUÞ�<`é8�wÞbí:Þ h ìq/�ê0í:Þ�<�/_Þbê�á�ê�1:å�á�á�Þ�î
Z îFÃ�ç�å��+i�<_Þbê>è0í:ÞyÞ�<81�æëÞ�á�/�ábç:î
ñ î � Þ�à0Þ�ßIí:Þ�ï_çà�á�1:ê0ê81:á�1ò0/0å'ï01_î
� îFÃ�ç�é`á;<�/0ê0Þbá�Þÿí�ß�Þ�/0æ`17?Sç-/0å�á�í:Þbá�åÞ�æ`1ÿå�ïSÞ�P�10î
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SU(2)L ⊗ U(1)Y
�0}��R�,µG�

��d 1Ge0/�å d ê�/�çIf�1ûê d å�ï d P�1�f�1âí�g d /0æ`17?Sç-a0åBf�í�/�çÛå d ê�ç�1�P7i 17?�/0æc/ ê`èih*1bïjh*1
�Xç-<_æ9/�1:ê0ê�/ d <�1óæ d f d /W< d g�ï3/0ò0ê�/+å�í�1 a�åIf�í d g d ï0çIí�/�fbç�/^?Sçå�ê0/�fbçke�1bï_ç��
f d îiS�çí�/�fbçle�1bï_çIf d :øç\1�P < d g�é>í d fM?0é5P�ï0ç�f�/�/�1:åíbçêmf�1:í d :øçD/0åIh d æNç�? d
/0æ d æNçÿæ d å-/�í:ê�/nh d ï3/�P;<�1:í��>ò0ê�/ne�1bï_çIf d

W± /
Z
îGÃ d a��oe0<81óåBf d f d [ <`épe då��+?3�B< K d : d ?0é5P�ï0ç�f�/´ç

SU(2)
î á �B:41kf d h d /�åIh d æNç�? d íGh`ïRÆ ò�/_æ ç�ï0ç�h�f§�

<81�æ d [ ê0/�f�ê81Gf�1øí�g d /_æ`17?_ç-a0åBf�í;/>çóî ��d ý�ç�ïif d ç;ê>ç�1;P7i 17?R/_æ d ?31qe8�¿ïSê�/�fbç�ïSê�1
[ <`épe d U(1)

î�ÈG1 [ d í d [ <>épe d f d ê d å�/_æNçIf�<0/>è¾ç;�
G ≡ SU(2)L ⊗ U(1)Y ,

= Ä>îí×�O >
h8�+?SçIf�1øå

L
å�ç�1�f�P:ç�ï�è�gIí d f�ï0çí;/pf�çre�1bï_çIf d ô d å Y å�çA1Gf�P�ç�ï�è�gIí d f�î:ê d <¿î

å'ï d PMi�/�e�ç-<pg d <óè8?@î
��d e�<�1:åBf�1�f d :øç�< d g�ï0ç�? d æNç[ç�?Sê d � d æ9/`ïR/>è�1�fsh�í d <Dh�/Û/	:øçcí��@íbç�?_çIæ

1^gIê d ò>çê0/�çIf�1

ψ1(x) =

(
u

d

)

L

, ψ2(x) = uR, ψ3(x) = dR.
= Ä>îí×�× >

á �B:T/pfbç�< d g�å��LKM?_çê0/>èiå d í d ïR/�?�ê0/�/Kg d ï_ç�e�f�1:ê0ê0/`èöå�ç�hpf�1;<

ψ1(x) =

(
νe

e−

)

L

, ψ2(x) = (νe)R, ψ3(x) = e−R.
= Ä>îí×
Ä >

Ã�ç�h d ? d < d g�ï_ç�? d æNç�å�í�1�P�17?�ê�/>èiï d [ < d ê8K�/ d êùí�å'ï0é>ò d è¾ê d É\Ù��

L0 =
3∑

j=1

iΨj(x)γ
µ∂µΨj(x).

= Ä>îí× s >
L0
ç�/0ê�í d <0/ d êpfbçIême817?#?_ç7a�åBf:í�/�çUê d [ ï01;P d ïSê d f d f�< d ê0å���1;<_æ d ý0/>è

G
î
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ψj(x)
G→ ψ′j(x) ≡ exp {i~τ~α/2} exp {iyjβ}ψj(x),

= Ä>îí× Z >
h8�+?SçIf�1

SU(2)L
æ d f�<0/�ý0/�fbç\?Sç-a�åIf�í d fÿå d æ`1�í��B<;i`éÛ?_é5Pbï_çIf�/�fbç

ψ1
î

á ç [ d :�çve81 /�åIh d æNç�ï d [ < d ê8K�/ d ê d ? d P��+?SçJ/�ê0í d <�/ d ê�fbçê�/_e817?M?_ç7a�åBf
�
í�/�çIf�1cê d ï01qh d ïSê�/�fbçwh d ïR/8P <81óí��>ò0ê�/�f�< d ê0å���1;<_æ d ý0/�/	ê d [ <`épe d f d SU(2)L⊗
U(1)Y ô å ~α = ~α(x)

/
β = β(x)

î ��d ? d g d e d g7/_æ å�/0æWçIf�<0/`èDf d f�<óè�Póí d ? d
åæNçê0/0æo�Uç-<0æc/81óê�ê0/pf�çke�<�1;/pgIí�1-?�ê0/¾åxh*1:í d <�/ d ê�f�ê0/úî�ÈJ�Bayh d f�1�/0æ d æNç se d < d æNçIf��B< d ô ~α(x)

/
β(x) ô f�1ÿå d ê�ç�1�P7i*1-?�/_æ9/ s h d ïR/8P <81óí��>ò0ê0/ye81�ï0ç�f d �

Dµψj(x) ≡
[
∂µ − ig

~τ

2
·
→
W µ −ig′yjBµ

]
ψj(x).

= Ä>îí× ñ >
È d h d ê�/�ç�/_æ d æNçzf�1óò�ê0/`èWP;<�1;ayh d ï3/�P;<�1:í��>ò0ê�/{e81�ï0çIf d g d ? d 1Ge0/0�øçIæ

W± ô Z /
γ
î

ÚXå�íbçê|f�1óí d /0åIh d æNç
Dµψj(x)

? d å�ç�f�< d ê�å-�t1 <0æ9/0< d e81�å��B:T/`èiê d ò0/�ê
h d f�1

ψj(x) ô h*1�ç�f�1	��/Dh�å�/0< d f�< d ê0å���1;<_æ d ý0/81óê�ê0/�fbç�å�í�1;a0åBf�í d ê d h d ï3/�P
�
<81óí��>ò0ê�/�fbçse�1bï_çIf d �

Bµ(x)
G→ B′µ(x) ≡ Bµ(x) +

1

g′
∂µβ(x),

= Ä>îí× � >
~τ ·
→
W µ

G→ ~τ ·
→
W ′

µ≡ U(x)~τ ·
→
W µ U

†(x) +
2i

g
U(x)∂µU

†(x),
= Ä>îí× � >

h8�+?SçIf�1
U(x) ≡ exp

{
i
−→
τ
−→
α (x)/2

} îHÈ�< d ê�å-�t1 <0æ d ý�/>è�f d ê d
Bµ

ç
/�?Sçê�f�/�ò0ê d å}f d gX/|e�1bï0é>ò�çê d g d ��1�f�1:ê d í	ÉbQl�]î��21�ï0çIf d f d

W i
µ

å�ç+f�< d ê��
å��t1 <0æc/�< d fPe�1Pe81���å�ï01XK�çê�ê d ò0/�ê u e�17?4?Sç-a�åIf�í�/�ç2ê d /0ê��@/0ê�/�fbçBg7/_æ d ï_ê0/pf�ç
f�< d ê�å-�t1 <0æ d ý�/0/+ê d [ <>épe d f d SU(2)L ⊗ U(1)Y ô õ (a× b)i ≡ εijka

jbk
ö

→
W ′

µ=
→
W µ +

1

g
∂µ~α − ~α×

→
W µ +O

(
~α2
)
.

= Ä>îí× ð >
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. d f�<0/�ý0/�fbç�1�f [ <>épe d f d SU(2)

ê>çKh*1óæQéVf;/�< d f~e�1¨æNç�KM?_éYå�/ ô h*1�çIf�1í�17?R/p?R1�e�1�è0í d f d ê d ?R1Ge��¿ï_ê0/�fbç�ï_çê ò`ï_çê −→
α ×

−→
W µ

í�h>ï3Æ ò0í d : å d æ9/5�
fbç�h d ïR/�P;<�1:í���ò�ê0/�e�1bï_çIf d î3Él1óê�åIf d êpf d f d ê d í^g d /_æ`17?Sç-a�åIf�í�/�çXæNç�KM?_é�e81��
ï0çIf d f d

ψj
/
Bµ

ç¨ê d e��¿ï_ê�1¹å�í�1�P�17?�ê d ô f�î ç:î�å��B:øçIåBf�í�é>í d f�e0<81 /Vg�í�1bïSê0/
g i�/De>ç7<Vg d <óè5?�/ g yj

g d í:åGèih*1Û1�fKe�1bï_çIf d f d
ψj
î ÈJ�Ba�h d f�1Kh*1�æQéVf d ý0/81óê�ê0/��

fbç6å�� 1�f�ê�1;��çê�/>è ê d [ <>épe d f d SU(2)
å d ê�ç�ïR/�ê�ç-a0ê�/ ô f d g7/ å�í�1�P;1-? d ê�ç

å��B:øçåIf�í�é>í d g d e81�ï0ç�f d f d
W i

µ

� [ <>épe d f d SU(2)L
/0æ d ç�?Sê d ç�?�/0ê�åBf:íbçê d

h*1:ê0åBf d êpf d ê d í�g d /0æ91-?Sç-a0åBf�í;/>ç
g
î

S d [ < d ê8K�/ d ê8��f

L =
3∑

j=1

iΨj(x)γ
µDµΨj(x),

= Ä>îãÄ�d >
ç!/�ê0í d <�/ d ê�fbçêº1�f:ê81óå�ê81¹ï01qh d ïSê�/�fbç

G
f�< d ê0å��t1 <0æ d ý0/�/¿î ��d e�1:åIf�<81�è8�

í d ê�çIf�1 ê d h d ï3/�P;<�1:í��>ò0ê81���/0ê�í d <0/ d êpf�çê�h�/0ê�çIf�/0ò>çê ò`ï_çê ô í��@íbç�KM? d æNç
e81�ï0çIf d f d

Bµν
/ −→
W µν

�

Bµν ≡ ∂µBν−∂νBµ,
−→
W µν≡ ∂µ

−→
W ν −∂ν

−→
W µ +g∂ν

−→
W µ ×∂µ

−→
W ν .= Ä>îãÄ8O >

Bµν
1:åBf d í d /0ê0í d <0/ d ê�fo1Gf�ê81óå�ê�1

G
f�< d ê0å���1;<_æ d ý0/�/�fbç ô ?R1Gh d f�1 −→τ

·
−→
W µν

å�ç�f�< d ê0å���1;<_æ9/0< d h*1óí d <�/ d ê�f�ê�10�

−→
τ ·

−→
W µν=

2i

g

[(
∂µ − ig

−→
τ

2
·
−→
W µ

)
,

(
∂ν − ig

−→
τ

2
·
−→
W ν

)]
→
G U(x)

−→
τ ·

−→
W µν U

†(x).

= Ä>îãÄ × >Ã21;<_æ9/�< d ê0/>è�h�/0ê>ç�f�/�ò�çêùï d [ < d ê8K	/ d êöå�çt? d í d 1�f	/pg7< d g d �

LKin = −1

4
BµνB

µν−1

8
Tr

[(−→
τ ·

−→
W µν

)(−→
τ ·

−→
W µν

)]
= −1

4
BµνB

µν−1

4

−→
W µν

−→
W µν .= Ä>îãÄ�Ä >
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Ã�ç d P:ç�ï0çIí d f d åBf�<>éphpf�é8< d ê d [ <`épe d f d SU(2)

í�17?�/�?31 å��B:�çåBf�í�çê d < d g��
ï3/Dh d å	É\Ù��]îRÈJ�Ba�h d f�1|e�1bï_çIf d

W i
µν

é>ò d í�åBf:í d f#/üåkh0í d ?R< d f�/0ò0ê�/Ûò>ï0ç��
ê81óíbç ô íï d [ < d ê8K	/ d ê d LKin

å�ç�e81�è0íbè0í d fªò`ï_çê�1:íbçyå��+?R�B< K d :T/�f�<�çIf d /
ò>çIf:í��B<�f d åBfbç�e�çê~e�1�h d ï3/�P;<�1:í��>ò�ê0/�fbç�e�1bï_çIf d î�È°çBg7/¨ò>ï0çIê81óíbçÿí�17?_è�fE?R1
f�î ê d <¿î_å d æ`17?_ç-a0åBf�í;/>ç�ê d h d ï3/�P;<�1:í��>ò0ê�/�fbçse81�ï0ç�f d î á />ï d f d ê d f�1:í d í�g d �
/0æ`17?Sç-a0åBf�í�/�ç]å�ç	1qe�<�ç�?Sç�ï0èr1�f+å��B: d f d h*1:ê0åBf d êpf d

g ô h*1 apf�1öé>ò d í�åIf�í d /
í��@í��Xç7<0æ9/�1:ê0ê d f d ò d åBf�ê d ï d [ < d ê5K�/ d ê d î

É d ïR/8P <81óí��>ò0ê d f d å�/0æWçIf�<0/`è\ê�ç ?31qe`é�åIh d í�h>ïRÆ ò�í d ê�çIf�1Uê d æ d å�1:ícò>ï0çIê
g d h d ïR/8P <81óí��>ò0ê0/pfbç	P;1^g-1óê�/ ô f��Ba�h d f�1yf�1;aV:øç�í�17?�/W?31öê d <`é8� d í d ê>ç�f�1
�/úî�ð�h>ï3Æ ò0í d ê>ç�f�1ÿê d �Uç-<_æ9/81óê�ê0/ùæ d å�/ªçUå��B:�1yê>çí���g�æ`1XKÿê81 ô g d :�1Gf�1�fbç
f�<óè�Póí d ? d å�í��B< K d föï_çí�/�fbç#/!?Sçå�ê0/�fbç|e�1bï_çIf d ô h*1;/�f�1Y/_æ d fY< d g�ïR/�ò0ê0/
f�< d ê�å-�t1 <0æ d ý�/�1:ê0ê0/6å�í�1;a0åBf�í d /�f�1:í d :�ç�?R1:í�ç�?_ç�?31´è_í�ê�1ªê d <>é8� d í d ê>ç
ê d h d ï3/�P;<�1:í��>ò0ê d f d å-/0æNç�f�<�/>è¿î5È d h d

SU(2)L⊗U(1)Y
ï d [ < d ê8K�/ d ê d 1�f

=�Ä�î'Ä;d > /m=�Ä�î'Ä;Ä > å��+?3�B< K d å d æ`1�P�çBg�æ d å�1óí�/me�1bï_çIf d î
¼�½�¾ãî*¾�¼ �eÁ�À ô ø ó � ÞI`�\�ß<J ôp� H8À4Á�ÀXà�Þ � Þ�H ô ß§ó^L*ó^J�Þ
S d [ < d ê8K	/ d ê��TfN1�fm= Ä�î'Ä�d > å��+?3�B< K d í�g d /0æ91-?Sç-a0åBf�í;/>çÿê d �Uç-<_æ9/81óê�ê0/�fbç
e81�ï0çIf d åzh d ïR/8P <81óí��>ò0ê0/pfbçDP;1^g-1óê�/L�

L −→ g

2
Ψ1γ

µ(
−→
τ ·

−→
W µ)Ψ1 + g′Bµ

∑

j

yjΨjγ
µΨj.

= Ä>îãÄ s >
X ï0çê��Tf�å��+?R�B< K d :

SU(2)
æ d f;<�/0ý d f d

−→
τ ·

−→
W µ=

(
W 3

µ W 1
µ − iW 2

µ

W 1
µ + iW 2

µ −W 3
µ

) = Ä>îãÄ Z >
e81 < d KM? d í^g d /_æ`17?Sç-a�åIf�í�/�çIf�1ÿê d g d <�ç�?Sçê�/�fbçzf�1Gh*1óíbç	å�P�1^g71:ê0ê�/�fbçxe81��

ï0çIf d
Wµ ≡ (W 1

µ + iW 2
µ)/
√

2
/öê>ç [ 1:í�1Gf�1�h*1óæ�e`ï_ç�h�å�ê�1]åIe0<>ç [ ê d f�1 W †

µ ≡
(W 1

µ − iW 2
µ)/
√

2
î ��d ç�?�ê d � d æ9/`ïR/>è~h�í d <Dh�/!/+ï_ç�e�f�1:ê0/Ûï d [ < d ê5K�/ d ê d

å�ç�g d e0/�å�í d f d h d �
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LCC =
g

2
√

2

{
W †

µ [ūγµ(1− γ5)d+ ν̄eγ
µ(1− γ5)e] + h.c.

}
.

= Ä>îãÄ ñ >
ü ê�/0íbç7<�å d ï_ê�1:åIf^f d ê d í�g d /0æ`17?Sç-a0åBf�í�/�çIf�1�ê d h0í d <�h0/^/ï0ç6epf�1óê�/¾çUê�ç��

e81óå�<>ç�?Så�í�çê�1yå�ï0ç�?�åBf�í;/>ç\1Gf�h d ï3/�P;<�1:í��>ò0ê d f d å-/0æNç�f�<�/>è¿î
¼�½�¾ãî*¾ØÜ �eÁ�À ô ø ó � ÞI`�\�ß<J ô Þ�H�ÀkH8Þ C ß§à�À7ùDH ô ß§ó^L*ó^J�Þ
ü < d í�ê�çê�/�ç�= Ä>îãÄ s > å��+?R�B< K d å��B:41mf d h d í^g d /_æ`17?_ç7a�åBf:í�/�çÿê d �Uç-<_æ9/�1:ê5�
ê�/�fbç�e81�ï0ç�f d å¦ê>ç�éVf�< d ï_ê0/�fbçvh d ïR/8P <81óí��>ò0ê0/\P�1^g71:ê0/

W 3
µ

/
Bµ
î�Ãt/>çeP;/5i0æNç

/�åIh d ï3/�? d /5?_çIêpf�/0�@/�ý0/�< d æWç�fbçBg7/!P�1^g71:ê0/Ûå
Z

/
γ ô ê�1mf��Banh d f�1yfbç�å d

P�çBg�æ d å�1óí�/ªí�å%èDh d e0<81 /VgIí�1bïSê d h*1�æ`P;/0ê d ý0/`è�1Gf�fè8iiç�í���g�æ`1XK�ê d �
(
W 3

µ

Bµ

)
≡
(

cos θW sin θW

− sin θW cos θW

)(
Zµ

Aµ

)
.

= Ä>îãÄ � >
ð�fbç7<0æ9/0ê0/	ê d e81�ï0ç�f d f d

Z
/
γ ô ï d [ < d ê5K�/ d ê d ê d ê>ç�éVf�< d ï_ê0/�fbçwf�1Gh*1óíbç

å�ç2? d í d 1�f��

LNC =
∑

j

Ψjγ
µ
{
Aµ

[g
2
τ3 sin θW + g′yj cos θW

]
+ Zµ

[g
2
τ3 cos θW − g′yj sin θW

]}
Ψj.

= Ä>îãÄ � >��d ? d e81�ï�é>ò0/_æ¹É\Ù�� 1Gf´ò d åBf�f d ê d
Aµ ô f;<óè�P:í d ? d çT/pg6e��¿ï_ê�çê�1]é�åk�

ï01óí�/�çIf�10�

g sin θW = g′ cos θW = e, Y = Q− T3,
= Ä>îãÄ ð >

h8�+?SçIf�1
T3 ≡ τ3/2

/ªå
Q
ç21Gf�P�ç�ï�è�g d êE1Ge�ç-< d f�1 < d ê d ç�ï_ç�h�f�<�1óæ d [ ê�/�f§�ê�/>èmg d <óè8?B�
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Q1 ≡
(
Qu/ν 0

0 Qd/e

)
, Q2 = Qu/ν, Q3 = Qd/e.

= Ä>î s d >
�2�B<�í�1�f�1t< d í�çê0åBf�í�1�åí��B<pgIí d h*1:ê0åBf d ê�f�/�fbç"ê d

SU(2)L
/
U(1)Y

å�h*1:ê5�
åBf d êpf d f d ê d ç�ï0ç6hpf�<�1óæ d [ ê0/pf:ê81Gf�1�í�g d /0æ`17?Sç-a0åBf�í�/�ç ô h d f�1�e81lf�1^g7/ªê d ò0/0ê
1�P�çIg6e>çIò d í d 1�P:ç�?R/0ê�çê�/�çIf�1øê d ç�ï_ç�h�f�<�1:å'ï d P;1�f�1�í^g d /_æ`17?Sç-a�åIf�í�/�ç:î5ðYf�1 <81��
f�1t< d íbçIê�åBf:í�12�@/�h�å�/0< d i�/�e�ç-<pg d <óè8? d ê d �Xç7<0æ9/�1:ê0/�fbçaí}fbç-<_æ9/0ê�/\ê d fbç�i��
ê�/>è	ç�ï0ç6hpf�<0/0ò>çêlg d <óè8?4/øå'ï d P;/>èD/Vg-1óåIe0/�êL�

y1 = Qu/ν−1/2 = Qd/e+1/2 ô
y2 = Qu/ν �^� % y3 = Qd/e

î8Ú2P;�B<�ê�çIfbç í�ê0/_æ d ê0/>ç ô ò>ç�i�/De81GfbçIf�/0ò0ê81Gf�1T?0è_åk�
ê81¨ê�ç�éVf�<0/�ê�1!P / /0æ d ï31nh d h�f�1¨ç�ï_ç�h�f�<�/0ò�çê�g d <óè5?�f d h d /¹å'ï d PNi�/�e�ç-<5�
g d <óè8?]< d í:ê�/Ìê d ê>é�ï d u f��Ba�h d f�1�f�1üê>ç]í^g d /_æ`17?Sç-a�åIf�í d /Yå

W
P�1^g71:ê d ôf d h d í d ò d åBf�/0ý d ê>è_æ d ? d í^g d /_æ`17?_ç7a�åBf:í d e�1yê�/Dh d h��@í\ê d ò�/0êp= åBfbç-<0/`ïSê�1

ê>ç�éVf;<�/0ê81 > î��21 < d ?R/+çåBf�çIf�/0ò>çå�h�/Ûå�� 1�P < d K�çê0/`èüê`èSæ d ? d < d g [ ï_ç�KM? d æNç
?0è_å�ê81ÿê�ç�éVf�<0/0ê81�e�1ÿê d f d f���h¿î

�D�����^����� �3��!'�0"����0�< >¡ � ��¡ � � � �<¢ � ¡ �<�£� � � ¡�¢�¡0��¤���¥0¢�!
u d νe e

vf (1− 8

3
sin2 θW )/2 (−1 + 4

3
sin2 θW )/2 1/2 (−1 + 4 sin2 θW )/2

af 1/2 −1/2 1/2 −1/2

R+g6e81�ï�g�í d aDh0/ÿí�<���g6h0/pfbçT= Ä>îãÄ ð > ô ï d [ < d ê8K�/ d ê d ê d ê�ç�éVf�< d ïSê0/pfbç�f�1Gh*1��
íbç	æ`1XK�ç�? d P;�+?_çzg d e�/0å d ême�1ÿå'ï_ç�?�ê�/>èùê d ò0/�êL�

LNC = LQED + LZ
NC,

= Ä>î s O >h8�+?SçIf�1

LQED = eAµ

∑

j

Ψjγ
µQjΨj ≡ eAµJ

µ
em

= Ä>î s × >
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ç\1�P;/0ò d a0ê�/>èiï d [ < d ê8K	/ d ê+ê d É@Ù,� /

LZ
NC =

e

2 sin θW cos θW
Jµ

ZZµ,
= Ä>î s Ä >

Jµ
Z ≡

∑

j

Ψjγ
µ
(
τ3 − 2 sin2 θWQj

)
Ψj = Jµ

3 − 2 sin2 θWJ
µ
em,

= Ä>î s�s >
å��+?R�B< K d í^g d /_æ`17?Sç-a�åIf�í�/�çIf�1�ê d

Z
P;1^g-1óê d î3ð¦fbç-<_æ9/�ê0/iê d �Uç-<_æ9/�1:ê5�

ê�/�fbçle�1bï_çIf d LZ
NC

/0æ d í�/5? d �

LZ
NC =

e

2 sin θW cos θW
Zµ

∑

f

f̄γµ(vf − afγ5)f,
= Ä>î s�Z >

h8�+?SçIf�1
af = T f

3

/
vf = T f

3

(
1− 4|Qf | sin2 θW

) î

¼�½�¾ãî*¾Øî §eÀ ø ó � Þ�`�\�ß<J ô ÞzH8À¨L*À7ù ô M�à�ó^J^EqFpH ô ß§Þ\Â8ó
ù0Þ�ß�À
�\1qe8�¿ïSê0/pfbç�ï_ê�1©h8��æ 1;P;/0ò d a�ê0/`è ò>ï_çê ï d [ < d ê8K�/ d ê d = Ä>îãÄ�Ä > å��+?R�B< K d
ò`ï_çê�1:íbçM1�fKf�<�çIf d /¨ò�çIf�í��B<pf d åBfbç�e�çêne�1yh d ïR/�P;<�1:í���ò�ê0/pf�çMP;1^g-1óê�/ ô 1Ge5�<>ç�?Sç�ï0è0:T/iå d æ`17?Sç-a0åBf�í�/�çIf�1ÿê d e�1bï_çIf d f d �

L3 = −ie cot θW

{
(∂µW ν − ∂νW µ)W †

µZν −
(
∂µW ν† − ∂νW µ†)WµZν +WµW

†
ν (∂µZν − ∂νZµ)

}

− ie
{
(∂µW ν − ∂νW µ)W †

µAν −
(
∂µW ν† − ∂νW µ†)WµAν +WµW

†
ν (∂µAν − ∂νAµ)

}
;

= Ä>î sóñ >
L4 = − e2

2 sin2 θW

{(
W †

µW
µ
)2 −W †

µW
µ†WνW

ν
}
− e2 cot2 θW

{
W †

µW
µZνZ

ν −W †
µZ

µWνZ
ν
}

− e2 cot θW

{
2W †

µW
µZνA

ν −W †
µZ

µWνA
ν −W †

µA
µWνZ

ν
}

− e2
{
W †

µW
µAνA

ν −W †
µA

µWνA
ν
}
. = Ä>î s�� >
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Ú2P��B<0ê>çIf�ç�í:ê�/_æ d ê0/�ç ô ò>ç L3

/_æ d å d æ`1�ò>ï0çIê81óíbç�ål?�í d g d <>ç�?Sçê0/
W

/
ç�?R/0ê¾ê�ç�éVf�< d ï_çêm=

Z
/`ïR/

γ > P�1�g-1:ê¿î
²5xBw® ¯�´,�R¶,�*�R¶�¶`�m¶`�R��~±°V}*¶�µ`}N¶,�]�;µ,�@}*�8�,µ��L�*�
�\1q²B³ [ d ê�/�³�é´²Ie�ò5iDµ¶³M? d e�1bï0é>ò�/iµ í^g d /iµ`17?i³7a�²Bf:í�/p·�f d e�1;<�1-?j³ê0/p1Gfyg d �
<p³�?j³ê0/Ë/ ê�³B¸Vf�< d ïSê�/¹f�1qh*1:í^³Ûí��@í í�/5? d ê�³�1�P7i*1-?�/iµºg d 1qe�/D² d ê�/�³If�1âê d
²'ï d P;/�f^³�< d g6e d ?�/úîF�t<0/�f�1óí d íGh`ïRÆ ò�/5iDµ¶³WÉ\Ù�� í�²��B: d f d f�³�1;<0/pf;/�ò0ê d
²Ïi´³6µ d /�1q²�í^³ê�f�1:í d ê�/�³2/iµ d µ¶³�?R1Ge��¿ï_ê0/�f^³�ïSê81_² d µ`17?j³-aD²Bf�í�/�³ ê d h d ïR/8P��
<81óí��>ò0ê�/�f^³NP�1^g71:ê0/ ô h*1�³If�1�²B³ [ ³Iêp³-<0/0< d 1�fYêp³ d P�³�ïi³í d f d ²Bf�<p¸ph�f�¸8< d ê d
[ <V¸pe d f d SU(2)

î�É d ïR/�P;<�1:í���ò�ê d f d ²�/iµ¶³If�<0/V·�²��B:�1»f d h d [ d < d ê�f�/0< d ô ò�³?31;P;<�³D?j³-��/0ê0/�< d êne0<�³ê81 <Dµc/�<p¸G³6µ ï d [ < d ê8K�/ d êúîBð ��e0<p³6h�/�f�1óí d ê d �4/p·
ï d [ < d ê5K�/ d êm/iµ d µ d ïjh*1�1�P :�1�²�?i³-aD²Bf�í;/pf�³�ï_ê�1G²If^f d ô g d :41�f�1�h d ïR/8P <81��
í��>ò0ê�/�f^³NP�1^g71:ê0/¼² d P�³Ig�µ d ²�1:í�/¿î É d h�f�1½³^?R1�P <p³W/VgIí�³�²Bf�ê�1p1Gf�³6h¾²Iep³7<�/5�
µ¶³ê�f d ï_ê0/pf�³Xê d PbïRÆH?j³ê0/V·

W± /
Z

P�1^g71:ê0/pf^³+f;<q·�P:í d ? d ² d ?31q²Bf d f^³�K�h�/
1�P�³6hpf�/¿î

��d ? d [ ³ê�³-<0/�< d µ�³�µ d ²�/ ô f�<q·0P:í d ? d ê d <p¸8�4/iµ�h d ïR/8P <81óí��>ò0ê d f d ²�/5�
µ¶³If�<0/V·ye�1�êV·ih d h��@í\ê d ò�/0êúîRÚ�²�í^³Iê�f�1:í d ³�êp³�1;P7i 17?R/iµ`1yê d e8�¿ïSê�1_²�/iµ¶³If
�
<�/0ò�ê0/p·ï d [ < d ê8K�/ d êC? d 1G²Bf d ê�³�e0<p³Iê81 <Dµ9/0<p¸G³6µaî3ð ��g�µ`1XKÿê�1�f�1M<p³-�k³ê0/p³
ê d f d g7/o?�/>ïD³6µ d ²B³�P d g7/0< d ê d � d hpf d ô ò�³�³öí���g�µ`1XKÿê81r? d ²B³�e�1bïD¸>ò0/
êp³�²-/Dµ¶³�f�<�/0ò0ê81Û<�³-�k³ê�/�³@1�f�/0ê�í d <0/ d êpf^³Iêiï d [ < d ê8K�/ d êúî

ÃP³�h d ? d < d g [ ïi³�? d µ¶³Uï d [ < d ê5K�/ d ê ô h*1;a�f�13�
O�îFÙo/0ê0í d <0/ d ê�f^³ê�e�<0/mf�< d êD²���1;<iµ d ý0/�/+ê d [ <V¸pe d f d G î
×�îaR�µ d /pg7<817?j³ê0/�²���²Bf�1�·0ê0/p·�²|µ9/0ê�/iµ d ïSê d ³êp³7< [ /p·�=�í d hp¸¾¸�µ > ô h*1;/5�f�1K²I³sf�< d ê�²-�t1 <Dµ9/0< d fye�1-?�?j³-aD²Bf�í�/�³\ê d

G
h d f�1´ò>ïi³êüê d ? d ?i³Iê�/p·

µ¶¸�ïif�/De`ïi³If�î
Ì h*1�1�fkf^³Bg7/�²���²Bf�1�·0ê0/p·�²B³l/Vg-PG³-<�³r²'ïD¸>ò d a0ê81l³�?Sê�1kh d f�1�1G²�ê�1:í:ê81¨²���²k�

f�1�·0ê0/p³cê d ²�/D²Bf^³�µ d f d ô ²B³rh d gIí d ô òp³}²�/iµ¶³If�<0/V·Df d ³;ê d <V¸8�k³ê d ²�e81óêpf d ê0ê81_î
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ÈG1�g7/�f�/De�²�/pf^¸ d ý0/0/nµ`1 [ d f�? d P��+? d f#/`ïRÆ+²Bf�<0/0< d ê�/n²lf�î ê d <¿îR?R/>ïD³�µ d

ê d�¿ ¸8<0/�? d ê�1:í�1�f�1�µ d [ d <�³;�0�t<�³�?j²If d í^³If^³x²�/yµ d [ d <p³�ê d ³�?�ê d h0í�1�< d g6²Bf�1��
·0ê0/p³^1GfY?�í^³m³�?�ê d h�í;/Àhp¸pe0/¼²I³ê81_îFÉ d <�f�/�ê d f d ³ùê d e8�¿ïSê�1~²�/iµ¶³If�<0/�ò0ê d
/|²-/Dµ¶³�f�<�/p·�f d :l³lP��+?j³Af(²Ie�1:ê�f d ê�ê�1 g ê d <p¸8�l³ê d ô h*1 [ d f�1»µ d [ d <�³If�1M<p³-�T/
1�f�h*1�·�hV¸pe d :k³�g d e81óò�ê�³H? d ·8?i³]e��B<0í�10î�÷4/Vg7/0ò�³ê�e�<0/Dµ�³-<»µ`1XKk³$? d P;�+?i³
? d ?i³ê�²T��³7<81´µ d [ ê0/�f��úí���e0<p³�h0/ ô ò�³Di d µ9/>ïDf�1:ê0/ d ê d ³M/�ê0í d <�/ d ê�f^³êne0<0/
<81Gf d ý�/0/ ô 1q²�ê�1:í�ê�1�f�1�²���²Bf�1�·0ê0/�³N/iµ d ²Ie�/0ê 1;<0/�³êpf;/�< d ê í½e0<�1;/pgIí�1�ï_ê�1
ê d e�< d íbïD³ê0/�³:îBÚP²í^³ê�f�1óí d ²���²Bf�1�·_ê�/p·�f d ²ke�1
� [ 1bïD·iµ d ³ê�³-< [ /p· ô ?R1G²If�/ [ �ê d f�/À²Kh0< d ³ê P <81 a¹í���g-P^¸�KM? d ê0/V·ï1Gf!1G²ê81óí�ê�1�f�1~²���²Bf�1�·0ê0/p³ ô :k³�/Dµ d f
²��B: d f d�d ê0/pg-1�f�<�1Ge0/p·¿î

ðÊÉ�í d ê�f�1:í d f d f^³�1 <�/p·6ê d e�1bïi³If�1�1G²�ê�1:í:ê81Gf�1y²���²Bf�1�·_ê�/�³¨³yí d hV¸¾¸�µ d î
ÈG1 [ d í d ²Ie�1:ê�f d ê�ê�1�ê d <V¸8�k³ê0/p³2ê d ²�/Dµ�³If�<0/V·Df d :k³�²I³¦ê d P�ï3Æ$? d í d ô h*1 [ d f�1ï d [ < d ê5K�/ d ê d ³s²�/iµ¶³If�<0/�ò�³ê ô ê81ÿí d hp¸¾¸�µ d ê�³�³:î

¼�½�¾(ñ5¾�¼ Á+Þ�ó�à8Þ ø ÀlH�À¨Â;ó
ù � \�ß§ó C H
Ã+³6h d < d g [ÄÃ ³�? d µ¶³zh*1qµ�e Ã ³6h¾²IÅ81�²�h d Ã d <DÅ81�e�1 Ã ³ φ(x)

² Ã d [ < d Å8K	/ d Å

L = ∂µφ
†∂µφ− V (φ); V (φ) = µ2φ†φ+ h

(
φ†φ
)2
.

= sDÆ(s � >
L ³A/DÅDÇ d <0/ d Å�f^³�Å»e0<�/ [£Ã 1;P d Ã Å0/T� d g-1qÇ�/¨f�< d ÅD²��t1 <Dµ d ý0/�/»Å d ²�h d Ã d <5�Å81Gf�1�e�1 Ã ³

φ(x) −→ φ′(x) ≡ exp {iθ}φ(x).
= sDÆ s´È >��d ? d /Dµ d µ¶³\1G²�Å81qÇ�Å�1�²���²Bf�1�·iÅ�/�³se81Gf^³�Å0ý�/ d Ã d V (φ)

f;<q·�PGÇ d ? d ³\1 [ �< d Å�/0òp³6Å�1Gf�?R1 Ã ¸ ô f Æ ³ h > 0 Æ ��d h�Ç d ?�< d f�/�òDÅ d f d ò d ²IfC/iµ d ?	Ç^³lÇ���g�µ`1XKM�
Å81q²Bf�/L�
O Æ µ2 > 0

�A�l1Gf^³�Å0ý�/ d Ã �Tf]/iµ d ² d µ`1�f�<�/DÇ�/ d Ã ³�Å�µ9/�Å0/iµ�¸�µ
φ = 0 ÆÈ�1;a�1Ge0/�²�Ç d µ d ²�/DÇ�Å d ²Ih d Ã d <DÅ d ò d ²Bf�/0ý d ²lµ d ² d

µ
/{h*1qÅ�²If d Åpf d Å d

Ç^g d /iµ`17?j³-a�²If�Ç�/�³
h Æ
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× Æ µ2 < 0

� .�/�Å0/Dµ¶¸�µ d e81 Ã ¸>ò�³�Å{Ç¨f�1^g7/{² Ã ¸>ò d am¸7?R1GÇ Ã ³�f�Ç�1 <q·DÇ d

|φ0| =
√
−µ2

2h
≡ v√

2
> 0; V (φ0) = −h

4
v4.

= sDÆíZ d >
�21 < d ?R/

U(1)
=ê� d g71GÇ d > /�ÅDÇ d <�/ d Å�f�Å�1G²Bf�f d Å d Ã d [ < d Å8K�/ d Å d ô ²��+�

:k³�²Bf�Ç^¸pÇ d fAP�³Ig6h�< d ³6Å2P;<�1;a\/pg7<�1-?j³�Å0/�²���²Bf�1�·DÅ0/V·z²aµ9/DÅ�/iµ d Ã Å d ³�Å�³-<5�
[ /V· Æ φ0(x) = v√

2
exp {iθ} Æ Xt<p³IgE/pg-P�1 <�Å d h*1qÅ�h0<p³�f�Å81n²���²Bf�1�·DÅ0/p³ ôÅ d e0< Æ θ = 0 ô h d f�1p1G²IÅ�1GÇGÅ81n²���²If�1�·DÅ0/p³ ô ²�/iµ¶³If;<�/p·�f d ²B³mÅ d <p¸8� d Ç d

²�e81qÅpf d ÅDÅ81 Æ Ì h*1¦e d < d µ¶³If;<�/pg7/0< d µ¶³�Ç���g-P^¸X?j³�Å�/�f^³~²���²Bf�1�·DÅ0/V·�Å d ?
1q²IÅ�1GÇ�Å�1�f�1�e81�² Ã ³�?	Å�/p·�Å d ò0/DÅ+�

φ(x) ≡ 1√
2

[v + φ1(x) + iφ2(x)] ,
= sDÆíZ O >

h��+?j³If�1
φ1

/
φ2

² d <�³ d Ã Å�/½e�1 Ã ³If d ô g d e�1�f�³�Å�ý0/ d Ã d V (φ)
e81 Ã ¸>ò d �Ç d µ¶³x² Ã ³�?	Å d f d ��1;<iµ d �

V (φ) = V (φ0)− µ2φ2
1 + hvφ1

(
φ2

1 + φ2
2

)
+
h

4

(
φ2

1 + φ2
2

)2
.

= sDÆíZ × >
Èv¸ph

φ1
1Ge0/�²�Ç d µ d ²-/�ÇGÅ81ne�1 Ã ³m²Kµ d ² d

m2
φ1

= −2µ2 ô ?31qh d f�1 φ2
³

PG³Bg�µ d ²�1GÇ�1 Æ
�2�B<�Ç d f d Ç���g�µ`1XK�Å81q²BfÊ=

µ2 > 0 > ³ 1;P;/0ò d a�Å d f d ²-/pf�¸ d ý0/V·º²�³�?	Å�1
1G²IÅ�1GÇGÅ81É²���²Bf�1�·iÅ�/�³ Æ ��<p¸ [ /p·Ê² Ã ¸>ò d a ô ²���²�²Ie81qÅpf d ÅDÅ�1ÉÅ d <p¸8�l³6Å�/�³ÀÅ d
²�/Dµ�³If�<0/V·Df d ô ³{e81���/DÅpf�³-<p³6²B³�Å Æ �21�·DÇ d f d Å d PG³Bg�µ d ²�1GÇ d ò d ²Bf�/0ý d h*1 [ d f�1
µ2 < 0

³ Ã ³�²IÅ�1�g d 1;P�·D²IÅ�³�Å�/�³;�Te81 Ã ³If�1 φ2
1qe�/D²IÇ d Ç���g-P^¸�KM? d Å0/V·nÅ d e81��

Ã ³If�1�ÇWf(e Ã 1G²Ih*1q²Bf^f d Å d e81Gf^³�Å0ý�/ d Ã d g ô f Æ ³ Æ f�1GÇ d ² d ²���²Bf�1�·iÅ�/p·¼²���²�²��+�
: d f d ³�Å�³-< [ /V·�h d f�1�1q²IÅ81qÇ�Å�1�f�1�²���²If�1�·DÅ0/p³ Æ ÈJ�Ba�h d f�1nÇ���g-P�¸�KM? d Å�/p·�f d
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Åp³2/pg7/D²Ih�Ç d f_Å�/Dh d hDÇ d ³6Åp³-< [ /p· ô f�³21:ò�³�Ç�/5?	Å81k²��"1�fGÇ^³If�²If�Ç d Å d P�³Bg�µ d ²�1qÇ�/
²���²Bf�1�·DÅ0/p· Æ÷ d h�f d ô ò�³�²��B:l³�²BfGÇ�¸pÇ d f�P�³Ig�µ d ²�1GÇ�/�Ç���g-P�¸�KM? d Å�/p·K²�Ç��B<pg d Å0/�²�µ¶³�i d �
Å�/pg�µ d Å d ²Ie�1GÅ�f d ÅDÅ81_Å d <V¸8�k³�Å�/�³PÅ d ²�/iµ¶³If�<0/V·Df d ³ [ ³�Å�³-< d Ã ³�Å�<�³BgI¸ Ã f d f ô/Vg6Ç�³�²Bf^³6Åyh d f�1»f�³�1;<�³6µ d Å d ì 1 Ã ?	²Bf�1�¸pÅ [

O Z ] Æ

�$}��R�`}���� ²ÀË�Ì+�3·�
F�;���R~L¶YÍKÎ+Ï¾Ð�ÑjÒ�Ó1ÔVÒ<Õ�ÖØ×	Ò<Õ	Ò�Ùr×iÕTÚ�Ò£Ô	×jÒ�ÕDÛ�Ù�Õ�Ð�Û�Õ	Ð<Ü0Ý
ÕjÐ�ÕTÙ�Þ�Ô�Ù�Ï¾ß^Ü0Õ	Ò<Û�ÒàÓ1ÔjáqÞ	Ò�Õ	Ò¦Ü0×pâsÙ�Û�Ô	×Vã

G ä Õ	ÐÀÚ�Ò�ÏGáqá�âxÒ¹Ù�×iÕTÚ�Ò£Ô	×	Ò<ÕiÝ
Û�Ù0Õ~Ü3Ò�âxÐ�Ð6Û�ÕjÐ<Ü0Õ	Ð�Þ	Ð6å�ÓæÔ	áqÞjÒ

H ⊂ G ä Û»Ð�Ó�Ò�Ú�ÒKÜIß<ç�ÙBÜBÛ�Ú<á¾Ú�Ò�Û Û»Ð�ÑDÏ´Ð�Ú�Ò
è Ù£é6âxÒ^Ü�Ð<Ú<×�ê�Ò^Ü0Û�×iëj×ÀÜIß�Ü�Ü0Þi×iÕàì½íæîTÐ£ÑDå^Ü0Û�Ð6áGÕ	Ð�Ú�× è Ð0éGÐ6Õi×^ï ä Ï¾Ð£ÑDÏ¾Ð6Û�Ð�Ü3Ò
ÕjÒ�Ôjáqð�Ù�Õi×DÛ�ÙsÓ�Ù�ÕTÙoÔVÒ�Û»Ð3Ô	×�í9Û�ÙÄé^×�Ó�Ù�ÕTÙoÔVÒ<Û�Ð3Ô	×�Ð6Û

G
Ï¾Ð�×iÛ�Ð_ÕTÙ�Þ�Ôj×iÕ	Ò<å<Ý

Ñ	Ù£ÖñÒ<Û Õ	Ò
H

ïGò

¼�½�¾(ñ5¾ØÜ ó!Þ�ò�À<H ô ÁIE ø H8Àk@ ô�ô \
Ã d e0<8��Çxe�1 [£Ã ³�?¼õ ÙBÐ3Ô�Ù�âxÒ<Û�ÒxÕ	Òsî	Ð�ÑDå^Ü0Û�Ð�áqÕ Å�³}e817?R1�P;<q·iÇ d Å d �4/p·»e�<�1�P��
Ã ³6µñ²�PG³Bg�µ d ²�1GÇ;/pf�³�ö d ²Bf�/D÷0/�ø¶Ç�?j³-a�²If�Ç�/�f^³ Ã Å81q²BfnÅ�³-: d f d ²B³|Ç Ã 1;� d Ç d f�ø
g d :41�f�1�Å�/�³C/D²Ih d µ�³�h d h�f�1nµ d ²�1qÇ�/~f d h d /VP�³Ig�µ d ²�1GÇ�/~e81 Ã ³If d Æ ðú?j³-aD²k�
f�Ç�/�f^³ Ã Å81q²BfKÅp³-: d f d ²B³le0<�1qµ¶³�Åp·�f<øjh*1 [ d f�1�h d Ã /�P;<�1GÇ^ù�ö�Å d f d ²�/iµ¶³If;<�/p·{³
Ã 1qh d Ã Å d [

O�ú
] ÆÃP³�h d ? d < d g [£Ã ³�? d µ¶³

[
×
] SU(2)L

?i¸5P Ã ³If�Å d h*1qµ�e Ã ³�h¾²IÅ�1~²Ih d Ã d <�Å�1e81 Ã ³

φ(x) ≡
(
φ(+)(x)

φ(0)(x)

) = sDÆíZ Ä >
É d Ã /8P <81qÇ^ùpöDÅ�/p· Ã d [ < d Å8K�/ d Å�1�f�µ`17?j³ Ã d Å d ì*1 Ã ?j²Bf�1^¸pÅm=¥= sDÆ(s � >6> ø
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LS = (Dµφ)†Dµφ− µ2φ†φ− h
(
φ†φ
)2
, (h > 0, µ2 < 0),

= sDÆíZXs >
Dµφ =

[
∂µ − ig

−→
τ

2
·
−→
W µ Wµ − ig′yφBµ

]
φ (yφ = 1/2),

= sDÆíZ�Z >
³C/DÅ�Ç d <0/ d Åpf�³�Åm1�f�Å�1G²�Å81 Ã 1Gh d Ã Å0/pf^³ SU(2)L ⊗ U(1)Y

f�< d ÅD²Iû�1;<iµ d �
÷�/0/ Æ á f�1;aDÅ81q²Bf^f d Å d ²Ih d Ã d <�Å0/p·pi�/Dep³7<Vg d <q·5?�²B³�û@/Dh¾²�/�< d 1�f�/VgX/�²IhDÇ d �
Åp³If�1�? d /iµ d µ¶³�h*1;<�³�h�f�Å d h*1qÅ�²Bf d Å�f d Å d Ç�g d /Dµ`17?j³-aD²Bf�Ç�/�³�µ¶³�KT?i¸

φ(x)
/

Aµ(x)
øTf Æ ³ Æ ût1Gf�1GÅ d ?j³�Åp³�Ç^g d /iµ`17?j³-a�²If�Ç d ²

φ(0) /½e81 Ã ³If�1 φ(+) ? d /iµ d
e�< d Ç;/ Ã Å�/p·�³ Ã ³�h�f�<0/�ö�³�Åmg d <q·5? Æ�21�f^³�ÅD÷0/ d Ã d ³xe�1-?R1�PG³�ÅmÅ d < d g [ÄÃ ³�? d Å0/V·ye�1 [ 1;<�³ Æ á ùB:k³�²Bf�Ç^¸pÇ d fMP�³Ig��
h�< d ³�ÅÛP;<�1;aÛ1�f4/pg7<�1-?j³�Å0/�²Bù�²Bf�16·iÅ�/p·�²+µ9/DÅ�/iµ d Ã Å d ³�Å�³-< [ /V·±ø�¸7?R1GÇ Ã ³�f�Ç�1��<q·DÇ d :4/|¸´² Ã 1qÇ�/�³If�13�

∣∣〈0|φ(0)|0〉
∣∣ =

√
−µ2

2h
≡ v√

2
.

= sDÆíZ ú >
Ú2P�ùB<DÅp³If�³}ÇGÅ�/iµ d Å�/�³Gøqöp³+Å0/p³�?�/�<�³�h�f�Å�1k²IÇ^ùB<pg d iDµ¶³üh Ã d ²�/Döp³�²�h*1�f�1D1q²k�

Å81qÇ�Å�1y²Bù�²Bf�1�·DÅ0/�³¨²_h�Ç d Å�f�1GÇ;/V·~Ç d hp¸¾¸�µ Æ á Ã ³�?�h d f�1�/Vg7P�³-<�³6µà³�?jÅ�1mh*1GÅ5�
h�<�³If�Å�1�1G²�Å81qÇ�Å�1�²Iù�²Bf�1�·DÅ0/p³z²�/iµ¶³If�<0/V·Df d

SU(2)L ⊗ U(1)Y
²I³zÅ d <p¸8� d Ç d

²Ie81qÅpf d ÅDÅ�1M?31 [ <p¸pe d f d Å d É\Ù��
U(1)QED

ø�h*1�·Df�1»e81�h*1qÅ�²Bf;<V¸phD÷�/p·y³xÇ�²B³
1;:l³v²-/Dµ¶³�f�<�/p·¨Å d Ç d hp¸¾¸�µ d Æ á e81 <p³�?�õ ÙBÐ3Ô�Ù(âxÒ<Û�Ò�ÕjÒ�îTÐ£ÑDå^Ü0Û�Ð6áqÕ f�<�/TP�³Ig��
µ d ²�1qÇ�/#P;1^g-1qÅ d f�<q·0PGÇ d ? d ²B³xe�16·iÇ�·Df ÆÃP³�h d ²B³ [ d ? d e d < d µ¶³If�<0/pg7/�< d µ�³�²Ih d Ã d <DÅ0/V·ï?D¸5P Ã ³If�Çnepù Ã Å d f d µ�¸
ût1 <Dµ d

φ(x) = exp

{
i

−→
τ

2
·
−→
θ(x)

}
1√
2

(
0

v +H(x)

)
,

= sDÆíZ�� >
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²�ö�³If�/0<�/^<�³ d Ã Å0/me81 Ã ³�f d −→

θ(x)
/
H(x) Æ á ùB:l³6²Bf�Ç^³6Å|µ`1´µ¶³�Å�fk³Gøpöp³@/�Å5�

Ç d <0/ d Å�f�Å81q²Bf^f d Å d Ã d [ < d Å8K�/ d Å d 1�fGÅ81q²IÅ81 [ <p¸pe d f d SU(2)L
³ Ã 1qh d Ã Å d øh*1�³If�1xÅ0/»e81�g6Ç�1 Ã ·iÇ d ? d /pg6h0Æ+ö�/iµng d Ç;/�²�/iµ`1q²Bf^f d 1Gfze�1 Ã d f d −→θ (x) Æ Èÿ³BgX/

f�<�/�e81 Ã ³If d P;/5i d P / Ã /#P�³Bg<µ d ²�1qÇ�/�f^³Dì*1 Ã ?j²If�1^¸pÅ�1GÇ;/^P�1�g-1GÅ0/�ø�²IÇ�ùB<Vg d Å�/K²
µ¶³�i d Å�/pg�µ d Å d ²�e81qÅpf d ÅDÅ81zÅ d <V¸8�k³�Å0/p³vÅ d ²�/iµ¶³If�<0/p·�f d Æ É d Ã /�P;<�1GÇ�ùpö�Å d f d²�/Dµ�³If�<0/V·�e0< d Ç�/�f^³Bg7/^PG³Bg�µ d ²�1GÇ;/Ke81 Ã ³If d Å�³�û@/Vg7/DöDÅ�/ ÆÉ21GÇ d <�/ d Å�f�Å d f d e�<�1;/pg6Ç�1-?	Å d = sDÆíZ�Z > ²IÇ^ùB<pg6Ç d ²Ih d Ã d <DÅ0/V·�µ�¸ Ã f�/�e Ã ³If²kh d Ã /�P;<�1GÇ^ù�ö�Å0/pf�³MP;1^g-1qÅ�/W1Gf

SU(2)L ⊗ U(1)Y
Æ Ì h*1#P�ù+?j³T/pg-P;< d Å�û@/5�

g7/�ö�³�²Ih d f d =%¸pÅ�/�f d <DÅ d > h d Ã /8P <81qÇ�h d −→θ (x) =
−→
0

øÿh�/DÅp³�f�/�öDÅ0/V·�ö Ã ³�Å�Å d
²Ih d Ã d <DÅ�/p· Ã d [ < d Å8K�/ d Åm= sDÆíZXs > e81 Ã ¸pö d Ç d ² Ã ³�?jÅ0/p·�Ç�/5?B�

(Dµφ)†Dµφ
~θ=~0−→ 1

2
∂µH∂

µH+(v+H)2

{
g2

4
W †

µW
µ +

g2

8 cos2 θW
ZµZ

µ

}
.= sDÆíZ
� >�21zf�1^g7/�Å d ö0/�Å�Å�³B¸Vf�< d Ã Å0/V·�²�h d Ã d < [ ³�Å�³-<0/�< d h�Ç d ?�< d f�/Dö�Å0/�ö Ã ³�Å81qÇ^³g d e81 Ã ³If d f d W± /

Z
øGf Æ ³ Æ f^³Bg7/�h d Ã /8P <81qÇ^ùpöDÅ�/�P;1^g-1qÅ�/»e0<0/�?R1�P /�i d µ d ²�/L�

MZ cos θW = MW =
vg

2
.

= sDÆíZ�È >È d h d Å0/�³zÅ d µ¶³7<�/5iDµ¶³�Å d ö�/DÅme0<81´µ¶³�KM?D¸Vf�ùpö�Å0/�f^³sÅ81q²�/pf�³ Ã /mÅ d ² Ã d P�1��f�1»Ç�g d /Dµ`17?j³-aD²Bf�Ç�/�³b? d e0<0/�?R1�P /V·Df»µ d ²�/ Æ Ãt/�³�e�<�1G²If�1T?31;P d Ç;/�iDµ�³ LS
1�f

= siÆØZ§s > hpùÿµ�Å d �4/p·
SU(2)L⊗U(1)Y

µ`17?j³ Ã±Æ �Pù Ã Å0/V· Ã d [ < d Å5K�/ d ÅK³t/DÅ5�
Ç d <0/ d Å�f^³�ÅN1�f�Å�1G²IÅ�1�h d Ã /�P;<�1GÇ�ùpö�Å0/�f^³sf�< d ÅD²Iût1 <Dµ d ÷0/�/�ø	h*1G³If�1 [ d < d Å�f�/5�< d

[
O � ] e�<�³�Å�1;<iµ9/0<V¸q³6µ`1G²If^f d Å d f�³�1;<0/V·Df d Æ Ú�²IÇ�³�Å�f�1GÇ d f�<0/pf�³�Å d <V¸8�k³�Å0/

[ ³�Å�³-< d f�1;< d e�1;<�1-?�/5i d f�<0/�PG³Bg�µ d ²�1GÇ;/�ì*1 Ã ?j²If�1^¸pÅ�1GÇ;/	P�1�g-1GÅ d øqh*1;/�f�1iø´e81��
< d ?R/ Ã 1Gh d Ã Å d f d h d Ã /8P <81qÇ^ùpöDÅ d /DÅ�Ç d <0/ d Åpf�Å�1G²If�øq²B³J1qh d g d i d Å�³�û@/VgX/�öDÅ�/
=%f Æ ³ Æ Å�³sÇ�17?D·DfT?31�Å d P Ã Æ$? d ³6µ9/y³6û�³�h�f�/ > Æ ¿ Ã d [ 17? d <p³6Å�/�³zÅ d ¸pÅ0/pf d <DÅ d f d
h d Ã /8P <81qÇ�h d Å�/�³A1Gf�h�<0/5iDµ¶³GøGöp³

W± /
Z

e�<0/�?R1�P /�i d µ d ²�/�=þÅ81xÅ�³�/
γ
ø^e81��

< d ?R/sf�1GÇ d ø<öp³w²�/iµ¶³If�<0/p·�f d
U(1)QED

Å�³�³�Å d <p¸8�l³�Å d > ø<h*1 /pf�1P² d ²�Ç^ùB<pg d Å0/
ö�<�³Bgl²Bù"1Gf�Å�1;�l³6Å�/�³If���= siÆØZ�È > Æ á ùB:�1»f d h d =�Ä Æ Ä � >¥> e0<0/�?R1�P /�Ç d ²�µ9/D²Bù Ã Å d
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e�<�³Bg d e�/D²IÇ d Åp³lÅ d h d Ã /�P;<�1GÇ�ùpöDÅ�/�f^³ke�1 Ã ³If d Ç�f�³-<Dµc/�Å0/�Å d û�/pg7/Döp³�²�h�/�f^³
P�1^g71GÅDÅ�/ye�1 Ã ³If d ²@1Ge0<p³�?j³ Ã ³�Å d µ d ² d Æ�21 Ã ³Bg6Å�1y³M? d ²B³»e�<�³�P;<�1�·�f�²If^³�e�³�Å�/�f^³�Å d ²�Ç�1�P;17? d Æ �2<�³�?�/~²Ie�1GÅ�f d Å5�
Å81Gf�1yÅ d <V¸8�k³�Å0/p³�Å d ²-/Dµ¶³�f�<�/p·�f d Ã d [ < d Å8K�/ d Å d ²Iù+?iùB< K d PG³Bg�µ d ²�1GÇ;/pf^³
P�1^g71GÅ0/

W± /
Z

= f Æ ³ Æ 3 × 2 = 6
²Bf�³�ep³6Å�/¦Å d ²IÇ�1�P;1-? d øae81 < d ?R/ï?	Ç^³If�³

Ç^ù�g�µ`1XK�Å0/�e81 Ã ·3<�/pg d ÷�/0/�Å d PG³Bg�µ d ²�1GÇ;/�e81 Ã ³If d ²Bù�²�²Ie0/�Å�O > /�ö�³If�/0<�/
<p³ d Ã Å0/¦²Ih d Ã d <DÅ0/¼e�1 Ã ³If d 1Gf

φ(x) Æ á Ã ³�? ²Ie�1GÅ�f d Å�Å�1�f�1�Å d <p¸8�l³�Å0/�³�Å d
²�/Dµ�³If�<0/V·Df d f�<0/pf�³!ì*1 Ã ²Bf�1^¸pÅ�1GÇ;/qP�1^g71GÅ0/À² d f�e�1 [ ù Ã Å d f�/ g 1�f½h d Ã /8P <81��Ç^ùpöDÅ�/�f^³�P�1�g-1GÅ0/�øTh*1 /pf�1{²Bf d Ç d fmµ d ²�/DÇ�Å0/Y/ne0<�/5?31;P;/DÇ d fE?31qepù Ã Å�/�f^³ Ã Å dÅ d ? Ã ùLK�Å d e�1 Ã ·0<0/pg d ÷0/V· Æ È d h d Å�/�³	/Dµ d µ¶³

3 × 3 = 9
²Bf^³�e�³�Å0/nÅ d ²�Ç�1
�

P�17? d Ç�h d Ã /�P;<�1GÇ^ù�ö�Å0/ d ²B³�h�f�1;<W/�1 :l³s³�?	Å d g d ²�h d Ã d <DÅ d f d ö d ²Bf�/D÷ d
H

ø
h*16·Df�1l²B³}Å d <�/Dö d Qt/ [ ²�P�1�g-1GÅ Æ �Pù Ã Å0/V·	P <81 a»²Bf^³�e�³�Å0/�Å d ²�Ç�1�P;17? d 1G²If d Ç d
³�?R/DÅ�/y²IùB: e0<�³�?R/N/y² Ã ³�?{²Ie�1GÅ�f d Å�Å�1�f�1�Å d <p¸8�l³�Å0/p³xÅ d ²�/iµ¶³If�<0/V·Df d Æ
¼�½�¾(ñ5¾Øî ��à8Þ � \0L*ÀXÁ�À�H ôV�
á ³ [ d Å0/p³E/Dµ d µ¶³|Ç�²�/Dö�h0/�²Bù�²Bf d ÇGÅ�/½ö d ²Bf�/½g d ? d 1qe�/0�l³�µØ² Ã d P;1�f�1�Ç�g d �
/Dµ`17?j³-aD²Bf�Ç�/�³ Æ .#1XKk³�µû? d Ç�ù�g6e�<�1;/pg6Ç�³�?i³�µÊ<p³Bg�¸ Ã f d f�/�f^³W1�f�Å0/D²Ih*1�³�Å�³-<5�
[ /pf;/�öDÅ�/�f^³ne0<�/�P Ã /8Kk³�Å0/V· ÇV< d µ�h0/pf^³�Å d ?31;P;<�³^?j³�û�/DÅ0/�< d Å d É�Ç d Å�f�1��
Ç d f^³�1 <�/p·�Å d e�1 Ã ³If�1 Æ Ã d � d f d f^³-1;<0/V·�e0<p³�?j²Ih d g6Ç d ²BùB�k³�²Bf�Ç^¸pÇ d Åp³If�1_Å d
µ d ²�/DÇ�Å0/me0<81´µ¶³�KM?D¸Vf�ùpö�Å0/yh d Ã /�P;<�1GÇ�ùpö�Å0/#P�1�g-1GÅ0/

W± /
Z

ø�h*1�³If�1MPG³-�l³
e81Gf�Ç^ùB<;?j³�Å�1rö0<p³Iga³�h¾²Ie�³-<0/Dµ¶³6Åpf d Ã Å81Gf�1b/Dµ�1�f�h0<�/DÇ d Åp³

[
O � ] Æ ÃP³-:�1üe81qÇ^³�ö�³Gø

µ¶³�i d Å�/pg�µ¶ù�f|Å d Qt/ [ ²D? d Ç d e0<�³�÷�/pg6Å�1me�<�³�?	²Ih d g d Å�/�³¨g d µ d ²�/�f^³»Å d
W±/

Z
øY²IÇ�ùB<Vg6Ç d :T/ [ /¦²{Ç d hp¸¾¸�µ�Å�1�f�1�²�<�³�?	Å81�Å d ²�h d Ã d <DÅ81Gf�1�e81 Ã ³�ö�<�³Bg

= siÆØZ^È > Æ È d h d ²B³le�<�³�?	²Ih d g�Ç d ø	öp³
MZ

³¨e81��9f^³�K�ù�h�1Gf
MW

Æ R+g6e�1 Ã g6Ç d a�h0/²Bù"1Gf�Å81 �l³�Å0/p·�f d
GF/
√

2 = g2/(8M2
W )

/
e = g sin θW

øiÅ�/�³se81 Ã ¸pö d Ç d µ¶³

MW =

(
πα

GF

√
2

)1/2
1

sin θW
=

37.280GeV

sin θW
, v =

(√
2GF

)−1/2

= 246GeV.= sDÆ ú�d >
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��/�<�³�h�f^³�Å�f^³�²Bf_Å d f�³Bg7/|²Bù"1Gf�Å81 �l³�Å0/p·|µ`1XKk³�? d P�ù+?j³PÅ d e0< d Ç^³�Å�Çl³�h5�

²Iep³7<�/iµ¶³�Å�f�/�²D< d g6²B³-aDÇ d Åp³lÅ d Å�³B¸Vf�<0/DÅ d øTö0<p³Ig¨²�< d Ç�Å�³�Å0/p³¨Å d ²B³�ö�³�Å�/p·�f d
µ¶³�KM?D¸�e0<81q÷p³6²�/�²rÅp³B¸Vf;< d Ã Å0/C/»g d <�³�?j³�Å�/�f�1Gh d Ç�³ Æ Ù Ã d ²If�/�öDÅ�1�f�1M< d g6²B³-a5�
Ç d Å�³

νq → νq
²B³Û1q²BùB�l³�²If�Ç�·iÇ d ö0<�³BgE1;Pqµ¶³6Å½Å d

Z
Ç
t

h d Å d Ã d øB?31qh d f�1Åp³I³ Ã d ²Bf�/Dö�Å0/V·�e�<�1G÷�³�²
νq → lq′

/VgX/�²IhDÇ d 1;Pqµ¶³6ÅmÅ d g d <p³�?i³�Å
W Æ�t<�/¼µ d Ã ù�h�e0<p³�? d ?j³�Åo/Dµ�ep¸ Ã ²#P;1^g-1qÅ�Å0/�f^³ye�<�1Ge d [ d f�1;<0/�²B³^<�³�?D¸p÷0/5�

< d fM?31»h*1GÅD²Bf d Å�f�/�ø31Ge0<p³�?i³ Ã ³�Å0/^1�f»²Bù 1�f�Ç�³If�Å0/pf�³sµ d ²�/ Æ Él1qÅ�²If d Åpf�/�f^³lÅ d
Ç�g d /Dµ`17?j³-aD²Bf�Ç�/�³If�1{Å d û�³-<iµ9/�1GÅ0/pf^³�²Bù�²

Z
/
W± 1GfV=�Ä Æ s5Z > /q= Ä Æ ÄGú > ² d

²IÇ^ùB<pg d Å0/mö0<p³Bgsù [ ù Ã d θW
Æ

σNC(νq)

σCC(νq)
∼
(

M2
W

M2
Z cos2 θW

)2

f
(
sin2 θW

)
.

= sDÆ ú8O >
Ú�²IÇ^³�Ånf�1GÇ d µ`1 [ d fE? d ²I³�²�< d Ç�Åp·�fye0<81q÷p³6²�/pf�³�Å d < d g6²B³-aDÇ d Åp³»Å d

ν
/

ν̄
Ç^ùB<;iV¸!< d g Ã /�öDÅ�/�µ9/��l³�Å0/ Æ Ì Å d Ã /pg�ù�f�Å d ³�h¾²Ie�³-<�/iµ¶³�Å�f d Ã Å0/�f^³	? d ÅDÅ�/

? d Ç d õ � ö
M2

W

M2
Z cos2 θW

≈ 1, sin2 θW ≈ 0.23.
= sDÆ ú*× >

ÚPf Ã /�öDÅ�1�f�1m²Bù [£Ã d ²�/�³x²xf�³�1;<�³If�/Dö�Å0/�f^³»e�<�³�?	²Ih d g d Å�/p·�³kµ�Å�1 [ 1�?31;P;<�1
e81Gf�Ç^ùB< KM?j³�Å�/�³»Å d e0<p³�?je�1 Ã 1XKk³�Å d f d ²Bf�<p¸phpf�¸8< d Å d ²�e81qÅpf d ÅDÅ81Gf�1yÅ d <p¸*�
�l³�Å0/p³xÅ d ²�/Dµ�³If�<0/V·Df d Æ�21G²Bf d Ç^·0aDh�/ú/pg�µ¶³7<p³�Å0/�f^³�²Bf�1;aDÅ�1G²Bf�/Øg d

θW
ÇR= siÆ ú;d > ør²B³½e�1 Ã ¸pö d Ç d f² Ã ³�?jÅ0/pf�³le�<�³�?	h d g d Å�/p·Kg d µ d ²-/pf^³sÅ d h d Ã /8P <81qÇ^ùpöDÅ0/pf^³\P;1^g-1qÅ�/�ø

MW ≈ 78GeV, MZ ≈ 89GeV,
= siÆ ú;Ä >h*1;/�f�1�² d Ç4?31;P;<�1»²Bù [ÄÃ d ²-/p³�²�³�h¾²Ie�³-<0/Dµ�³�Åpf d Ã Å0/pf^³D<�³BgI¸ Ã f d f�/ MW =

(80.423±0.039)GeV
/
MZ = (91.1876±0.0021)GeV [ � ] Æ . d Ã h d f d ö�/D²k�

Ã 1qÇ d < d g Ã /Dh d ²B³l1;P6·i²IÅp·DÇ d 1GfkhDÇ d Å�f�1qÇ�/�f^³zh*1 <p³6h�÷0/�/C1�f¨e81�� Ç;/�²�1qh�e�1;<q·8�
?iù�h�ø¶h*1;/�f�1nf�<q·0PGÇ d ? d PGù+? d fY1�fY1Gf�öp³�f^³�Å0/Àe0<�/Àe�<�³�²�µ¶·�f d Å�³KÅ d = sDÆ ú�Ä >=ÕðH/5K �	�Û/
��� > Æ
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¼�½�¾(ñ5¾'ñ @ ô�ô \�M�ó
Á�ó^H
á h d Ã d <DÅ0/V· Ã d [ < d Å8K	/ d Å�= sDÆíZXs > Ç�ù�Ç^³�?j³�Å81qÇ d ²�h d Ã d <DÅ d ö d ²Bf�/D÷ d Ç{µ`1��
?i³ Ã d �"Qt/ [ ²TP�1^g71GÅ d

H Æ ð�f^³-<iµ9/DÅ�/nÅ d û�/pg7/Döp³6²Ih�/�f^³»e�1 Ã ³If d =%¸pÅ0/pf d <DÅ d
h d Ã /8P <81qÇ�h d > ø LS

e0<�/5?R1�P;/DÇ d ² Ã ³�?jÅ0/V·�Ç;/�?G�

LS =
hv4

4
+ LH + LHG2,

= sDÆ ú s >hpù+?j³If�1

LH =
1

2
∂µH∂

µH − 1

2
M2

HH
2 − M2

H

2v
H3 − M2

H

8v2
H4,

= sDÆ ú Z >
LHG2 = M2

WW
†
µW

µ

{
1 +

2

v
H +

H2

v2

}
+

1

2
M2

ZZµZ
µ

{
1 +

2

v
H +

H2

v2

}
,= sDÆ ú�ú >

/{µ d ² d f d Å d Qt/ [ ²@P�1�g-1GÅ d ²B³t? d Ç d 1�f�/pg7< d g d

MH =
√
−2µ2 =

√
2hv.

= sDÆ ú � >ðag d /Dµ`17?j³-aD²Bf�Ç�/p·�f d Å d Qt/ [ ²�P;1^g-1qÅ d /iµ d µ�Å�1 [ 14i d < d h�f^³-<DÅ d ût1 <Dµ d �
f^³{² d Ç�/DÅ d [ /¦e0<81qe81 <�÷0/81qÅ d Ã Å0/àÅ d hDÇ d ?R< d f d Å d µ d ² d f d Å d P;1^g-1qÅ d ø�²
h*1;a�f�1�f�1;a�Ç^g d /iµ`17?j³-a�²If�Ç d Æ ð�²�/DöDh�/�h*1GÅD²Bf d Å�f�/�Å d Ç�g d /Dµ`17?j³-aD²Bf�Ç�/�³�Å d
Qt/ [ ²@P;1^g-1qÅ d ²B³@1Ge0<p³�?i³ Ã ·�f	1Gf

MH
ø
MW

ø
MZ

/yÇ d hp¸¾¸�µ�Å�1�f�1�²-<p³�?	Å�1
v Æ

²5xBw z �Y}*�`��µ,�R¶,¶,µ�´`�R���3·`}*¶,µ��
¼�½�¾ã÷*¾�¼ Â���ó ø Þ�ò�À<H ô ÁIE ø
Ã2/D²Ih*1G³�Åp³7< [ /�f�/Dö�Å0/p· V − A

i d µ9/ Ã f�1GÅ0/ d Å�=ÇO Æ O7d > e�1Gh d g�Ç d øÿöp³
SU(2)Le d <pf�ÅD�X1;< d Å d

u
hDÇ d <�h d Å�³�f�<q·�PqÇ d ? d ³

d
ø d e81�� ²Ih*1 <81�h*1qµ`P /�Å d ÷0/p·�f d

dC = cos θCd+sin θCs Æ Ã21lÅ d /DÇ�Å d f d g d µ�·DÅ d Å d
d

²
dC

Ç Ã d [ < d Å5K�/ d Å d
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Å d Å�³B¸Vf�< d Ã Å�/p·nf�1Gh =�Ä Æ s5Z > ø�Ç�17?R/�?R1Ke0<�1qµ�·iÅ d Å d|d <81´µ d f d 1�fKÅp³I¸Vf�< d Ã �Å�/�f^³sf�1qh*1GÇ^³qø

Zµd̄Cγ
µ(vd−adγ5)dC −→ cos θC sin θCZµ

[
d̄γµ(vd − adγ5)s+ s̄γµ(vd − adγ5)d

]
,= Z¾Æ ú � >h d f�1�Ç�³ Ã /�ö0/�Å d f d Å d f^³Ig7/àe�<�³�i*1-?�/¼³{²�< d ÇGÅ�/iµ d ²yf�³Bg7/¼g d e d g6Ç d :4/

d <�1qµ d f d
Zd̄d Æ ÈG1�g7/r<�³BgI¸ Ã f d f{³|h d f d ²Bf;<81qû d Ã ³�Å�g d µ`17?j³ Ã d ø�/Dµ d a�h0/�Ç

e�<�³�?	Ç�/5?�²Bf�<�1 [ /pf^³x³�h¾²�ep³-<0/iµ¶³�Å�f d Ã Å0/�1 [ < d Å�/Dö�³�Å�/p·�Ç�=è× Æ O È > Æ��d < d g7<p³7: d Ç d Å�³]Å d f�1^g7/»e0<�1�P Ã ³6µ�e�<�³BgDO È � d�³üe0<p³�?	e�1 Ã 17K¨³�Å81
[ s ] øGöp³²BùB:l³�²If�Ç�¸pÇ d ?R1Ge�ù Ã Å0/�f^³ Ã ³�Å~hDÇ d <�h*1qÇ d <�1qµ d f��+1Gö d <�1GÇ d Å Æ È�1 [ d Ç d µ91 [ d f? d ²B³xû�1;<iµ9/�< d f	?jÇ d < d g Ã /DöDÅ�/{h�Ç d <Dh*1GÇ�/#?D¸5P Ã ³If d ø

(
u

dC

)
,

(
c

sC

)
,

= Z¾Æ ú È >
hpù+?j³If�1

(
dC

sC

)
=

(
cos θC sin θC

− sin θC cos θC

)(
d

s

)
≡ V

(
d

s

)
.

= Z¾Æí� d >
Út<pf�1 [ 1GÅ d Ã Å�1G²Bf^f d Å d µ d f�<�/D÷ d f d Å d ²�µ¶³�²IÇ d Å�³�Å d hDÇ d <Dh0/pf^³�� :l³

1G²�/ [ ¸8<0/EKk³ Ã d Å d f d Ã /De�² d Å d Å�³B¸Vf�< d Ã Å�/{e�<�³�i 17?�/me�<�1qµ�³�ÅV·3:4/ d <81´µ d f d
=ÕìÿR\. µ¶³�i d Å0/Vg�ùÿµ

[ s ] > ø
(
d̄CdC + s̄CsC

)
=
(
d̄d+ s̄s

)
,

= Z¾Æí� O >
d h*1|h*1GÅD²Bf d Åpf;/pf^³»Å d Ç^g d /iµ`17?i³7a�²BfGÇ�/�³kÅ d ?jÇ d f d ?i¸5P Ã ³If d ² d ³�?	Å d h�Ç;/

Ú+fGh�<0/�Ç d Å�³If�1�Å d 1Gö d <�1GÇ d Å0/V·�h�Ç d <Dh�e�<�³BgWO È �Xs [�Æ [ ×;× ] ³ [ 1 Ã ·jµ d h0< d öDh d
Å d e�<�³�?�Ç	< d g6Ç;/pf;/p³If�1�Å dÛá f d Å�? d <�f�Å0/V·nµ`17?j³ Ã±Æ
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¼�½�¾ã÷*¾ØÜ �DÞ�à ø ô ó^H�H ô ø À�\ ô
��d ? d [ 1GÇ�1 <�/iµ g d hDÇ d <Dh*1GÇ;/ d <81´µ d f�/�ø�³»Å�³�1�P7i 17?�/Dµ91yepùB<DÇ�1#? d < d g-PG³��
<p³6µØh�Ç d <Dh*1GÇ�/�f^³mµ d ²-/ý=

d
/
s

² d ?i³6û�/DÅ�/0< d Å0/�h d f�1nµ d ²�1GÇ;/�²�1;PG²BfGÇ^³�Å0/
²Bù�²Bf�1�·DÅ0/p· > ÆÃt/p³½Ç^³�ö�³ng6Å d ³�µvøvö�³½û�³-<iµ9/�1GÅDÅ�/p· µ d ²�1qÇÀö Ã ³�Å�ø Lm = −mΨΨ =
−m

(
ΨLΨR + ΨRΨL

) Å�³�³�< d gX<p³��k³�Å�ø¾g d :�1Gf�1¨f�1;ayÅ d <p¸	� d Ç d h d Ã /8P <81��Ç^ùpöDÅ d f d ²�/iµ¶³If�<0/p· Æ Ã21Dø±f�ùBa�h d f�1�Å0/p³KÇ^ù�Ç�³�?317iDµ¶³M?R1Ge�ù Ã Å�/�f^³ Ã ³�Å�²Ih d �
Ã d <p³�ÅN?i¸5P Ã ³IfmÇmµ`17?i³ Ã d ø�µ`1XKk³�µ ? d Å d e�/��l³6µ¹² Ã ³�?	Å�/p·nh d Ã /8P <81qÇ^ùpöDÅ81��/�ÅDÇ d <�/ d Å�f^³�Å�û�³7<Dµ9/�1GÅDÅ�1
�o²Ih d Ã d <�³�Åyö Ã ³6Å+�

LY = c1
(
ū, d̄
)
L

(
φ(+)

φ(0)

)
dR+c2

(
ū, d̄
)
L

(
φ(0)†

−φ(+)†

)
uR+c3 (ν̄e, ē)L

(
φ(+)

φ(0)

)
eR+h.c.

= Z¾Æí� × >ð�¸pÅ�/�f d <�Å d h d Ã /�P;<�1GÇGh d =þ² Ã ³�?½²�e81qÅpf d ÅDÅ81yÅ d <p¸	�l³6Å�/�³_Å d ²�/iµ¶³If�<0/5�
·�f d > øDf�1^gX/ Ã d [ < d Å8K�/ d Å�1�f�� h d ÇG²Ih0/Kf�/�e�e�1 Ã ¸pö d Ç d e0<81q²Bf d û�1;<iµ d �

LY =
1√
2
(v +H)

{
c1d̄d+ c2ūu+ c3ēe

}
.

= Z¾Æ�� Ä >
.m³�i d Å�/pg�µ d Å d ²Ie�1GÅ�f d Å�Å�1~Å d <p¸	� d Ç d Å�³mÅ d ²-/Dµ¶³�f�<�/p·�f d ²Iù���1�f d h d

[ ³�Å�³-<�/0< d µ d ²�/^/ d Åyû�³-<iµ9/81qÅ�Å0/�f^³ke�1 Ã ³If d �

md = −c1v/
√

2; mu = −c2v/
√

2; me = −c3v/
√

2.
= Z¾Æ��Xs >

�D1Gh*1 Ã h*1�f�1�Å0/p³]Å�³wg6Å d ³6µ�e d < d µ¶³�f�<�/�f^³
ci

ø�²If�1;aDÅ81q²Bf�/�f^³üÅ d û�³-<iµ9/�1GÅ5�
Å�/�f^³]µ d ²�/s² d e�<�1;/pg�K41 Ã Å0/ Æ ð�²�/Dö�h0/�� h d Ç�²�h�/lh*1qÅ�²If d Åpf�/¨² d û�/Dh¾²�/0< d Å�/
Ç�f^³-<iµ9/�Å0/�Å d µ d ²�/pf�³;�

LY = −
(

1 +
H

v

){
mdd̄d+muūu+meēe

}
.

= Z¾Æ���Z >
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¼�½�¾ã÷*¾Øî § ø Þ�\0J�À<H8ÞzH8ÀTÀXà�ó ø À§ß ô ß§ÞÚ+f�³�h¾²�ep³-<0/iµ¶³�Å�f d Ã Å0/�Å d P Ã ÆH?j³�Å0/V·�³E/Vg6Ç�³�²Bf�Å�1Dø�ö�³|²IùB:l³�²BfGÇ�¸pÇ d f��k³�²Bf
< d g Ã /DöDÅ�/�h�Ç d <Dh*1GÇ�/ d <�1qµ d f d =

u
ø
d
ø
s
ø
c
ø
b
ø
t > ø�f�<�/r< d g Ã /�öDÅ�/ Ã ³6epf�1qÅ d=

e
ø
µ
ø
τ > /kf^³�i�Å0/pf�³üÅ�³B¸Vf�<0/�Å d =

νe
ø
νµ

ø
ντ > Æ È ³Bg7/¨ö d ²Bf�/D÷�/»µ`1 [ d f�? d P�ù+? d f

Ç�h Ã Æ+ö�³�Å0/�ÇN< d µ�h0/�f^³|Å dYá f d Å5? d <pf�Å0/p·Àµ`17?i³ Ã ø h d f�1WP�ù+? d fW1;< [ d Å�/pg7/5�< d Å�/{Ç¨f;<�/�û d µ9/ Ã /0/�1Gf�h�Ç d <Dh�/�/ Ã ³�e�f�1qÅ�/ Æ
[
νe u

e− d

]
,

[
νµ c

µ− s

]
,

[
ντ t

τ b

]
,

= Z¾Æ�� ú >
hpù+?j³If�1
[
νl qu

l− qd

]
≡
(
νl

l−

)

L

,

(
qu

qd

)

L

, l−R, (qu)R, (qd)R.
= Z¾Æ���� >

È d h d Å0/�³¨e�1 Ã ¸pö d Ç d µ�³kf�<0/ne�1Gö�f�/Y/�?j³�Å�f�/Dö�Å0/nh*1Ge0/p·�²l³�?jÅ d /�²BùB: d
SU(2)L⊗U(1)Y

²Bf�<p¸ph�f�¸8< d øqh d f�1z³�?�/�ÅD²Bf�Ç�³�Å d f d < d g Ã /�h d ² d µ d ²�/�f^³A/iµ ÆÃP³�h d ? d <�³Bg [£Ã ³�? d µ¶³�1�P :4/p·©² Ã ¸pö d a ²
NG

û�³-<iµ9/�1GÅDÅ�/©e�1Gh*1 Ã ³6Å�/p·/àÅp³�h d 1Gf�P�³ Ã ³�K�/iµ ²
ν ′j

ø
l′j
ø
u′j

ø
d′j

ö Ã ³�Å�1GÇ�³If^³�Å d û d µ9/ Ã /V·Df d j
=
j =

1, . . . , NG > ²$1qe�<�³�?j³ Ã ³�Å�/¨f�< d ÅD²Iû�1;<iµ d ÷0/81qÅ�Å0/»²IÇ�1;aD²Bf�Ç d 1�f�Å�1G²�Å81zh d Ã /8P��<81qÇ^ùpöDÅ d f d [ <p¸pe d Æ á 1;PG²Bf�Ç�³�Å0/pf^³�²Bù�²If�1�·DÅ0/V·àÅ d ² Ã d P;1�f�1�Ç^g d /iµ`17?j³-a�²If§�
Ç�/�³k² d Ã /DÅp³-aDÅ d h*1´µ`P;/DÅ d ÷�/p·�1�f|µ d ²�1qÇ�/�f^³k²�1;PG²Bf�Ç�³�Å0/�²Iù�²Bf�1�·DÅ0/V· Æ Ã d a5�
1�P;:T/V· � h d ÇG²Ih�/ Ã d [ < d Å5K�/ d ÅN/Dµ d ² Ã ³�?	Å0/V·�Ç;/�?G�

LY =
∑

jk

{(
ū′j, d̄

′
j

)
L

[
c
(d)
jk

(
φ(+)

φ(0)

)
d′kR + c

(u)
jk

(
φ(0)†

−φ(+)†

)
u′kR

]

+
(
ν̄ ′j, l̄

′
j

)
L
c
(l)
jk

(
φ(+)

φ(0)

)
l′kR

}
+ h.c.,

= Z¾Æ��
� >

hpù+?j³If�1
c
(d)
jk

ø
c
(u)
jk

/
c
(l)
jk

² d e0<�1;/pg6Ç�1 Ã Å0/¨h*1qÅ�²If d Åpf�/»Å d Ç^g d /iµ`17?j³-a�²If�Ç�/�³ Æ
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á Ã ³�?�²�e81qÅpf d ÅDÅ81Gf�1�Å d <p¸	� d Ç d Å�³sÅ d ²-/Dµ¶³�f�<�/p·�f d � h d ÇG²Ih�/p· Ã d [ < d Å5�K	/ d Å�µ`1XKk³�? d PGù+?i³�g d e�/D² d Åyf d h d �

LY = −
(

1 +
H

v

){
d
′
LM

′
dd
′
R + u

′
LM

′
uu
′
R + l

′
LM

′
ll
′
R + h.c.

}
.

= Z¾Æ���È >
È�¸ph©²�!#"cø%$%"e/'&("Y² d*) f�P�³ Ã ·�g d Å�+àÇ^³�h�f ) <�+�f^³nÇ d < ) µ d f�Å ) f ) e�< ) ²Bf
�

< d Å�²BfGÇ ) +¼²Iù ) fGÇ^³If�Ç d :,+pf^³�µ d ² ) Ç�+¦µ d f;<�+D÷�+à² d g d e�+D²IÇ d f~e ) ² Ã ³�?	Å�+p·Å d ö�+�ÅL�

(M′
d)ij ≡ −c(d)

ij v/
√

2, (M′
u)ij ≡ −c(u)

ij v/
√

2, (M′
l)ij ≡ −c(l)ij v/

√
2.= Z¾Æã� d >��+V· [ ) Å d Ã +Vg d ÷�+V·Df d Å d f^³Ig-+Øµ d ² ) Ç�+�µ d f�<�+�÷�+ ) e0<�³�?i³ Ã ·Øµ d ² ) Ç�+�f^³

² ) Pq²Bf�Ç^³6Å�+y²Iù�²Bf ) ·DÅ�+V·
dj

ø
uj ����. lj Æ/ d f�<�+�÷ d f d

M
′
d

µ ) Kk³`? d P�ù+?j³c< d g Ã ) Kk³6Å d Å d
M
′
d = HdUd = S

†
dMdSdUd

ø
hpù+?j³If )

Hd ≡
√

M′
dM

′†
d

³�³-<iµ0+�f ) Ç d e ) Ã ) K1+pf�³ Ã Å ) ?j³�û2+�Å�+pfGÅ d µ d <5�
f�+�÷ d ø d

Ud
³�¸pÅ�+�f d <�Å d Æ Hd

µ ) Kk³]? d P�ù+?j³V?3+ d [ ) Å d Ã +pg-+0< d Å d ö�<�³Bg
¸pÅ�+�f d <�Å d µ d f�<�+D÷ d

Sd
u <�³BgI¸ Ã f d Åpf�Å d f d µ d f�<�+D÷ d Md

³]?4+ d [ ) Å d Ã Å d ø³-<Dµ5+pf ) Ç d +¦e ) Ã ) K1+pf�³ Ã Å ) ?i³6û6+DÅ�+�f�Å d Æ Ì Å d Ã ) [ +Dö�Å ) M
′
u = HuUu =

S
†
uMuSuUu

+
M
′
l = HlUl = S

†
lMlSlUl

Æ ð f�³-<Dµ5+�Å�+�Å d ?4+ d [ ) Å d Ã Å�+µ d f�<�+D÷�+�ø Md = diag(md,ms,mb, . . .)
ø Mu = diag(mu,mc,mt, . . .)

ø
Ml = diag(me,mµ,mτ , . . .)

ø7� h d Ç�²Ih�+V· Ã d [ < d Å5K1+ d ÅÊe ) Ã ¸pö d Ç d e ) �
e�< ) ²Bf d û ) <iµ d

LY = −
(

1 +
H

v

){
dMdd + uMuu + lMll

}
,

= Z¾Æã� O >
h d f ) µ d ² ) Ç�+�f^³s²Bù�²Bf ) ·iÅ�+p·y²B³2?j³�û2+�Å�+0< d f�f d h d

dL ≡ Sdd
′
L, uL ≡ Suu

′
L, lL ≡ Sll

′
L,

= Z¾Æã� × >
dR ≡ SdUdd

′
R, uR ≡ SuUuu

′
R, lR ≡ SlUll

′
R.

= Z¾Æã� Ä >
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Ú2P�ùB<DÅ d f^³sÇ�Å�+Dµ d Å�+�³GøDö�³�Q7+ [ ² ) Ç�+�f^³sh ) ÅD²Bf d Å�f�+�² d e0< ) e ) <D÷�+ ) Å d Ã Å�+Å d ²Bù ) f�Ç�³If�Å�+pf�³lû�³-<iµ0+ ) ÅDÅ�+�µ d ²�+ ÆÈvùBa{h d f )

f
′
Lf
′
L = fLfL

+
f
′
Rf
′
R = fRfR

=
f = d, u, l > øDû ) <Dµ d f d Å d Åp³��

¸Vf�< d Ã Å�+p·�f ) h�Ç
SU(2)L⊗U(1)Y

Ã d [ < d Å5K1+ d Å d Å�³]²B³ve0< ) µ¶³�Åp·_e0<�+¨e0<p³��
µ0+�Å d Ç d Å�³_Ç|f^³7<Dµ0+DÅ�+nÅ d µ d ² ) Ç8+�² ) Pq²Bf�Ç^³6Å�+�²Bù�²If ) ·DÅ�+V· Æ á Ã ³�? ) Ç d f^³ Ã Å )Ç á f d Å5? d <�f�Å�+p·Àµ ) ?j³ Ã Åp·iµ d Å�³B¸Vf�< d Ã Å�+�f ) h ) Ç�³�e�< ) µ�³�ÅV·3:9+ d < ) µ d f d ÆÚlP ) P :l³�Å�+V·rì�R:/ µ¶³�i d Å�+pg�ùÿµà³�² Ã ³�?j²If�Ç�+�³ ) fKf�<p³�f�+�< d Å�³If ) Å d ÇG²;+�öDh�+
û�³-<iµ0+ ) Å�+�²�³�?	Å d hpù�Ç_g d <q·5?{Å d ³�?	Å d +y²IùB: d,) ²IÅ ) Ç d ÆÃ )<) ²�Ç^³�Å�f ) Ç d

u
′
Ld
′
L = uLsus

†
ddL ≡ uLVdL

Æ ð ) P :9+p·ñ² Ã ¸pö d a
su 6= sd

u f ) [ d Ç d e�<�+�g d e�+D²IÇ d Å�³�Å d ² ) Pq²Bf�Ç^³6Å�+�f^³m²Bf�+0a�Å ) ²If�+�Å d ² Ã d P ) �f ) Ç�g d +iµ ) ?i³-aD²Bf�Ç8+p³�Ç�f^³-<iµ0+DÅ�+¹Å d µ d ² ) Ç�+�f^³�² ) Pq²Bf�Ç^³6Å�+©²If ) aDÅ ) ²Bf�+�ø�Ç
h�Ç d <Dh ) Ç�+�f^³}g d <p³�?i³�Å�+»f ) h ) Ç�³}²I³re ) ·DÇ�·iÇ d ¸pÅ�+�<DÅ d µ d f;<�+D÷ d Å d ²�µ�³�²IÇ d Åp³
NG×NG

�nø�Å d <�³�ö�³�Å d µ d f�<�+�÷ d Å d É d P=+8P ) Å0É ) P d ·0:9+�Å�/ d ²Ih d Ç d =èÉ\É:/ >
[
O;O
,
×
Ä

]
�

LCC =
g

2
√

2

{
W †

µ

[
∑

ij

ūiγ
µ(1− γ5)Vijdj +

∑

l

ν̄lγ
µ(1− γ5)l

]
+ h.c.

}
.

= Z¾Æã�
s >/ d f�<�+�÷ d f d � ²�Ç^ùB<pg6Ç d ÇG²B³�h�+ïf [ ) <�³�Å g h�Ç d <Dh¹²Iù�²�ÇG²;+Dö�h�+ïfI? ) Ã Å�+ gh�Ç d <Dh�+ ÆÈvùBa�h d f ) Åp³I¸Vf�<�+DÅ d f d ² d P�³Bg<µ d ² ) Ç�+�ø	Å�+p³�Ç�+DÅ d [ +nµ ) Kk³�µ ? d e�<�³�?j³��
û6+DÅ�+0< d µ¶³}Åp³I¸Vf�<�+DÅDÅ�+�f^³ d < ) µ d f�+�e ) f d hpù�ÇzÅ d ö�+DÅ�øqö�³J? d ³ Ã +iµ0+DÅ�+0< d µ¶³
d Å d Ã ) [ +Dö�Å ) f ) ²�µ¶³6²IÇ d Åp³mÇ Ã ³�e�f ) ÅDÅ�+p·¼²I³�hpf ) <L�

ν ′Ll
′
L = ν ′Ls

†
l lL ≡ νllL

ÆÈ d h d e ) Ã ¸pö d Ç d µ¶³kg d e d g6Ç d Å�³kÅ d Ã ³�e�f ) ÅDÅ�+p· d < ) µ d fmÇC< d µ�h�+�f^³»Å d µ0+5�
Å�+iµ d Ã Å�+V· á f d Å�? d <�f^³�Å�µ ) ?j³ Ã ø�PG³BgxÅ d Ã +Dö�+�³If ) Å d ?i·D²IÅ ) Åp³I¸Vf�<�+DÅ ) Æ>l³-<Dµ5+�ÅDÅ�+�f^³lµ d ²;+?+Kµ d f�<�+�÷ d f d Å d ²6µ¶³�²IÇ d Å�³PÅ d h�Ç d <Dh�+�f^³2� ² d�) e5�
<p³�?j³ Ã ³�Å�+ ) f@� h d Ç�²Ih�+�f^³¨h ) Å�²Bf d Å�f�+�Ç�= ZVÆA�
� > Æ Èÿ³ ) P d ö�³k² d Å�³�+pg6Ç^³�²If�Å�+ uf d h d Å�+�³~f�<q·0PGÇ d ? d +pg6e ) Ã g6Ç d µ¶³~e0< ) +Vg�Ç ) Ã Å�+�e d < d µ¶³If�<�+ Æ ü Å�+pf d <DÅ d
µ d f�<�+D÷ d

NG × NG
²Iù+?iùB< K d

N2
G

<�³ d Ã Å�+�e d < d µ¶³If^ùB< d õ
NG(NG − 1)/2d µ�e Ã +�f�¸X?4+ + NG(NG + 1)/2

û d g-+8ö Æ ð©² Ã ¸pö d ·mÅ d � µ�Å ) [ )B) f�f^³Bg-+me d �
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< d µ¶³If�<�+�² d Åp³6²BùB:l³�²If�Ç^³�Å�+�ø6g d : ) f ) Å�+�³]Ç�+DÅ d [ +¨µ ) K¨³6µN? d +Vg7P�³-<�³6µ�² Ã ¸*�ö d a�Å�+nhDÇ d <Dh ) Ç8+nû d g-+ Æ �2<�+�e0<p³�?j³�û2+�Å�+0< d Åp³»Å d û d gC+pf^³

ui → O iφiui
+

dj → O iθjdj
ø�µ d f�<�+�÷ d f d Å d ²�µ¶³�²�Ç d Å�³v²B³D+pg�µ¶³6ÅV·�h d f )

Vij → Vij O i(θj−φi) uf d h d
2NG− 1

û d g-+K² d Å�³�Å d P Ã ÆH? d ³�µ0+ Æ ¿ < ) ·DfkÅ d ²IÇ ) P ) ?	Å�+�f^³zû6+pg-+Döp³�²��
h�+�f^³le d < d µ¶³If;<�+{Ç�µ d f�<�+�÷ d f d Å d ²�µ¶³6²IÇ d Åp³z²B³@<�³�?i¸p÷�+0< d ? )

(NG − 1)2 �
NG(NG − 1)/2

d µ�e Ã +�f�¸X?4+E+ (NG − 1)(NG − 2)/2
û d g-+ Æð�e0< ) ²Bf�+p·k² Ã ¸pö d alÅ d ?jÇ�³�e ) h ) Ã ³�Å�+p·F� ²B³ ) e�<�³�?j³ Ã · ) f}³�?3+DÅs³�?4+DÅ�²Bf
�

Ç^³�Å�e d < d µ¶³If^ùB< Æ ð�f ) g-+|² Ã ¸pö d a@� ²B³P²IÇ^³�KT? d ? ) µ d f�<�+�÷ d f d Å d É d P8+�P )
) fq= Z¾Æ�� d > Æ á NG = 3

ø¶µ d f;<�+D÷ d f d Å d É\É:/ ²B³ ) e�+�²�Ç d ²�f�<�+�ù [ ù Ã d +³�?jÅ d û d g d Æ � d g Ã +DöDÅ�+o=þÅ ) ³�hDÇ�+DÇ d Ã ³6Åpf�Å�+ > e�<�³�?	²Bf d Ç�·iÅ�+p·�µ ) [ d f�? d PGù+�
? d f�Å d µ¶³-<�³�Å�+¨Ç Ã +�f^³-< d f^¸8< d f d Æ ð [ � ] +pg6e ) Ã g�Ç d f�² Ã ³�?jÅ d f d f(²Bf d Å5? d <pf�Å d ge d < d µ¶³If�<�+Vg d ÷�+V·��

V =




c12c13 s12c13 s13e
−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13


 .

= Z¾Æã� Z >È�¸ph
cij ≡ cos θij

+
sij ≡ sin θij

ø�²
i
+
j

²B³ ) f�PG³ Ã ·pg6Ç d Å ) µ¶³-< d Å d
e ) h ) Ã ³�Å�+�³If ) =

i, j = 1, 2, 3 > Æ ��³ d Ã Å�+�f^³�ù [ÄÃ + θ12
ø
θ23
+
θ13

µ ) [ d fr? d
P�ù+? d fyÅ d e0< d Ç�+DÅ�+Y? d Ã ³�K d fyÇye�ùB<�Ç8+nh�Ç d ?�< d Åpf{ö�<�³Bg�e ) ?0i ) ?i·0: ) e0<p³��
?i³�û2+DÅ�+0< d Åp³lÅ d û d g-+�f^³lÅ d hDÇ d <�h ) Ç�+�f^³se ) Ã ³�f d u f ) [ d Ç d cij ≥ 0

ø
sij ≥ 0+

0 ≤ δ13 ≤ 2π ÆÚ2P�ùB<DÅp³If�³vÇ�Å�+Dµ d Å�+�³Gø�ö�³
δ13

³�³�?4+�ÅD²Bf�Ç�³�Å d f d h ) µ�e Ã ³�h¾²IÅ d û d g d Ç Ã d [ �< d Å5K1+ d Å d Å dMá f d Å�? d <�f�Å�+V·{µ ) ?j³ Ã�Æ á Ã ³�? ) Ç d f^³ Ã Å ) f ) g d ³�³�?3+DÅD²Bf�Ç^³6Å�+p·
Ç^ù�g�µ ) Kk³6Å1+Vg6f ) öDÅ�+Dh�Å d Å d <p¸	� d Ç d Å�³+Å d4hHG �I+�ÅDÇ d <�+ d Å�f�Å ) ²Bf�f d Æ ðm?j³-aD²k�
f�Ç�+�f^³ Ã Å ) ²Bf�f ) Ç d ³we0<�+�ö�+�Å d f d ? d ²B³we0<p³�?	e ) Ã ) K1+�ø^ö�³�²BùB:l³�²If�Ç�¸pÇ d f;<p³If )
e ) h ) Ã ³�Å�+�³ [

×
Ä
]
øje0<�³�?3+ ) fGh�<�+�Ç d Å�³If ) Å d

b
+
τ Æ á ?	Ç^³ke ) h ) Ã ³6Å�+p· á f d Å��

? d <pf�Å�+p·»µ ) ?j³ Ã Åp³$P=+_µ ) [ ù Ã ? dJ) P�·D²IÅ�+kÅ d P Ã Æ$? d Ç d Å ) f )�hHG �oÅ d <V¸8:k³�Å�+�³
Ç
K

²;+D²Bf^³6µ0+�f^³ Æ
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¼�½�¾ã÷*¾'ñ ��À§à8À ø Þ�ß§à ô H�À»§ ß�À<H � À§à8ß<H ôp� ø ó � Þ�ù
É d Ã +�P;< ) Ç�ùpöDÅ�+p·1+�²Ih d Ã d <�Å�+V·�²I³�hpf ) <�Ç Ã d [ < d Å8K1+ d Å d Å d4á f d Å�? d <�f�Å�+V·
µ ) ?i³ Ã ²Iù+?iùB< K d f»² d µ ) ö�³If�+0<�+{e d < d µ¶³If^ùB< d �

g
ø
g′

ø
µ2 + h Æ È ³zµ ) [ d f�? d

P�ù+? d fng d µ¶³�Å�³�Å�+�²
α
ø
θW

ø
MW

+
MH

Æ Ì Ã f�³-<�Å d f8+�ÇGÅ ) h d f ) ²�Ç ) P ) ?jÅ�+
e d < d µ¶³If�<�+ µ ) [ d f!? d P�ù+? d fK+Vg7P;< d Å�+

α
ø
MZ

ø
GF

+
MH

u f ) g-+'+pg-P ) <
+Dµ d e0<p³�?4+iµ�²Bf�Ç ) f ) ø�ö�³�²I³7+Vg�e ) Ã g6Ç d f¨f�<�+ ) f_Å d a5�oe�<�³�÷�+Vg6Å ) +Vg�µ�³-<p³6Å�+�f^³
h ) ÅD²Bf d Åpf8+ ÆðL� h d Ç�²Ih�+p·�²B³�h�f ) <{²;+pf^¸ d ÷�+p·�f d ³D< d g Ã +�öDÅ d Æ ð¹² Ã ¸pö d a�Å d

NG = 3+Dµ d µ¶³NO7Ä�²IÇ ) P ) ?	Å�+�e d < d µ¶³�f^ùB< d � È µ d ²;+�ø�Äyù [ ù Ã d +ýO�û d g d ÆNM ²IÅ ) ³Gø
öp³�f ) Ç d Å�³�³�µ�Å ) [ ) g d ? ) Ç ) Ã +�f^³ Ã Å ) Æ R+g�f ) ö�Å�+Dhpù�f�Å d f ) Ç d µ�Å ) Kk³�²Bf�Ç )
) fxe d < d µ¶³If�<�+»³üÅ�³Bg6Å d Å�+�³If ) Å d � h d Ç�²�h�+�f^³}h ) ÅD²Bf d Åpf8+�Ç	= ZVÆA�
� > Æ �t< ) +pg��i ) ? d Å d µ d ²;+�f^³O+�²�µ¶³�²IÇ d Å�³If ) g d ³�?jÅ�+�²kÅ d Ã +�ö�+p³�f ) Å d f�<�+P+5?i³6Åpf�+DöDÅ�+
û d µ0+ Ã +�+n²B³l·iÇ�·iÇ d fKh d f ) ³�?3+DÅ ) f ) ²�Å ) Ç�Å�+pf^³ ) fGÇ ) <�³�Å�+�e�< ) P Ã ³�µ0+�Ç^ù±³
û6+pg-+Dh d f d Å d ³ Ã ³�h�f�< ) ² Ã d P ) f ) Ç�g d +Dµ ) ?j³-aD²Bf�Ç�+�³ ÆR�µ d aDh�+ÉÇ¼e�<�³�?	Ç�+5? h ) ÅD²Bf d Åpf d Å�f d f d Å d Ç�g d +iµ ) ?i³-aD²Bf�Ç8+p³�Å d ÉlQJ�
αs(M

2
Z)

ø´e�ù Ã Å�+p· SU(3)C⊗SU(2)L⊗U(1)Y
Ã d [ < d Å8K�+ d Å|Å dTá f d Å5? d <��

f�Å�+p·�µ ) ?j³ Ã ²Bù+?jùB< K d O � ²�Ç ) P ) ?jÅ�+me d < d µ¶³If^ùB< d Æ
²5xBwy� ¯4��}��q���R¶`}�¶`�m�¶���R�,��µ,��}
Ã d :9+�f^³�g�Å d Å�+p·�g d e d < d µ¶³If;<�+�f^³wÅ d g d <�³�?j³�Å�+V·zf ) hsÅ�³Y² d f ) Ã h ) Ç d ? ) P;<�+h d h�f ) Ç�² Ã ¸pö d a�Å d Å�³B¸Vf�< d Ã Å�+p·�f ) h Æ ��d ? d ²B³�+pg�µ¶³7<q·�f»³ Ã ³6µ¶³�Å�f�+�f^³kÅ d
Å d µ d f�<�+�÷ d f d Å d É\É:/ ²B³Q+pgI¸pö d Ç d fne ) Ã ¸ Ã ³�e�f ) ÅDÅ�+�f^³W< d g6e d ?3+

H →
H ′lν̄l

øw²�Ç^ùB<pg d Å�+¦²�²Iù�²�²Bù ) f�Ç�³If�Å�+pf^³nhDÇ d <�h ) Ç�+©e0<�³�i ) ?4+
dj → uil

−ν̄l
ÆÌ µ�e Ã +�f�¸X? d f d Å d e0<p³�i ) ? d

T [H → H ′lν̄l] ≈
GF√

2
Vij〈H ′|ūiγ

µ(1− γ5)dj|H〉l̄γµ(1− γ5)νl
=þú Æ O >

Ç�+DÅ d [ +©ÇGh Ã Æ+ö�Ç d�d ?�< ) Å�³�Å µ d f�<�+Dö�³�Å ³ Ã ³6µ�³�Åpf�Å d Ã ³6Ç�+p·à² Ã d P�f ) h Æ
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�2<�³�²�µ¶·�f d Å�³If ) Å d f ) gC+¹µ d f�<�+Dö�³�Å©³ Ã ³6µ¶³6Åpf�³�Å�³�ep³7<pf�¸8<�P d f�+DÇ^³�ÅúÉlQJ�
e�< ) P Ã ³6µT+yÇGh Ã Æ+öDÇ d Å�³�+pg-P�³�K�Å�+mf^³ ) <p³�f�+�öDÅ�+{Å�³ ) e0<�³�?i³ Ã ³�Å ) ²If�+ ÆÚ2P8+Dh�Å ) Ç�³�Å ) ²B³O+pgI¸pö d Ç d e ) Ã ¸ Ã ³�e�f ) Å�³�Åne0<�³�i ) ?ÿøTh�ù+?i³�f ) µ d f;<�+Dö�Å�+p·
³ Ã ³�µ¶³�Å�frµ ) Kk³c? d P�ù+?j³aû2+�h¾²;+0< d ÅsÇ]Åp·Dh ) ·sh�+DÅ�³6µ d f8+�öDÅ d f ) ö�h dH) fre0<�+DÅ5�
÷�+De�Å d ²�+Dµ¶³�f�<�+p· Æ È ) g-+~e ) ?�i ) ?U+iµ d iV¸5P d Ç ) f ) h d ö�³�²Bf�Ç ) ? d Å d µ d Ã ·iÇ df^³ ) <�³If�+DöDÅ�+�f^³+Åp³ ) e0<p³�?j³ Ã ³�Å�³�²Bf�+�? ) Å�+DÇ ) Å d h ) <�³�hD÷�+�+�Å d <V¸	� d Ç d :9+_²;+5�
µ¶³If�<�+V·Df d +lh�+DÅ�³6µ d f8+�öDÅ�+k³�h¾²Bf�< d e ) Ã d ÷�+p· Æ á f d Å5? d <�f�Å�+p·_e0<�+Dµ¶³7<l³H< d g��
e d ? ) f_f�+�e d

0− → 0−
ø�h d f )

K → πlν
ø
D → Klν

+ Ã + B → Dlν Æ á�d µ )
Ç^³�h�f ) <�³�Å�f ) h�µ ) K¨³t? d ? ) e0<�+DÅ d ²Ä·�Ç�f ) g-+{² Ã ¸pö d aL�

〈P ′(k′)|ūiγ
µdj|P (k)〉 = CPP ′ {(k + k′)µf+(t) + (k − k′)µf−(t)} .

=æú Æ × >È�¸ph
CPP ′

³�û d h�f ) <�Å d É Ã ³�P8�D�Öì ) <;?jù�ÅP+
t = (k − k′)2 Æ ÃP³�+pg6Ç^³6²Bf§�

Å d f d ?3+DÅ d µ0+Dh d Å d ²;+ Ã Å ) f ) Ç�g d +iµ ) ?i³-aD²Bf�Ç8+p³�²B³P²Bù+?jùB< K d Å d e�ù Ã Å ) Ç^ù�Ç
û ) <Dµ�û d h�f ) < d

f±(t) Æ ð [ < d Å�+D÷ d Å d PG³Bg�µ d ² ) Ç8+àh�Ç d <Dh�+
f−(t) = 0

+
f+(0) = 1

ø<g d : ) f ) ²�Ç^ùB<pg d Å�+V· d < ) µ d f^³�Å_g d <q·5?�³vg d e d g6Ç d : d ²B³]Ç�³ Ã +Dö�+��Å d Æ È d h dF) ²If d Ç d ³�?3+DÅ�²If�Ç^³�Å ) Å�³ ) P-i ) ?3+iµ ) ²If^f d ? d ²B³ ) f�ö�³If^³zh ) <�³�hD÷�+p·�f d
) f�h0< d a�Å d f d ²Bf ) a�Å ) ²If�Å d µ d ² d f d Å d h�Ç d <Dh d ÆÈvùBa�h d f )

(k−k′)µ l̄γµ(1−γ5)νl ∼ ml
ø´e�<�+DÅ ) ²BùTf ) f

f−(t)
³+h�+DÅ�³6µ d �

f�+�ö�³�²Ih�+�e ) f8+�²IÅ d f¨Çxµ ) ?4+�f^³
e
+
µ Æ È ) [ d Ç d �,+�<�+DÅ d f d Å d < d g6e d ? d µ ) Kk³

? d PGù+?i³�g d e�+D² d Å d f d h d �

Γ(P → P ′lν) =
G2

FM
5
P

192π3
|Vij|2C2

PP ′|f+(0)|2I (1 + δRC) ,
=æú Æ Ä >

hpù+?j³If )
δRC

³P³ Ã ³�h�f ) < ) ² Ã d P d < d ?4+ d ÷�+ ) ÅDÅ d e ) e0< d Ç�h d øV÷ I ³ ) f�P�³ Ã ·5�g d Åyû d g ) Ç�+p·V+�Å�f^³ [ < d Ã øjh ) apf ) Ç [ < d Å�+D÷ d ml = 0
+iµ d û ) <Dµ d f d

I ≈
∫ (MP−MP ′)2

0

dt

M8
P

λ3/2(t,M2
P ,M

2
P ′)

∣∣∣∣
f+(t)

f+(0)

∣∣∣∣
2

.
=þú Æ s >á f d Å5? d <pfGÅ d f d e0< ) ÷�³�?D¸8< d g d#) e0<�³�?i³ Ã ·iÅp³aÅ d |Vij|

ÇGh Ã Æ+öDÇ d f�<�+s²If^ù�e��
h�+L�
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O Æ R+g�µ�³-<�Ç d ²B³�û ) <Dµ d f d Å d < d g6e0<p³�?i³ Ã ³�Å�+p³�f ) Å d

t Æ È ) Ç d û2+�h¾²�+�< d
) f�Å ) �l³6Å�+�³If ) |f+(t)/f+(0)| +mf d h dB) e�<�³�?j³ Ã · I Æ

× Æ R+g�µ�³-<�Ç d ²B³ve�ù Ã Å d f d :,+�<�+�Å d Å d < d g6e d ? d
Γ Æ È]ùBa¨h d f )

GF
³X+pg6Ç�³�²k�

Å )Y) fPµ9Æ ) Å�Å�+V·4< d g�e d ?�ø6f ) ³�h¾²Ie�³-<�+Dµ�³�Åpf d Ã Å ) µ ) Kk³c? d ²B³ ) e�<�³�?j³ Ã +e0< ) +pg6Ç^³�?j³�Å�+p³�f ) |f+(0)||Vij| Æ
Ä Æ ðYg�³6µ d ²B³zf^³ ) <�³If�+DöDÅ ) f ) e0<�³�?j²�h d g d Å�+�³�g d

f+(0) Æ
ð d K¨³�Å�µ ) µ¶³�Å�f�³C? d ²B³ ) ²Bù�g6Å d ³Gø ö�³|f�³ ) <�³If�+Dö�Å ) f ) Å d ö d Ã ) ³KÇ�+DÅ d �

[ +ÀÅ�³ ) P-i ) ?3+iµ ) Æ á Ã ³�? ) Ç d f^³ Ã Å ) f ) öDÅ ) ²Bf^f d Ç ) e�<�³�?j³ Ã ·iÅp³�f ) Å d |Vij|
³

Ç�+DÅ d [ + ) [ < d Å�+�ö�³�Å )*) f�Å d � d f d ²Ie ) ² ) PqÅ ) ²BfW? d +pg6ö�+D² Ã +Dµ ²Bù ) f�Ç^³IfGÅ�+p·
d ?�< ) Åp³�Å�Ç§i ) ? Æ
¼�½�¾[Z*¾�¼

VudÃ d a��oe0<p³�÷�+pg6Å ) f ) +Vg�µ�³-<�Ç d Å�³+Å d
Vud

³PÅ d e0< d Ç^³�Å ) Å d ²IÇ;<pù+i�< d gX<p³��k³�Å�+V·
·5?�<p³�Å

β
< d g6e d ? ) fK>l³-<iµ0+¼f�+Deúõ

0+ → 0+ ö ø�h�ù+?i³If ) ·8?R<�³�Å�+V·¼µ d f�<�+��
öp³�Å ³ Ã ³6µ¶³�Å�f 〈N ′|ūγµd|N〉 µ ) Kk³W? d P�ù+?j³nû2+�h¾²;+0< d Å ) f�g d e d g6Ç d Åp³�f )
Å d Ç�³�h�f ) <DÅ�+p·~f ) h Æ Ù Ã ³6µ¶³�Å�f d\) f�µ d f;<�+D÷ d f d Å d É@É:/ ²B³_e ) Ã ¸pö d Ç dQ) f²Bù ) f�Å ) �l³�Å�+�³If )

[
Ä Z ] ø

|Vud|2 =
π3 ln 2

ftG2
Fm

5
e(1 + δRC)

=
(2984.4± 0.1)s

ft(1 + δRC)
,

=þú ÆØZ >
hpù+?j³If ) ²�û d h�f ) < d

ft
³ ) f�PG³ Ã ·�g d Å ) fGÅ ) ²;+pf�³ Ã Å�+p·se�³-<�+ ) ?lÅ d e ) Ã ¸8< d g��e d ? d Åp³_h ) <�+ [ +0< d Å�g d û d g ) Ç ) e0< ) ²Bf�< d ÅD²Bf�Ç ) +rÉ}¸ Ã ) Å ) Ç8+{³6û�³�h�f�+

[
Ä�ú

] Æ��dQ) e0<�³�?i³ Ã ·iÅ d f ) Å d |Vud|
ø±³�Å�³ ) P7i ) ?4+iµ ) ? d ²B³�Å d e0< d Ç�+�ÇGÅ�+iµ d f�³ Ã ³6Åd Å d Ã +VgxÅ d < d ?4+ d ÷�+ ) ÅDÅ�+�f^³se ) e0< d Ç�h�+

[
Ä � ] ø�Ç�h Ã Æ+ö�Ç d : h d h�f ) hpù�² ) ?j³-aD²k�

f�Ç d :9+�f^³Pe�<�+DÅ ) ²;+
∆inner = 0.0234±0.0012

øIf d h d +»·5?�<p³�Å ) �9g d Ç�+D²;+Dµ5+pf^³
h ) <�³�h�÷�+�+

∆outer ≡ δRC−∆inner
Æ È ³Bg-+�< d ?4+ d ÷�+ ) Å�Å�+»e ) e�< d ÇGh�+_² d ? ) ²If d �

f^ùpöDÅ ) [ ) Ã ³6µ5+ δRC ∼ 3
� s _ +Q+iµ d f�²BùB:k³�²Bf�Ç�³�Å d < ) Ã ·�g d ²Bù [£Ã d ²0¸pÇ d Å�³If )Å d <�³BgI¸ Ã f d f�+pf�³ ) f	< d g Ã +�öDÅ�+pf^³l·5?�< d Æ Ét< d aDÅ�+p·�f�<�³BgI¸ Ã f d f ) f [ � ] ³
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|Vud| = 0.9740± 0.0010.
=þú Æ ú >ÃP³Bg d Ç8+�²�+Dµ ) ³ Ã ³6µ¶³�Å�f d

Vud
µ ) K¨³J? d PGù+?i³ ) e0<p³�?j³ Ã ³�Å ) fxÅp³I¸Vf�< ) Å�Å�+p·

< d g6e d ?
n → pe−νe

Æ ð f ) g-+à² Ã ¸pö d a d h¾²�+ Ã Å�+p·¦f ) hà²Bù�_ ) ? ) e�`�+DÅ d ²£·�ø
f d h d ö�³�³�Å�³ ) P-i )-a +iµ ) ³�h¾²�ep³�`�+iµ¶³�Å�f d Ã Å ) +pg�µ¶³-`�Ç d Å�³�Å dP) f�Å ) �k³�Å�+p³If )
gA/gV = −1.2720 ± 0.0018

+¦Ç�`�³6µ¶³If ) Å d�b +DÇ ) f�Å d Å�³B¸Vf�` ) Å d
τn =

885.7± 0.8 Æ È d h d,) f�Åp³B¸Vf8` ) Å�Å�+V·�` d g6e dca e ) Ã ¸pö d Ç d µ�³;�

|Vud| = 0.9725± 0.0013, d ú ÆA�8e�7+ ) Å�Å�+V·KfG³If d ` d g6e dCa
π+ → π0e+νe

e�`p³ a Ã d [ d e ) � a3) f�ù�`�Å d ö�+DÅ½g d
+Vg�µ�³�`�Ç d Å�³ |Vud| Æ È ) Ç d ³xö�+D²Bf�Ç^³�h�f ) `p³�Å{e�`�³�i )�a ²xµ�Å ) [ ) µ d Ã h�+yf^³ ) `p³��
f�+�öDÅ�+»Åp³ ) e�`�³ a ³ Ã ³�Å ) ²Bf�+ Æ ��d ²Bù b�d Ã ³�Å�+�³�f ) aB+iµ d µ�Å ) [ ) µ d Ã h ) ²B³�ö�³�Å�+�³ ÆÙ¶h¾²Ie�³�`�+Dµ¶³6Åpf d Ã Å d f d ²Bf ) aDÅ ) ²Bfl³Fg%hji

(1.025± 0.034)× 10−8 Æ �±³IgI¸ Ã f d f d) f�e�+ ) Å�Å�+V·VfG³If d ` d g6e dca ³ |Vud| = 0.968± 0.018 ÆÈvùBa�h d f ) Å�³ ) e�`�³ a ³ Ã ³6Å ) ²Bf^f d Ç�e ) ² Ã ³ a Å�+V·�`�³BgI¸ Ã f d f�³rµ�Å ) [ ) [ ) Ã ·jµ d ø
g d e ) Ã ¸pö d Ç d Åp³|Å d ²;`�³ a Å d f d ²Bf ) aDÅ ) ²Bf�Å d ³ Ã ³6µ¶³�Å�f d

Vud
²B³@+Vg6e ) Ã g6Ç d f² d µ ) e�ù�`�Ç8+pf�³ a Ç d `p³Bg�¸ Ã f d f d [ � ]

|Vud| = 0.9734± 0.0008, d ú Æ'�ke
¼�½�¾[Z*¾ØÜ

Vus��d +Vg�µ�³�`�Ç d Å�³�Å d ³ Ã ³6µ¶³�Å�f d |Vus|
²B³#+Vg6e ) Ã g6Ç d fl` d g6e dCa +pf�³ K+ → π0l+νl+

K0 → π−l+νl
ø�h ) +pf ) ²B³�e )-a i )�a ·�_,+�g d ÷p³ Ã f d ø±g d _ ) f ) ²Iù ) fGÇ^³If�Å�+�f^³

dCa ` ) Å�Å�+nû ) `iµ¹û d h�f ) `�+�² dOa3) f=`p³O+pgI¸pöp³6Å�+ Æ Ã d `V¸	� d Ç d Å�³If ) Å d
SU(3)² d ²;+ Ã Å ) e ) f8+�²IÅ d f )

[
Ä � ] Æ ÚPf�ö�+�f d a�h�+kÅ d `p¸	� d Ç d Å�³If ) Å d +Vg ) ²Ie�+�Å d Ç [ ) `5�Å�+�f^³,` d g�e dca +�øTe ) Ã ¸pö�³�Å�+�f^³_²Bf ) aDÅ ) ²Bf�+�g d |Vus|

² d Ç�²Bù [£Ã d ²;+�e ) � am) f8` )
) fEn _ Æ � dca + d ÷�+ ) ÅDÅ�+�f^³¨h ) `p³6h�÷�+�+{² d +pg6ö�+D² Ã ³�Å�+�Ç1` d µ�h�+�f^³kÅ d Él+�` d Ã �Å d f d f^³ ) `�+p·_Å d ep³-`pf�¸	`�f d ÷�+�+�f^³

[ ZXs ] Æ áo) f�ö�+pf d Å�³üÅ dHa ù Ã3[ )-a ³-aD²Bf�Ç d _9+�f^³` dca + d ÷�+ ) Å�Å�+�e ) e�` d ÇGh�+�+�Åp³ Ã +DÅp³-aDÅ�+pf^³_ö Ã ³�Å ) Ç�³lÇ^ù�Ç»û ) `iµ�û d hpf ) `�+pf^³
e ) Ã ¸pö d Ç d µ¶³

[ � ]



� �0� ����� ���lÑkÒ�¡T¢ « �nÓ�ý8�6Ô « ©�ÓD¦+¨þý0©Õ�

|Vus| = 0.2196± 0.0026. d ú Æ ÈkeÌ Å d Ã +pg d Å d
[ s × ] i�+�e�³�` ) ÅDÅ�+�f^³P` d g6e dCa +<+iµ d e ) � [ ) Ã ³6µ0+àf�³ ) `�³If�+Dö��

Å�+�Å�³ ) e�`�³ a ³ Ã ³�Å ) ²If�+�ø e ) ` dCa +�Å d `V¸	� d Ç d Å�³If ) Å d
SU(3)

²;+iµ¶³If�`�+p·�f d Ç
d h¾²;+ d Ã � Ç�³�h�f ) `DÅ d f d h ) Å�²If d Åpf d Æ ��³BgI¸ Ã f d f do) f [ � ] ³ |Vus| = 0.2176 ±
0.0026 ÆÈvùBa�h d f ) f d gC+n²Bf ) a�Å ) ²Bf ) ²Bf d Ç d +Vg6Ç�ù�Å [ `�³��kh d f d +�Åp³ aTd Ç d�a3) fGù�`
û6+�f�øj²�`p³ a Å d f d ²Bf ) aDÅ ) ²Bf�g d |Vus|

³ d ú Æ È=e [ � ] Æ
¼�½�¾[Z*¾Øî

Vcdá f ) a�Å ) ²Bf�f d Å d |Vcd|
²I³üe ) Ã ¸pö d Ç d6) f a ù Ã f ) h ) Åp³I³ Ã d ²Bf�+Dö�Å ) ` d g6²B³-aDÇ d Åp³Å d

νµ
+
ν̄µ

ø�ö�`�³BgB+pg�µ¶³-`�Ç d Å�³¨Å d ` dcbBaTd Å�³If ) Å d
c

hDÇ d `Dh ) fKÇ d Ã ³6Åpf�Å�+ dh�Ç d `Dh�+�ø´f Æ ³ νµd→ µ−c
+ a ³If^³�h�f�+�` d Åp³�Å d

c
ö�`p³BgPe�` ) ÷p³6²;+pf�³

c→ µ+νµd+ Ã + µ+νµs Æ � ) f ) g-+�Å d ö�+�Å_²B³]e ) Ã ¸pö d Ç d e�` ) +pg6Ç�³ a ³6Å�+�³If )
[ � ] Bc|Vcd|2 =

(0.41±0.07)×10−2 ø6h�ù a ³If ) Bc
³w²;`�³ a Å d f d Ç^³�` ) ·�f�Å ) ²Ifüg d e ) Ã ¸ Ã ³�e�f ) Åp³�Å` d g6e dca Å d ` )-a ³�Å�+p· ) ö d ` ) Ç d Å�h�Ç d `Dh Æ R}g�e ) Ã g6Ç d aDh�+ Bc = 0.099± 0.012

[ � ] øDe ) Ã ¸pö d Ç d µ�³

|Vcd| = 0.224± 0.016. d ú Æ n-d e
¼�½�¾[Z*¾'ñ

Vcs� ) e )-am) f�³�Å�Å d ö�+DÅn²B³_e ) Ã ¸pö d Ç d ³ Ã ³�µ¶³�Å�f d |Vcs|
) f

νµs → µ−c
aTd ÅDÅ�+ Æ�±³IgI¸ Ã f d f d g d Ç8+�²�+ ) f�e�`�³ a e ) Ã ³ b ³�Å�+p· ) f�Å ) ²�Å ) e Ã ù�f�Å ) ²Bf^f d Å d ²Bf�` d Å5�

Å�+¼h�Ç d `Dh�+¼Çne d `�f ) ÅDÅ ) f ) µ ) `p³ Æ È ) gC+Àµ¶³If )�apa	d Ç d Ç^ù�g�µ )Cb Å ) ²Bf aTd ²B³
) e�`p³ a ³ Ã +y² d µ ),am) Ã Å d [ ` d Å ) ÷ d [ s Ä ] |Vcs| > 0.59 Æ� ) �oe�`�³�÷�+Vg6Å d +DÅ�û ) `iµ d ÷�+p·~²B³_e ) Ã ¸pö d Ç d\) fye ) Ã ¸ Ã ³�e�f ) ÅDÅ�+o` d g6e dCa +Å d
D

µ¶³Bg ) Å�+�ø�Å d e�` Æ D → K̄e+νe
Æ ��+�`�³�h�f�Å�+�f^³D+pg�µ¶³-`�Ç d Å�+V·lÅ d |Vcs|

a	d �
Ç d f

[ � ] |Vcs| = 0.97±0.09(stat.)±0.07(syst.) Æ � ) �9f ) ö�Å ) f )6) e�`�³ a ³ Ã ·iÅp³Å d ³ Ã ³�µ¶³�Å�f d µ )-b ³ a	d ²Bf d Åp³�+pg6e ) Ã g6Ç d a�h�+ ) f�Å ) �k³�Å�+�³If ) Å d�dCa ` ) Å�Å�+�f^³
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` d g6e dca +{Å d

W
hpùÿµ Ã ³�e�f ) ÅDÅ�+�f^³Gø�h ) ³�f ) ³:+Vg<µ¶³�`�³�Å ) Å d

LEP [
×�d

]
+E`p³��

gI¸ Ã f d f d ³ ∑
i,j |Vij|2 = 2.039 ± 0.025 ± 0.001

ø�h�ù a ³If ) ²0¸�µ d f d ³�e )
i = u, c

+
j = d, s, b Æ ü Å�+pf d `DÅ ) ²Bf^f d Å d µ d f�`�+D÷ d f d Å d É\ÉF/ +pg-+�²�h�Ç d

²0¸�µ d f dDaTd ³J× Æ ÈvùBalh d f ) e�³If ) fl�k³�²Bf^³w³ Ã ³6µ¶³6Åpf d ² d + Ã + a3) f=`p³q+pg�µ¶³�`�³�Å�+
+ Ã +�e�`p³6Åp³;f=`p³ b +iµ ) µ d Ã h�+�øie ) Ã ¸pö d Ç d µ¶³

[
×
d

]
�

|Vcs| = 0.996± 0.013. d ú Æ n�n e
¼�½�¾[Z*¾Ø÷

Vcb� ) eV¸´²Ih d aDh�+�ø�öp³O_9+�`�+�Å d f d Å d +DÅ�h Ã ¸¾gC+�ÇGÅ�+p·~e ) Ã ¸ Ã ³�e�f ) Å�³�ÅP` d g6e dCa Å d
dCa ` ) Å�+�f^³�²Bù a ù�` b_d _,+

b
h�Ç d `Dhà²B³ ) e�`�³ a ³ Ã · ) f½²Iù ) fGÇ^³If�Å�+p·àhDÇ d `�h ) Ç

e�`�³�i )-a
b→ clνl

øi³ Ã ³6µ¶³�Å�f d |Vcb|
µ )Cb ³ aTd fGù a ³ ) e�`�³ a ³ Ã ³6Å ) f ) f�Å ) �l³��

Å�+�³If ) Å d +pg�µ¶³�`�³�Å d f dQ) fGÅ ) ²;+pf�³ Ã Å d Ç^³�` ) ·�f�Å ) ²Ifyg d e ) Ã ¸ Ã ³�epf ) Å�³�År` d g��e dca +�Ç8`p³6µ�³If ) Å d1b +DÇ ) f Æts +�`�+�Å d f d Γ(b → clνl) ∝ m5
b

ø	f d h d ö�³lf ) gC+
µ¶³If )-a ³mµ�Å ) [ ) öp¸pÇ�²Bf�Ç8+pf�³ Ã ³6ÅÀh�ùÿµºµ d ² d f d Å d

b
h�Ç d `Dh d + ) ²IÇ^³�Å�f ) Ç d

ÉYuJ� e ) e�` d Ç�h�+{² d g6Å d ö�+�f^³ Ã Å�+ Æ ��d Å d a�� f ) ö�Å )?) e�`p³ a ³ Ã ·DÅ�³lÅ d ³ Ã ³6µ¶³�Å5�
f d |Vcb|

²B³1+pg6e ) Ã g6Ç d ³�h¾²�h Ã ¸¾g-+DÇ�Å�+V·o` d g�e dca B → D∗l+ν̄l [ s�Z ] ø�h�ù a ³�f )
²Bù ) f�Ç^³IfGÅ�+�f^³ dCa ` ) Å�Å�+�û ) `iµ�û d h�f ) `�+ õF(vB · vD∗)

öv² d +pg6Ç�³�²IÅ�+�²�f ) ö��
Å ) ²Bf ) f�ÅV·ih ) Ã h ) e�` ) ÷�³�Å�f d Æ � d g�e dca	d

B → Dl+ν̄l
aTd Ç d ²Bù [£Ã d ²0¸pÇ d Å�øDÅ )

e ) �oµ d Ã h ) e�`p³6÷�+pg�³�Å�`�³BgI¸ Ã f d f Æ ��³BgI¸ Ã f d f�+pf�³ ) fQ+�ÅD²Ih Ã ¸¾g-+DÇ�Å�+�f^³1+�³�h¾²Ih5�
Ã ¸¾g-+DÇ�Å�+�f^³�` d g6e dCa +y² d Ç am) f8` ) ²Bù [£Ã d ²;+p³ Æ ��³BgI¸ Ã f d f d g d |Vcb| [

×�d
]
³;�

|Vcb| = (41.2± 2.0)× 10−3. d ú Æ nX× e
¼�½�¾[Z*¾AZ

VubÚPe�`�³ a ³ Ã ·iÅp³If ) Å d ³ Ã ³6µ¶³6Åpf d |Vub|
³ ) ²�Å ) Ç d Å ) Å d +pg�µ¶³-`�Ç d Å�³rÅ d Ã ³6epf ) Å��Å�+p·o+iµ�eV¸ Ã ²B³�Ån²�ep³�h�f^ù�`nÇQ+DÅDh Ã ¸¾g-+DÇ�Å�+pf^³@` d g6e dca + B → Xqlν̄l

ø�h�ù a ³�f )
Xq

³we�` ) +pg6Ç ) Ã Å )�dCa ` ) ÅDÅ ) ²Bù�²Bf ) ·DÅ�+�³�²Bù a ù�` b_d _ )
u

hDÇ d `Dh Æ È ) g-+kµ¶³�f )-a
³+µ�Å ) [ ) öV¸pÇG²Bf�Ç8+pf^³ Ã ³�Å�hpùÿµ½e�`p³ a e ) Ã )Cb ³�Å�+V·|f^³ ) `�³If�+Dö�³�Å�²Ie�³�h�f^ù�`�Çsh�+5�
Åp³6µ d f�+Dö�Å d f d [ ` d Å�+D÷ d g d

B → Dlν̄l
Æ R+g6e ) Ã g6Ç d a�h�+*` d g Ã +Dö�Å�+½µ )�a ³ Ã +
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g d1) ÷p³6Å�h d Å d ²;+D²Bf^³6µ d f�+Dö�Å�+�f^³�f^³ ) `�³If�+DöDÅ�+nÅ�³ ) e�`�³ a ³ Ã ³6Å ) ²Bf�+�ø d Å d Ã +pg dÅ d ³�h¾²�ep³�`�+iµ¶³�Å�f d Ã Å�+pf�³ a	d Å�Å�+ aTd Ç d

[ � ]
|Vub| = (3.6± 0.7)× 10−3. d ú Æ n-Ä e

¼�½�¾[Z*¾wv
Vtbx Ã ³6µ¶³�Å�f d

Vtb
²B³6+pg�µ¶³�`DÇ d e ) ²;`�³ a ²If�Ç ) µU` d g6e dCaTd

t→ bl+νl
ø�h ) a�f ) h ) Å5�

hV¸	`�+�` d e ) Ã ¸ Ã ³6epf ) Å�Å�+�f^³B` d g�e dca +�Å d
t
Ç
s
+ Ã + d hDÇ d `Dh�+ Æ R}g<µ¶³�`�³�Å ) f )

) f�Å ) �k³�Å�+�³x³
[ � ]

|Vtb|2
|Vtd|2|Vtc|2|Vtb|2

= 0.94+0.31
−0.24. d ú Æ n sye

¼�½�¾[Z*¾Az {7|	}w~��c�j}�~I�
�l`�+ Ã d [ d a�h�+�¸´² Ã ) Ç�+�³If ) g d ¸pÅ�+�f d `�Å ) ²Bf

V V † = V †V = 1 d +~e�`�³ a e ) �
Ã d [ d a�h�+�øYö�³�²Bù�_l³6²Bf�Ç�¸pÇ d f~² d µ ) f�`�+àe ) h ) Ã ³6Å�+p· e µ )Cb ³ a	d ²B³�e ) Ã ¸pö�+epù Ã Å d h d `�f�+�Å d g d µ d f�`�+D÷ d f d Å d É\É:/ Æ á Å�+DÇ ) Å d9a3) ²Bf ) Ç^³-`�Å ) ²Bf È d _²Bf ) aDÅ ) ²Bf�+�f^³kÅ d ³ Ã ³6µ¶³�Å�f�+�f^³lÅ d µ d f�`�+D÷ d f d Å d É\É:/ ² d õ � öè�

V =




0.9741 to 0.9756 0.219 to 0.226 0.0025 to 0.0048

0.219 to 0.226 0.9732 to 0.9748 0.038 to 0.044

0.004 to 0.014 0.037 to 0.044 0.9990 to 0.9993


 .

d ú Æ n Z8e
ü Å�+�f d `DÅ ) ²Bf^f d ²IÇ�ù�`Vg6Ç d ` d g Ã +Dö�Å�+�f^³�³ Ã ³�µ¶³�Å�f�+�ø�h d f ) ²Bf ) a�Å ) ²Bf�f d Å d

a	dca ³�Ål³ Ã ³�µ¶³�Å�f ) [ ` d Å�+Dö d Ç d�) f Ã d ²Bf8+pf^³qø<h ) +�f ) µ ) [ d f aTd ²B³�+pg�µ¶³6ÅV·Df a `p¸*�
[ +pf�³ Æ � dCa ³�Å�+pf�³»f�¸ph ) f Ã d ²If�+�²I³1` d g Ã +Dö d Ç d f Ã ³�h ) d Å ) Å�³�²;+~e�` ) f�+DÇ ) �
`p³�ö d f e ) f a +�`p³6hpf�Å )1) e�`�³ a ³ Ã ³6Å�+�f^³l²Bf ) a�Å ) ²If�+�e ) [ ) `�³ Æ/ d `�f�+�÷ d f d Å d É@É:/ e ) h d g6Ç d ap³-` d `;i�+�öDÅ d ²Bf�`p¸phpf^¸	` d ø�² a + d [ ) Å d Ã Å�+³ Ã ³�µ¶³�Å�f�+Øµ�Å ) [ ) f Ã +Vg�h�+ a3) ³ a +�Å�+�÷ d øüf^³Ig-+�²IÇ^ù�`pg6Ç d _9+�e�ù�`�Ç8+pf^³ a Ç^³
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e ) h ) Ã ³�Å�+p· ) h ) Ã ) λ ≡ |Vus| = 0.223 ± 0.003

ø ²|³ Ã ³�µ¶³�Å�f�+�²�µ�³�²IÇ d _9+
Ç^f ) ` ) f ) +�f�`�³If ) f ) e ) h ) Ã ³�Å�+�³ ) fxe ) `q· a ù�h d

λ2 ø8+»²v³ Ã ³6µ¶³�Å�f�+�²�µ¶³6²IÇ d _9+
epù�`DÇ ) f ) +½f�`�³If ) f ) e ) h ) Ã ³�Å�+p³ ) f{e ) `q· a ù�h d Å d

λ3 Æ È ) Ç d Ç�¸ a3) fqÅ ) g d
+Vg6e ) Ã g6Ç d Å�³}Å d ² Ã ³ a Å d f d e d ` d µ¶³�f�`�+pg d ÷�+p·�Å d µ d f�`�+D÷ d f d Å d É\É:/

[ s � ] �

V =




1− λ2

2 λ Aλ3(ρ− iη)
−λ 1− λ2

2
Aλ2

Aλ3(1− ρ− iη) −Aλ2 1


+ O

(
λ4
)
, d ú Æ n�ú e

hpù a ³If )�� ø
ρ
+
η

² d `�³ d Ã Å�+�ö�+�² Ã d �

A = 0.83± 0.04
√
ρ2 + η2 = 0.40± 0.07. d ú Æ n ��e

��`V¸ [ d e d ` d µ¶³If�`�+Vg d ÷�+V·{Ç�f Æ Å d ` Æ f(²Bf d Å a	d `pfGÅ d g �

V =




c12c13 s12c13 s13e−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13


 ,

d ú Æ n �kehpù a ³If )
cij = cosθij

+
sij = sinθij

ø�²V�1ø ��i n�øH×¾øcÄ�² d
) f�f�³ Ã ·pg d Å�+e ) h ) Ã ³�Å�+p·�f d Æ ðà² Ã ¸pö d aKÅ d
θ13
i
θ23
i
δ13
iûd�µ d f�`�+D÷ d f d Å d É@É:/ ²B³

²IÇ^³ bBaTd9am) µ d f�`�+�÷ d f d Å d É d f=+	f ) ²
θ12

ù��Bù Ã Å d É d f8+DÅ�f ) Æ
¼�½�¾[Z*¾A� ��H �Rô à�ÞIL8ß<H8óMó�Â�à8Þ � Þ�ù � H8Þ
� ) epù Ã Å�+pf^³ Ã Å d +�ÅDû ) `iµ d ÷�+V·¹µ )-b ³ aTd f�ù a ³�e ) Ã ¸pöp³6Å do) f�Å�³B¸Vf�` d Ã Å�+e�`�³�i )-a +~e�` ) µ¶³�Åp·�_,+ d ` ) µ d f d Çm³ a Å ) e�`�+iµ�h ) Ç ) e�`�+�f Ã + b ³�Å�+�³ Æ ð dcb ³6Å
e�`�+Dµ�³�`©³�²�µ¶³6²IÇ d Åp³If ) Å d

B
+
B̄ Æ È ) g-+©e�`p³�i )-a ²B³�+Vg�Ç^ù�`��kÇ d ² ) fqµ¶³

Å dOa Ç d
W
f ) g ) Å d µ¶³ b,a ¸�û�³�`Dµ5+ ) Å�Å�+pf�³ Ã +�Å�+�+�øjf Æ Å d ` Æ f ) h¾²k� a + d ��` d µ d ÆÌ µ�e Ã +�f�¸ a	d f d Å d ²�µ�³�²IÇ d Åp³�³se�` ) e ) `D÷�+ ) Å d Ã Å d Å d
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〈B̄0
d |H|B0〉 ∼

∑

ij

VidV
∗
ibV

∗
jdVjbS(ri, rj), d ú Æ n È=e

hpù a ³If )
S(ri, rj)

³kû�¸pÅ�hD÷�+V·�g d Ç�+D²B³�_ d�) fmµ d ²;+�f^³�õ
ri ≡ m2

i/M
2
W

ö�Å d
h�Ç d `Dh�+�f^³ ) f�f�+�eYf�� g e ) ·DÇ^·DÇ d _9+½²B³�Ç�ù�Ç�Ç^ù�f�`�³��kÅ�+pf�³ Ã +�Å�+�+ Æ � ) ` dCa +¸pÅ�+�f d `�Å ) ²If^f d Å d µ d f�`�+D÷ d f d Å d É\É:/ d µ�e Ã +�f�¸ a +�f^³�Å d ²�µ�³�²IÇ d Åp³�²B³
ÅV¸ Ã +�` d fmg d ` d ÇGÅ�+�µ d ²;+~Å d hDÇ d `�h�+pf�³ d ìÿRF/ µ¶³�i d Å�+Vg�ùÿµ e£Æ È d h d ³�û�³�h5�
f d ³�e�` ) e ) `D÷�+ ) Å d Ã ³�Å Å d ` d g Ã +Dh�+�f^³�Ç�µ d ²;+�f^³nµ¶³ bBa ¸

u
ø
c
+
t Æ ÈvùBa

h d f ) ` d g Ã +Dö�Å�+pf�³�û d hpf ) `�+ Çàµ d f8`�+D÷ d f d Å d É\É:/ ² d e ) ö�f�+�` d ÇGÅ�+�ø
VudV

∗
ub ∼ VcdV

∗
cb ∼ VtdV

∗
tb ∼ Aλ3 ø¶h�` d aDÅ d f d�d µ�e Ã +�f�¸ aTd ²B³ am) µ0+5�

Å�+�` d�) f»e�`�+DÅ ) ² d Å d ZrhDÇ d `Dh d Æ f Æ ³ Æ 〈B̄0
d|H|B0〉 ∼ |Vtb|2S(rt, rt) ÆÈ ) g-+ye�`p³�i )-a µ )Cb ³ a	d fGù a ³F+pg6e ) Ã g�Ç d Å|g dB) e�`p³ a ³ Ã ·DÅ�³zÅ d |Vtd| Æ Ú�²k�

Å ) Ç�Å d f d Å�³ ) e�`p³ a ³ Ã ³�Å ) ²Bf1+ a Ç dO) f dCa ` ) Å�Å�+V·�µ d f8`�+Döp³6Å�³ Ã ³6µ¶³6Åpf�Å d ö�³��
f�+�`�+�f^³�h�Ç d `Dh dX) f a + d �;` d µ d f d Å d >9+�� Æ n7d Æ Ä Æ R+g�µ�³�`p³6Å ) f ) ²�µ�³�²IÇ d Åp³aµ�³ b �
a ¸

B0
d

+
B̄0

d

ø
∆MB0

d
= 0.496± 0.007ps−1 [ ��� ] Ç )-a + am) �

|Vtd| = 0.0077± 0.001,
√

(1− ρ)2 + η2 ≈
∣∣∣∣
Vtd

λVcb

∣∣∣∣ = 0.84± 0.12.

d ú Æ ×
d e� )�a3) fG³�Å d Å d Ã +pg�µ )Cb ³ aTd ²B³�Å d e�` d Ç8+�+¹Ç�²;+�²If^³6µ d f d
B0

s − −B̄0
s
Æ

q bu, c, t

qb u, c, t

W

Wq b

W qb

u, c, t u, c, tW

����������� � ��!ÿÎ6"
B0 # B̄0 2], =6, ?<.w$<, )�.0/9)�2H� !
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Ã+³6ep³�`�f�¸	`�f d f�+�ÇGÅ�+�f^³�Å�³ ) e�`�³ a ³ Ã ³�Å ) ²If�+�² d Å d µ d Ã ³�Å�+ am) Å�+�Ç ) Å d Å d `p¸*�
�l³�Å�+p³xÅ d

SU(3)
ö�`p³Bg ) fGÅ ) �l³�Å�+p³�f )

∆MB0
s

∆MB0
d

≈
MB0

s
ξ2
B0

s

MB0
d
ξ2
B0

d

∣∣∣∣
Vts

Vtd

∣∣∣∣
2

≡ Ω2

∣∣∣∣
Vts

Vtd

∣∣∣∣
2

d ú Æ ×�n e
ðag�³6µ d aDh�+

Ω ≈ 1.15 ± 0.08 [ � ú ] +�³�h¾²Ie�³�`�+iµ¶³�Å�f d Ã Å d f d �;` d Å�+D÷ d g d
∆MB0

s
> 14.9ps−1 d È �8� �H� e [ �8� ] e ) Ã ¸pö d Ç d µ�³

∣∣∣∣
Vts

Vtd

∣∣∣∣ ≈
1

λ
√

(1− ρ)2 + η2
> 4.2. d ú Æ ×�× e

²y����� ���*´��� R¶,¶¢¡r£+¶,µ¶�4�k¤�¥=¡3·`¶� ¦¥��!¶¢¡r§k¡3¤���
¨�*¶,µN��� �� 3©t 	�4�
ð á f d Å aTd `�f�Å�+p·|µ )-a ³ Ã W Ç^g d +iµ )-a ³�ª�²If�Ç d ²v³ a Å d +»²Bù�_ d ²;+ Ã d g/(2√2)²»Ç�²;+Dö�h�+�g d `�³ a ³6Å�+�û�³�`iµ0+ ) ÅDÅ�+�f ) h ) Ç^³ Æ ü Å�+DÇ^³-`�² d Ã Å ) ²If^f d Å d Ã ³6epf ) Å��Å ) f ) Ç�g d +Dµ )�a ³�ªD²Bf�Ç8+p³Kµ )Cb ³ Ã ³�²IÅ )Ea	d f�ù a ³�f^³6²Bf�Ç d Å ) ø d h ) ²B³ a3) ep¸q²�Åp³
Ã ³�e�f ) Å�Å�+pf�³|h ) Å�²Bf d Å�f�+ aTd g d Ç�+D²Ä·Df ) f{f�+�e d Å d Ã ³�e�f ) Å d +½²I³1+Vg�µ�³�`q·�f
ÅV·ih ) Ã h ) Ã ³�e�f ) Å�Å�+ +{e ) Ã ¸ Ã ³�epf ) ÅDÅ�+E` d g6e dca + ÆÚPf�Å ) �l³�Å�+�³If )

Re/µ
Å dKa Ç^³�f^³½e ) Ã ¸ Ã ³6epf ) Å�Å�+ π− → l−ν̄l

µ )-a +ÉÅ d
` d g6e dca ³se�` ) e ) `D÷�+ ) Å d Ã Å ) Å d |ge/gµ|2 Æ ÚPf d n Æ[«=e e ) Ã ¸pö d Ç d µ¶³8¬

∣∣∣∣
gµ

ge

∣∣∣∣ = 1.0017± 0.0015. d �VÆ n e
á ù�� Ã d ²0¸pÇ d ÅE`�³BgI¸ Ã f d f |gµ/ge| = 1.0006± 0.0021

øD²B³ke ) Ã ¸pö d Ç d ö�`�³Bg
+Vg�µ�³�`�Ç d Å�³�Å d:) fGÅ ) �l³�Å�+p³�f )

Bτ→µ/Bτ→e = 0.9737± 0.0044 [ « ] ø¾h�ù a ³�f )
Bτ→l ≡ Γ(τ− → l−ν̄lντ ) Æá ` d ÇGÅV·iÇ d ªDh�+

Γ(τ− → e−ν̄eντ )
+

Γ(µ− → e−ν̄eνµ)
ø�µ )Cb ³ a	d f�ù a ³

f^³�²Bf�Ç d Å d
gτ
¬

∣∣∣∣
gτ

gµ

∣∣∣∣ = 0.9995± 0.0023. d �VÆ × e
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Å ) ²Bf�½ Æ × � Æ
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É ) +É² d û�¸pÅ a	d µ¶³�Å�f d Ã Å�+pf�³�²;+ Ã +�ø]h ) +pf ) h ) Å�f�` ) Ã +�` d fàf6·yÝ�Å ) f ) e ) Ç�³��
a ³�Å�+�³ Ü Æ ÚPf�� ) Ç ) `�+�f^³�Å d f^³Bg-+~Ç^ù�e�` ) ²;+�Ç�h Ã Æ+öDÇ d f ) fK³�h¾²�ep³�`�+iµ¶³�Å�f d Ã Å d� Ã ³ a Å d f d f ) öDh d +Vg�¸pö d Ç d Å�³If ) h d h�f ) Å d Ç�g d +iµ )-a ³�ªD²Bf�Ç8+V·Df d Å d ö d ²Bf8+�÷�+��
f^³GøjÇ@`p³Bg�¸ Ã f d f�Å d h ) +�f ) ² d ²B³:` )�a + Ã +�Å ) Ç�+�ö d ²Bf�+D÷�+�øjf d h d + +pg�µ¶³�`DÇ d �
Åp³If ) Å d +iµ�ep¸ Ã ²;+�f^³�Å d Å ) Ç ) ` )-a ³�Å�+�f^³�ö d ²Bf8+�÷�+K²PÇ^ù�g�µ )-b Å ) Å d ª5� Ç8+�² ) h d
f ) öDÅ ) ²Bf Æ ��³��;+D²Bf�` d ÷�+V·Df d +Ô+ a ³�Å�f�+�û2+Dh d ÷�+V·Df d Å d ³ Ã ³6µ¶³6Åpf d `DÅ�+�f^³|ö d ²k�
f�+�÷�+\+�· a ` d f d ³ ) fkµ�Å ) � ) Ç dÞb Å ) g�Å d ö�³�Å�+�³+Ç^ù�Çxû2+Vg-+Dh d f d Å d Ç�+D² ) h�+�f^³
³�Åp³-`��;+�+�ø�û2+Vg-+Dh d f d Å d h ) ²�µ0+Döp³�²�h�+�f^³ Ã ùpö�+Õ+¼Ç�ù�Çn· a `�³�Å d f d û2+pg-+�h d Æ
d R a ³�Å�f�+�û2+Dh d ÷�+V·ÀÅ d ö d ²Bf�+D÷�+pf^³ ) g6Å d ö d Ç d ø öp³mµ d ² d f d +�³ Ã ³�hpf8`�+Dö�Å�+p·g d `q· a Å d ö d ²Bf�+D÷ d ø�h ) ·Df ) +VgI¸pö d Ç d µ¶³qøÿ² d +pg6Ç^³�²If�Å�+ Æ ðYù�Ç{û2+pg-+�h d f d Å d
³ Ã ³�µ¶³�Å�f d `�Å�+pf�³�ö d ²If�+�÷�+àe ) Ç^³6öp³If ) ö d ²If�+�÷�+'+iµ d f½³ a +�Å�+Döp³�Å©³ Ã ³6hpf�`�+5�öp³�Å�g d `q· a Æ�e ð�²B³�h�+�³6û�³�h�f¨Å d ö d ²If�+�÷�+�f^³6+ Ã +KÅ d2aTdCa ³�Å ) Ã ùpöp³6Å�+�³�µ )Cb ³
a	d fGù a ³�+pg6e ) Ã g6Ç d Å�h d f ) ` d f ) f^³�_ e�`�+�ÅD÷�+�e�g d `�³��;+D²Bf�` d ÷�+V·�Å d ö d ²Bf�+5�
÷�+�f^³ Æ Ú+fGh Ã ) Å�³�Å ) ³If ) Å d g d `�³ a ³�Å d ö d ²Bf�+D÷ d Ç�µ d �IÅ�+�f�Å ) e ) Ã ³ ) e�`p³ a ³ Ã ·

�®�Í
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Åp³�ªDÅ�+V· +iµ�ep¸ Ã ²Fê»ëm` dCa +p¸q²Bù�f�Å d h�`�+DÇ�+DÅ d f d

ρ
³ a	dca ³6Åyö�`�³Bg�¬

ρ ∝
p

z
=
γm0βc

z
, d ½ Æ n e

hpù a ³If )Vì ³»³ Ã ³�h�f�`�+�öDÅ�+V·�g d `q· a Å d ö d ²Bf�+D÷ d f d ø
m0

³»µ d ² d f d Å d e ) h ) ª
Å d ö d ²Bf8+�÷ d f d ø d

β = v/c
³�Å�³�ª�Å d f d ²Ih ) ` ) ²Bf�²Bù ) f�Ç^³IfGÅ ) Æ á h ) ` ) ²If^f d

Å d ö d ²Bf�+D÷ d f d µ )Cb ³ aTd f�ù a ³ ) e�`�³ a ³ Ã ³�Å d ø Å d e�`�+iµ¶³�`�ø�ö�`�³BgKµ�³If )-a	d Å d
Ç�`�³6µ¶³If ) Å d Å d ª�Å�+V·�e�` ) f�³�� d Z�� U»O �ä��í{�ïîm��ð8ñqZ U»O Zæñ�� . e ¬ β ∝ 1

τ

ø h�ù a ³If )
τ³�Ç8`p³�µ¶³If ) Å d e�` ) f�³�� d Æ É d Ã ) `�+iµ¶³If�`�+�öDÅ ) +pg�µ¶³�`DÇ d Åp³ aTd Ç d h d h aTd ²B³

) e�`p³ a ³ Ã +m³�Å�³�`��;+V·Df d ¬

Ekin = (γ − 1)m0c
2, d ½ Æ × e

Éüù a ³�f )
γ = 1√

1−β2

³�S ) `�³�ÅD÷ ) Ç�+p·½û d h�f ) ` Æ Ú+f{f^³Bg-+Ô+pg�µ¶³�`DÇ d Å�+p·�µ ) �
b ³ aTd f�ù a ³ ) e�`�³ a ³ Ã ³�Å )V) f�Å ) �l³�Å�+p·�f ) m0

z

ø±f Æ ³ Æ f ) hp¸*�ä_ ) + a ³�Å�f�+Dû6+D÷�+��
` d ÝDµ¶³�ö d ²Bf�+D÷ d f d ø±h ) ·�f ) +VgI¸pö d Ç d µ¶³ d f ) Ç d ³»Çy²�+ Ã d ² d µ ) g d g d `p³ a ³�Å�+
ö d ²Bf�+D÷�+ e´ò¨ó dQaTd ²B³ ) e�`p³ a ³ Ã +½g d `q· a	d Å d ö d ²Bf�+D÷ d f d ³KÅp¸ b Å ) ² d µ )
ì �
öV¸pÇG²Bf�Ç�+�f^³ Ã ³�Å�³�û�³6hpf<øiÅ d e�`�+Dµ�³�`�ømª ) Å�+pg d ÷�+ ) Å�Å d ³�Å�³�`��B³If�+DöDÅ d g d �0¸yf d ¬

dE

dx
∝
z2

β2
ln(aβγ) , d ½ Æ Ä e

hpù a ³If ) � ³�h ) ÅD²Bf d Å�f d g d Ç8+�²I³�_ d�) f�µ d f^³�`�+ d Ã d ø±Çmh ) ·�f ) g d `�³ a ³6Å d f d ³
g d �0¸yf=+ Ã d ³�Å�³�`��;+V· . x g d ² Ã ) ª ) fyÇ^³�_k³�²Bf�Ç ) f ) .yô ö�`�³Bg1ª ) Å�+pg d ÷�+p· Æ � )f�¸ph�Å d ¸pö�+yÝDµ¶³

m0
+ ì e )8) f a ³ Ã Å ) Æ � ) f ) gC+yÅ d ö�+�Å a	dÞb ³:` d g Ã +DöDÅ�+E+Vg ) �f ) e�+ ) f�³ Ã ³�µ¶³�Å�f�+¹µ ) � d f a	d fGù a	d fr` d g Ã +Döp³6Å�+ Æ Ú�²IÅ ) Ç�Å�+p·�f�e�`�+DÅ�÷�+�e

g d `p³���+�²Bf8` d ÷�+p·~Å d ö d ²Bf8+�÷�+n³Gø�ö�³_ÇG²B³�h�+�û6+pg-+Döp³�Ån³�û�³6hpfyµ )Cb ³ aTd fGù+�
a ³ +pg6e ) Ã g6Ç d ÅÀh d f ) + a ³B·�g d e ) ²Bf�` ) ·DÇ d Å�³�Å d�a ³If^³�h�f ) ` Æqõ ) Å�+pg d ÷�+p·�f dÅ d ö d ²If�+�÷�+�f^³�³mÅ d ª5� ö�³�²Bf ) Å d f Ã Æ aTd Ç d Å�+p·�³�û�³�h�f Æ ð f ) g-+À²�µ0+D²Bù Ã Å�³��
¸Vf�` d Ã Å�+�f^³»ö d ²Bf�+D÷�+�²B³ a ³If�³�hpf8+�` d fmÅ�³�e�`q·ih ) øjg d _ ) f ) f^³kf8`q·�fGÇ d e�ù�`DÇ )
Ç�² Ã ³ a ²Bf�Ç�+�³�Å d Åp·Dh d hDÇ ) Ç�g d +Dµ )�a ³�ªD²Bf�Ç8+p³ aTd ` )-a ·Dfmg d `�³ a ³�Å d ö d ²Bf�+D÷ d ø
h ) ·Df )BaTd f�ù a ³2+pg�µ¶³�`�³�Å d e ) Ç�³�ö�³2+pg6Ç^³6²Bf�Å�+pf^³sÅ�+�Å d ö�+DÅ�+ Æ



ÑkÑWµãÑ�µ6ßÛá�²´âc¹»ºþý�¸ïã8å¯·�³WâCö�Ó�²bé5º^·jºUÓcâ:å÷³-¸äéX¸�å�·¯³-º^·jº �®^]

�w�<�>�6�<� W0!S0" � ��¡��0¢�ø�¢�¤�¡
²�²4��² ù�§k¡Rµ¢ú6 ´
5�kû¢¥��D�RµNü ¶¢¡]¸  4�� R¶,µ�¥{�4��ýo��¥8���¦ 3�� 

• > ) f ) ³�û�³�h�f

• É ) µ�epf ) Å ) Ç ) ` d g6²I³�ª�Ç d Å�³
• � dcbBaTd Å�³lÅ d9a Ç ) ª�h d ³ Ã ³�h�f�` ) Å5� e ) gC+pf�` ) Å
É ) � d f ) ³ a Å ) û ) f ) Å�Å ) Ã ùpö�³�Å�+p³l²:+DÅpf�³�ÅVgC+�ÇGÅ ) ²Bf

I0
e ) e dCa Å�³lÇ^ù�Ç�Ç�³��

_l³�²BfGÇ ) ² a ³�f�³ Ã +�Å d x ø¾f ) e�`p³�f^ù�`�ep·DÇ d ³ a Å ),) f_e ) ² ) ö�³�Å�+�f^³ze ) �ä� ) `p³�f�`�+
Ç�g d +Dµ )-a ³�ªD²Bf�Ç�+p·�øVÇ�² Ã ³ a ²Bf�Ç�+�³�Å d h ) ³If ) +�Å�f^³�Åpg-+DÇ�Å ) ²Bf^f d µ�¸�²B³�e�` ) µ¶³�Åp·
e ) g d h ) Å d ¬

I = I0e
−µx d n Æÿþyehpù a ³If )

µ
³sµ d ² ) Ç�+p·�f»h ) ³6û6+D÷�+�³�Å�f�Å dB) f�² Ã d fqÇ d Å�³1¬

µ =
NA

A

3∑

i=1

σi d n Æ � e
hpù a ³If )

σi=1
³l²B³�ö�³�Å�+�³If ) g d û ) f ) ³�û�³6hpf<ø

σi=2
��g d h ) µ�epf ) Å ) Ç ) ` d g6²B³�ª5�

Ç d Å�³:+
σi=3

�ag d�a Ç ) ªDh d
e−e+ Æ

¼�¼
¾y¼
¾�¼ �Dó�ß§ó�Þ���ÞIL�ß

á Ýq³�µ d f d Å d û ) f ) ³�û�³�h�f d ³O¬
γ + atom −→ ion+ + e−
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Æ È ) Ç d ³me�` ) ÷p³�²Gø�e�`�+�h ) ªpf )

γ
hDÇ d Åpf~e�`�³ a	d Ç d ÷p· Ã d f d ²�+�³�Å�³�`���+V·�Å d

²IÇ^ù�`pg d Å d f ) µ¶³�Å¦³ Ã ³�h�f�` ) Å Æ ÈD`q·�fqÇ d�a	d ²B³ ) f�fG³ Ã ³ b +�ø�öp³�f ) g-+àe�` ) ÷�³�²
³ng d f8` d Å�³�Å¹g d ²�Ç ) f )-a Å�+�³ Ã ³6hpf�` ) Å�+�e ) ` dCa + ótó R Æ ð ² Ã ¸pö d ·�· a ` ) f )
e ) ³6µ d +iµ�ep¸ Ã ² d Å dF) f�h d f Æ É d f ) +Dµ d µ¶³PÇ�e�`�³ a Ç8+ a ø¾ö�³

80%
) fk²B³�ö�³�Å�+p³�f )

Å d Ç�g d +Dµ )-a ³�ªD²Bf�Ç�+�³wg d û ) f ) ³�û�³�h�f�²B³ ) ²Bù�_l³6²Bf�Ç�·iÇ d Ç����o² Ã ) ·�ø�f ) µ )Cb ³6µ
a	d g d e�+��l³�µ�f ) ö�Å ) ²B³6öp³�Å�+�³If ) g d û ) f ) ³�û�³6hpf»g d f ) g-+�² Ã ) ª»¬

σK
ph.e. = (

32

ε7
)

1
2α4Z5σThompson [cm2/atom] d n Æ ú e

hpù a ³If )
ε =

Eγ

me

ø d
σThompson = 8

3πr
2
e = 665 U�� � h � ÆÛó d Ç�+D² ) h�+�³�Å�³�`��;+�+

� ) `DÅ ) f ) ¸	` d ÇGÅp³�Å�+�³ a3) f=+�Ç d Ç�+ a	d ¬

σK
ph.e. = 4πr2

eZ
5α41

ε
. d n ÆA�8e

á ³�ö�³�Å�+p³If ) g d û ) f ) ³�û�³�h�f�²B³�¸pÇ�³ Ã +�ö d Ç d ²;+ Ã Å ) ²½¸pÇ�³ Ã +Dö d Ç d Åp³�f ) Å d
d f ) µ�Å�+p·©Å ) µ¶³�`���Å d ²;`�³ aTd f d Æ È ) Ç dP) f�·D²IÅp·DÇ d g d _ ) g d g d _9+�f d*) f

γ
Ã ùpö�+y²B³F+pg6e ) Ã g�Ç d f�f^³ b h�+�µ¶³If d Ã +yh d f )�) Ã ) Ç ) f ) ÆðYù�Ç�û2+pg-+�h d f d Å d Ç8+�² ) h�+pf^³ü³�Å�³�`���+�+_²B³�ö�³�Å�+p³If ) g d û ) f ) ³�û�³�h�fx³]Åp³Ig��
Å d ö�+pf^³ Ã Å ) ø�f Æ ³ Æ û ) f ) ³6û�³�h�f^ù�f ) f�²If^ù�e�Ç d µ�·D²If ) e�`�³ aPa `V¸	��+pf^³�e�` ) ÷p³�²�+
+_Å d ª5�oÇ^³�ö�³üe�`p³ a ` dcbBaTd Å�³If ) Å dYa Ç ) ª�h d ³ Ã ³�h�f�` ) ÅT�±e ) gC+pf�` ) Å�øqh d h�f ) _l³
Ç�+ a +iµ¼e ) �YÅ d f d f�ù�h Æ
¼�¼
¾y¼
¾ØÜ ��ó ø Â�ß�E�H8ó^J�ó4à8ÀXÁ�\�ÞI`�J�À<H8Þ
á Ýq³�µ d f d Å d É ) µ�epf�ù�Å ) Ç ) f ) ` d g6²B³�ªDÇ d Åp³�³ am) f8`�³xe ) g�Å d f d ¬

γ + e− −→ γ′+ e−′
É ) µ�e�f^ù�Å ) Ç ) f ) ` d g6²B³-ª�Ç d Å�³�Å d

γ
��h�Ç d Å�f�+{µ )-b ³ aTd ²Bf d Å�³:+ ) f»²IÇ ) f )-a �

Å�+~³ Ã ³6hpf�` ) Å�+�ø�f^ù�ª~h d f ) e�`p³ a ²Bf d Ç Ã ·iÇ d�a Ç�¸pö d ²Bf8+�ö�³�Å½e�` ) ÷�³�² Æ Ù¶Å�³�`��;+5�
·�f d Å d

γ
�]hDÇ d Åpf d ²B³ke )-a ³ Ã ·nµ¶³ bBa ¸
` d g6²B³B·iÅ�+p·

γ
�]hDÇ d Å�fQ+�³ Ã ³�hpf8` ) Å) fm²;`�³ a	d f d Æ á ³�ö�³�Å�+p³If ) Å d Ç�g d +Dµ )�a ³�ªD²Bf�Ç8+p³kg d É ) µ�e�f^ù�Å ) Ç ) ` d g6²B³-ª�Ç d �
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����������� W0!546"����
	���¡�V�<�0¥0� �����  (¢���¥ � �<¢
Åp³�²B³ a	d Ç d ²¨û ) `iµ�¸ Ã d f d Å d É Ã d ªDÅ��6Ã7+��,+�Å d �IÈ d µvø�h ) ³If ) ²¨f ) öDÅ ) ²Bf a3)
h ) ÅD²Bf d Åpf d +iµ d Ç�+ aTd ¬

σCompt ≡ σc ∼ Const.
ln ε

ε
Z, d n ÆS«ke

hpù a ³If ) �~³�f8` ) ·�fKÅ d ³ Ã ³�hpf8` ) Å�+�f^³�Ç d f ) µ ) fmµ0+��k³�Å d f d Æ ÚPf�g d h ) Å�+�f^³
g d g d e d g6Ç d Å�³]Å d ³�Å�³�`��;+V·Df d +O+Dµ�eV¸ Ã ² d µ )-b ³ aTd ²B³H+Vg6Ç�³ a ³ ) f�Å ) �k³�Å�+p³If )
µ¶³ bBa ¸{³�Åp³-`��;+p·�f d Å d ` d g6²B³B·iÅ�+p·

γ
�vhDÇ d Å�fKhpùÿµ¦³6Åp³�`��;+p·�f d Å d Å d Ã +pf d �_9+p·

γ
��h�Ç d Å�f�¬

E
′

γ

Eγ
=

1

1 + ε(1− cosΘγ)
, d n Æ Èke

hpù a ³If )
Θγ

³_ù��Bù Ã ù�f�Å d ` d g6²B³�ªDÇ d Åp³_Å d û ) f ) Å d?) f�Å ) ²IÅ ) epù�`DÇ ) Å d ö d Ã �Å d f d e ) ² ) h d Å d6a Ç�+ b ³�Å�+p³ Æ�ó dF) f=` d f�Å ) ` d g6²B³�ªDÇ d Åp³ (Θγ = π)
ø¾e�`�³ a	dca ³��

Å d f d ³6Åp³�`��;+p·yÅ d ³ Ã ³�h�f�` ) Å d +Dµ d µ d h¾²;+iµ d Ã Å d ²Bf ) ªDÅ ) ²Bf�¬

Emax
kin =

2ε2

1 + 2ε
mec

2, d n Æ n�½ e
h ) ³If ) ÇK�;` d Å�+DöDÅ�+p· ² Ã ¸pö d ª (ε � 1)

³
` d Ç�Å ) Å d
Eγ

Æ �7`�+©e�` ) ÷p³�²IùTf
Å d ` d g6²B³-ª�Ç d Å�³{Å d e�ù�`DÇ�+Dö�Å�+V·

γ
�¨hDÇ d Å�f ) f�³ Ã ³�h�f�` ) Å d ø ² d µ ) ö d ²Bf ) f

³�Åp³-`��;+p·�f d Å d
γ

�»hDÇ d Åpf d ²B³ ) f a	d Ç d Å d ³ Ã ³6hpf�` ) Å d ø dr) ²Bf d Å d Ã d f d ²B³
) f�Å d ²£· ) fr` d g6²B³B·iÅ�+p·

γ
�kh�Ç d Å�f Æ È ) Ç d Å d Ã d � d Ç�ù�Ç^³ bBaTd Å�³If ) Å d Å ) Ç8+

a Ç�³�²B³�ö�³�Å�+V·t¬�²B³�ö�³�Å�+�³�Å d ` d g6²B³�ªDÇ d Åp³ d x � O h�ð������ � Z Z O h¯� � ð��;h�������� O �0Zæ��� � �
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�w�<�>����� �0!ÿÎ6"�� �����G� ��¢a� ��� ¥0�
�<¤ � ¢ � ¢�¤�¡ � ��� # �<� �(� ¡ � ���

σcs
e +©²B³6öp³�Å�+�³{Å d ³�Åp³-`��B³�f�+�öDÅ ) e ) � Ã ù�_ d Åp³ d x � O h(ð�� � � �¯�=h � Zæ��� � �;h������

� O �0Zæ��� � � σca
e ¬

σcs =
Eγ′
Eγ

σc d n Æ n�n e

σca = σc − σcs = σc(1−
Eγ′
Eγ

) = σc
Ee−

kin

Eγ
d n Æ nX× e

¼�¼
¾y¼
¾Øî ¿`À�A� 3À<H8ÞzH8À� iJ�ó�`pL*ÀTÞ�ù�ÞIL�ßXà�ó^H"!FÂ8ó
Á ô ß§à8ó^H

�l` ) ÷�³�²Bù�fV` dÞbBa	d Åp³�Å d ³ Ã ³�h�f�` ) Å!�}e ) g-+�f�` ) ÅDÅ dQa Ç ) ªDh d ÇWÉ+¸ Ã ) Å ) Ç ) f )e ) Ã ³sÅ d · a ` ) f ) +pg-+�²�h�Ç d µ5+�Å�+Dµ d Ã Å d ³6Åp³�`��;+p·Û¬

Eγ ≥ 2mec
2 +

2m2
ec

2

mnucleus
. d n Æ n-Ä e

�l` d h�f�+Döp³6²Ih�+
mnucleus� me

+y² Ã ³ a3) Ç d f^³ Ã Å ) Eγ ≥ 2mec
2 Æ

γ −→ e− + e+ ,

Ú+fÀ²Bù ) f8` dcb ³�Å�+p· g d g d e d g6Ç d Å�³nÅ d +Dµ�ep¸ Ã ² d ² Ã ³ a Ç d øwö�³nf ) g-+Ée�` ) ÷�³�²
f�`q·�fqÇ d:a	d e�` ) f^³�ö�³�Ç_e�`�+�²Iù�²Bf�Ç�+�³If ) Å d f8`p³If ) f6· Ã ) Æ á ³�öp³6Å�+�³If ) Å d e�` ) �
÷p³�² d µ )-b ³ aTd ²B³�g d e�+��l³xÇ»² Ã ³ a Å�+V·�Ç8+ a ¬
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σpair = 4αr2
eZ

2(
7

9
ln

183

Z
1
3

− 1

54
) [cm2/atom] d n Æ n þ�e

á Ã ³ a h d f ) e�`p³6µ d Ý�Å�³6µ�e�`�³�Åp³�f8`�³ b +Dµ0+�f^³kö Ã ³�Å ) Ç^³Gøpg d � ) Ã ³6µ0+#�~µ )Cb ³6µ
a	d g d e�+��l³6µ ²B³�ö�³�Å�+p³If ) Å d e�` ) ÷�³�² d Å d ` dcbBaTd Å�³�Å d ³ Ã ³�hpf8` ) ÅN�üe ) g-+pf
�
` ) Å�Å d,a Ç ) ªDh d Ç ) e�` ) ²Bf^³�Å�+p·{Ç�+ a ¬

σpair =
7

9

A

NA

1

X0
d n Æ n � e

� d g6e�`p³ a ³ Ã ³�Å�+p³If ) Å d ³6Åp³�`��;+p·�f d µ¶³ b,a ¸�³ Ã ³�h�f�` ) Å d +�e ) g-+�f�` ) Å d ³�²;+5�
µ¶³If�`�+�öDÅ ) e�`�+�Å�+�²�h�+�³6Åp³�`��;+�+

(Egamma � 50MeV )
+�²�+ Ã Å )nd ²;+Dµ�³If§�

`�+Dö�Å ) e�`�+|Ç8+�² ) h�+�³�Å�³�`��;+�+
(Egamma� 1GeV ) Æ�ó d6aTd g d Ç^ù�`��9+iµÔ` d g-�k�

Ã ³ bBaTd Å�³If ) Å d Ç�g d +Dµ )-a ³�ªD²Bf�Ç�+p·�f d Å d û ) f ) Å�+{²�Ç�³�_l³6²Bf�Ç ) f ) Åp³�h d,) f ) f��
_9+iµ ¬�e�`�+¼Å�+D²Ih�+�³�Å�³�`��;+�+ a ` d ²Bf�+Dö�Å ) e�`�³ ) f Ã dca	d Ç d û ) f ) ³�û�³�hpf d Å dca
) ²Bf d Å d Ã +pf�³�h ) ÅDhV¸	`�³�Å�f�Å�+�e�` ) ÷p³6²;+�ø a3) h d f ) e�`�+�Ç�+D² ) h�+�³�Å�³�`��;+�+nh d f^³��
� ) `�+�öDÅ )Bam) µ0+�Å�+�` d ` dcbBaTd Å�³If ) Å d ³ Ã ³�h�f�` ) ÅE��e ) gC+pf�` ) ÅDÅ�+ a Ç ) ª�h�+ Æ
²�²4��� ³b·¢�k©��	¤¢ 4ú2¡�»�¶,µ��8¶,µ<©t¡4¥8©Û¡D
9µ
É ) � d f ) Ç�+D² ) h ) ³�Å�³�`��I³If�+Döp³�ÅO� d µ d � hDÇ d Å�f:+ Ã +»³ Ã ³�h�f�` ) Å�e ) e dCa Åp³}Ç^ù�`8ÝV¸
e Ã ùTf^³6Å�e ) � Ã ù�f�+pf�³ Ã e�`p³ a +pg6Ç�+DhDÇ d ³ Ã ³�h�f�` ) µ d �IÅ�+�f�Å d h d ²Ih dCaTd øih ) ³If ) ²B³
¸pe�` d Ç Ã ·iÇ d2) fle�` ) ÷�³�²;+�f^³PÅ d ` dcbBaTd Å�³PÅ d ³ Ã ³�h�f�` ) Å	��e ) g-+�f�` ) Å�Å�+ a Ç ) ª5�
h�+P+*+Vg Ã ùpöDÇ d Åp³�Å d ²�e�+�` d öDÅ ) +pg Ã ùpöDÇ d Å�³ ) fKg d `p³ a ³�Å�+pf�³_ö d ²Bf8+�÷�+ Æ ÚJf��` d gI¸pÇ d f�²B³sÇ^f ) `�+Dö�Å�+�³ Ã ³�hpf8` ) Å�+E+ � d µ d ��h�Ç d Å�f�+{²xe ) �oÅ�+D²Ih d ³6Åp³�`��;+p· Æ�l` ) ÷�³�²Bù�f�Å d Ç�f ) `�+�öDÅ ) ` dcbBaTd Å�³üÅ d ö d ²If�+�÷�+»e�` ) f�+�ö dlam) h d f ) ³�Å�³�`��;+V·8�
f d Å d Ç�f ) `�+Dö�Å�+pf�³X� d µ d ��hDÇ d Åpf�+ke dca Å�³�e )-a ³�Åp³-`��;+p·�f d g dD) f8` d g�¸pÇ d Å�³aÅ d
a Ç ) ªDh�+»³ Ã ³�h�f�` ) Å	� e ) g-+pf8` ) Å�+ Ã + E e dca Å�³+e )-a h�`�+�f�+Dö�Å d f d ³6Åp³�`��;+p·�g d
h ) ÅDh�`�³If�Å ) f ) Ç�³�_l³6²Bf�Ç ) øVh�ù a ³�f ) ²I³6` d g6Ç8+�Ç d e�` ) ÷p³�² d f Æ ³6` d gC` d ²Bf�Ç d Åp³�f )Å d Ã d Ç8+�Å d f d e�` )-a ù Ã b_d Ç d�a3) f ) � d Ç d ø a3) h d f )

E = Ec
Æ �l`�+�e ) �üÅ�+D²Ih�+

³�Åp³-`��;+�+ ) f
Ec

g d e ) öDÇ d e�` ) ÷p³�²xÅ d ª ) Å�+pg d ÷�+p·�øie�`�+�h ) ³If ) ³ Ã ³6hpf�` ) Å�+�f^³+_e ) gC+pf�` ) Å�+�f^³J�0¸yf�·�f�³6Åp³�`��;+p·�f d ²�+,+�²B³re ) � Ã ù�_ d f�Ç^ù�ÇzÇ^³�_k³�²Bf�Ç ) f ) Æ � )
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�w�<������� W0! ��"�, � ¢(¤6¡ � �
	 ��� � � ¡�� �]��� ¥ � � �
f ) g-+�Å d ö�+�Ån³ Ã ³6hpf�` ) µ d �IÅ�+pfGÅ d f d Ã d Ç�+DÅ d ¸	� d ²�Ç d ÇK²;`p³ a	d f d ø�Çmh ) ·Df ) ²B³
³F` d g�Ç�+ Ã d ÆÙ a Å d ³ Ã ³�h�f�` ) µ d �IÅ�+pf�Å d Ã d Ç�+DÅ d ²I³ü²Bù�²Bf ) + ) fx³ Ã ³�h�f�` ) Å�+�øqe ) g-+�f�` ) Å�+
+B� d µ d ��h�Ç d Å�f�+�øGf d h d öp³ ) f6� ) `�³]Å d e�` d Ç�³�Å�+pf^³Y` d g6²Bù bBa ³�Å�+V·»µ )Cb ³6µ aTd
g d e�+��k³6µ f8` ) ·kÅ d ö d ²Bf�+D÷�+pf^³üh d f ) û�¸pÅ�hD÷�+V·¨Å d ` dCa + d ÷�+ ) ÅDÅ d f dHa ù Ã b +��Å d d t ³_Ç|³ a +DÅ�+D÷�+ õ

X0
ö e�Æ d � dCa + d ÷�+ ) ÅDÅ d f d�a ù Ã b +�Å d ³9Ý d ` d h�f^³�`�+D²Bf�+Dh d

Å d ²;`�³ a	d f d +xe�`�³ a ²Bf d Ç Ã ·DÇ d ²;`�³ a Å ) f ) ` d g6²Bf ) ·DÅ�+�³Gø0g d h ) ³If ) Ç8+�² ) h ) ³�Å�³�`5�
�B³If�+Döp³6Å�³ Ã ³6hpf�` ) Å �0¸yf8+'n.- O ) f{³6Åp³�`��;+p·�f d ²;+�ö�`�³BgK²Ie�+�` d öDÅ ) Ã ùpö�³�Å�+p³
e

N(t) = 2t d × Æ n�ú e

⇒ E(t) = E02
−t d × Æ n �8eðY³�ö�³z²Ie ) µ�³�Å d ÝDµ¶³Gø�öp³z¸�µ�Å )Cb ³�Å�+p³�f ) e�` )-a ù Ã b_d Ç d9a3)

Ee ∼ Ec ⇒

Ec = E02
−tmax d × Æ n «ke

ó d Ç�`�³6µ¶³�Å d
t > tmax

ö d ²Bf8+�÷�+pf�³�g d e ) ö�Ç d f aTd ²I³�e ) � Ã ù�_ d f�ø Ã d Ç�+DÅ d f de�`�³�²Bf d Ç d9a	d ²B³F` d g6e�` ) ²Bf�` d Åp·DÇ d Æ
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tmax =
ln(E0

Ec
)

ln 2
≈ lnE0 d × Æ n Èke

�+ù Ã Å�+V·DfBf=` ) ªyö d ²Bf�+D÷�+

S =

tmax∑

t=0

N(t) =
∑

t

2t = 2tmax+1 − 1 ≈ 2tmax+1 d × Æ ×Þ½ e

S = 2.2tmax = 2
E0

Ec
≈ E0

Ù a +�Å�³ Ã ³�h�f�` ) Å�ø�e ) e dCaTd ªDh�+nÇ�h d Ã ) `�+iµ¶³If�ù�` d ø ) ²Bf d Ç�·�÷V· Ã d f d ²;+�³�Å�³�`5�
�;+V·±ø d h ) h d Ã ) `�+iµ¶³If�ù�`pù�fn³y² am) ²Bf d f^ùpöDÅ ) � ) Ã ·jµ d a ù Ã b +�Å d f Æ ³ Æ e ) Å�³
a ³�²I³If�h�+ ` dCa + d ÷�+ ) ÅDÅ�+ a ù Ã b +DÅ�+ Æ ð dÞb Å ) ³ aTd ²B³ ) f�f�³ Ã ³ b +�øjöp³kµ�³ bBa ¸
f8` ) ·DflÅ d û ) f ) Å�+pf^³2+»³�Å�³�`��;+V·Df�·�Å d e�ù�`�Ç8+�öDÅ�+V·�� d µ d hDÇ d Åpf<ø´e�`�³ a +Vg�Ç�+5�
h d ÃyÃ d Ç8+�Å d f d øj²Iù�_l³�²BfGÇ�¸pÇ d Ã +�Å�³�ªDÅ d Ç8`pù�g�h d Æ f Æ ³ Æ

Nph. ∼ S ∼ E0

Ì h ) +Vg6Ç�ù�`��¨Ç d µ¶³2+pg�µ¶³-`�Ç d Å�+V·ye�`p³BglÇ8`p³6µ�³
t ⇒

S∗ =
S

t
= 2

E0

Ec

1

t
d × Æ ×�n e

σ

E0
=

√
S∗

S∗
=

√
t√

2E0

Ec

∼
√
t√
E0

d × Æ ×�× e
σ

E
∼ a√

E
,

hpù a ³If )
a = const

ø d σ
E

³ ) f�Å ) ²;+�f^³ Ã Å d f d �;`�³��kh d øDe�`�+E+pg�µ¶³-`�Ç d Å�³If ) Å d
³�Åp³-`��;+p·�f d Æ �7`�+ne ) �H`p³ d Ã +�²Bf8+�öDÅ ) ) e�+�² d Å�+�³»Å dca Ã ù b Å ) f ) ` d g6Ç8+pf8+p³»²B³
d e�` ) h¾²;+Dµ5+�` d ²�¬

dE/dx = const.tae−bt , d × Æ ×
Ä e
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hpù a ³If )

dE/dx
g d Ç�+D²;+ ) f»Å d ö d Ã Å d f d ³�Å�³�`��;+p·

E0
+ ) f_Ç�³�_l³6²Bf�Ç ) f ) øpf Æ ³ Æ

a = f(E0)
+
b = f(E0) Æ Ã d e�`p³6ö�Å ) f ) ` d g�e�` ) ²Bf8` d Åp³�Å�+�³¨g d Ç�+D²;+ ) f?` d �

a +p¸q² d Å d / ) Ã +p³-` d0/ �21�� O h O e ¬

Rm =
21 MeV

Ec
X0 [g/cm2] d × Æ × þye

ÈD`q·�fqÇ d@aTd ²I³ ) f�fG³ Ã ³ b +�ø�ö�³
X0
+
Ec

² d ` d g Ã +�öDÅ�+~g d ` d g Ã +Dö�Å�+�f^³�Ç�³��
_l³�²BfGÇ d Æ ðØh d Ã ) `�+Dµ¶³�f^ù�`�ø�h ) ªpf ) µ )-b ³6µ aTd ` d g-� Ã ³ bBaTd µ¶³�h d f ) ÷�+ Ã +DÅ��a ù�`¼²V` dCa +V¸´²

r = Rm
ø
95%

) f~³6Åp³�`��;+p·�f d ²B³ ) ²Bf d Ç d Ç~h d Ã ) `�+iµ¶³If^ù+�
` d Æ�ó d Ý ) µ ) �B³�ÅDÅ�+�h d Ã ) `�+iµ¶³If�`�+

Rm(Fe) = 14 g/cm2 ∼ 1.8 cm
ø

Rm(Pb) = 18 g/cm2 ∼ 1.6 cm Æ
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• RnmoS��5C�p"LU;SÓ+>!L"C+N�;5q"C+r Gts�Ê�ÎÐôYä�Ê`ùBÎ�Ì"ö�Îvu7ä5æ�ÎÑÌ"ö_K

• Rnmxw]L�;eÓ">PL�ChN�;5q"C+r G æ�Ì�æ�ä3Ï�ÎÑÌ"ö�Îvu#ä�æ�ÎÑÌ%ö]K
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ntotal =
4E
Wi

=
dE
dx
4x
Wi

,
G�� Id� Â K

� mVD]4=-> 4E ��+mxw]L�;-=0;,Ó+>!L"C+N�;5q"C">PL�L�;�N�;-���h�%; W Wi
�l�< � =5C��5LU;
=
;�?4S"�D��L�;kN0;-���h�%;ELU;�2L"2S��4C+r�LU;��D_C�L�; � =�LU;SÓ+>!L"C+N�;-q�C+r�= I  I N�;k?AmxNADF;-�!;-L"OLU;D]�5>"Ó � ;kAw� � =5S">PL��ÄÓ">PL�G�� Âk� É�K I"� S!r"�!�P;�DF;�?Af>P=-�54w�A�@C W p" ntotal

�>5=
�+>!S!rhD]m � ;�L�;k=5S�CQ��p+4=PC"S�C��"mF=5C nprimary

IRn>!;-?4>PL">P�->�SU;0Nl��S"�DU4w�2L�C"� 

P (m) =
(n̄)m exp−n̄

m!

G�� Id�5� K

εdet = 1− P (0) = 1− exp−n̄ G�� I&� �5K
R<S"CUT�2S) 

Ar d = 1 mm, → nprimary = 2.5 ⇒ εdet = 0.92 W ;
ntot

CUT¡;��A>-wUlT�C�L"2�">!;5?A>PL">P�PC	�nw�� � =->!;5q"C�C¢G ê�;-LhDF;4�Q>P�U;-£ � ;!K I
#�ù%$�ù%$�ù ¤P/�14*,ÿ-*E¥P��gh�eÿ-/0(9ü

E(r) =
CV0

2πε

1

r

G�� Id� �%K

V (r) =
CV0

2πε
ln
r

a

G�� Id� ·hK
� mVD]4=->@? C ?2T�O>5=5�5Aw�r+N�;
wUC � ;-�U;-q�C+=-2=�L�;kAD]C�L"C�qU;�DUmxw��@C"LU; I
• ¦ DF;-S�LU;SÓ+>!L"C+N�;-q�C+r

n = n0 expα(E)x
G�� I&� ÒPK

n = n0 expα(r)x,
G�� I&� Ø%K

� mVD]4=-> α ?A�LU;-S�C�p�;��"moS"�PC � >5l�fC�q"C"2L"=�L�; � ;2�JN22LhD§C@C�T¨;fSU;0N0T�2S�L+>!?A=�PS">"ÓQAwU � =5S+>!L©�iÓ">PL�L"C§D_�->%Ó � C	LU;E?l;-L"=5C�T�4=-moS I"� >-N�C � >P2�OC"q�C+lL+=�T�>-����DF;	?A@C+NlSU;0NlCªCªp�S+4N�?4S+AD]L�Chr«?4�->P�5>lD]2L)��S+>P�52�
λ
  � mVÓ � ;
=5> � >5A��fC�q"C"2L"=0;�L�; � ;2�JN22LhD�<N0;-�5C�?4CUT¬>P=@�hwUmF=PL+>!?A=-=
;@LU;��-9¿�2?A=5�5>5=-> W =5>�N�;



���pü 4®5���4������y����6�¯���!�¯���%Ù��
�°�/Ù3Ü����0�����P���! ��6�|Ù�Ú���ÙKÚA�)Ü6��Ù#Ý�Ù
��Aw_;-L">5=->±>P=H � ?2�+2S�CUT�2L"=0;-=->PSU;²��;
N2>P�5>	�%?4Chw]�P;5L+§§�!;0��2L¢C+N2�P>PSU;�LU;��;
N Ix³ ?2L+>Q W p"kSU;
�P>5=
;
=
;	?��+w�m[=5L"CªC"L"2S"=5L�Cª��;0N2>!�-�D_;5�P;QLU;�Ó²�´DU>P�PS�CS+AN2��wU=
;
=5C I!� S!r"�!�P;µD_;f?A°>P=-�5AwUA�@C W p"°>!?4L+>!�5L�Chr@T�/¾h;-L�ChNlm~T±L�;nN�;5���h�!;L�;O2L"2S��4C+r@�p�S+4N>Ó">PL�C+N�;-q�Chr I+¶ ;0NlS"A�kD_;5L+2=->�LU;��-w_;-�A>!S+>lD_L"C���;
N2>P�59?A>P?AmV¿�2?A=5�-r��P;��D_C"L�?A=5�52L">Qp�S"AN�C+N4wUm+p��P;-L"�L�;©�f>5=->!L"C W � >52=->	?A�rU�
rU�P;�"S">5�5w�lT W =-mVÓ � ;-=->@2L"2S��4Chr�=0;@L�;k>P=4D]AwU2L"C+r γ � �P;5L+=�BLU;�DAÓ+>!L"C+N�;-q�Ch�
>PL�L"C+r)�"SU;-��N�;©T�4=
;0w]C·G�=
; � C"�!;�?2;§?A=-2L�C+=5�LU;�DU4=5 � =5>PSU;!KnC²E�Q?Amo?A=->-�r�L�C+fDF;��"S"�D_ChN��5C � ;��<>P=->52�f � = I Î<;5�"S�CUT�2S�N�; Ar =
;0NlC�2L"2S"�2Chr� �5�PI Ø� É W ;fÓ">PL�ChN0;-q�C+>!L"L�ChrQ�"SU;-��N0; Cu f¸ I ¸ � É I+¹ lS+>�r"=PL+>!?A=-=
; W C+N2�PC"=5C"=-<>P=�<>P=->PL�L+>P=->�wUm+p+lL"C"ºAwU � =PS+>!L"CEDF;n�">P�U;�D_L�;-=O��DU2=- � =->PSU;f´�A>-w�rUT¨; W N�;0�=->P�!;n?Aº�
NllT¡;
=n?2�+2q�CU;0w]L"CkT�2S � C I R<S+>P�-wUlT�m[=µ�!?4�"2£�L">n?AºS"2£E;5�P; � ;-=->� m~T«��;0N�;�?4µ��S�C+�%;-�
r�=��">-w]C�;-=->!T�L�CQ��;
N2>P�5 W � >PC"=->E�">P�¯wUmV¿E;
= γ � �!;-L"=5CJ�=-9�n£EC"S"> � 2L"2S��A4=5C�p"2LBD_CU;-�U;0N2>!L�G�;
�!?A>PS"�PC�SU;
=f?4´T�L+>!�A><�PC+�!S�;5q"C">PL�L"CC	S+>P=0;5q"C">PL�L�CHL�C"�!;!K IU� ANlC§D]>5�!;5� � C	?A�L�;5S"C�pU;
=�»DÏ � ö�èdç � Ê�÷ I
#�ù%$�ù%$½¼ ¾B*,þ;û�g9þ+/0(;üB(+/E��g",�("/��"/
ì �5w];5?A=-=
;µN�;µ�f>PSUT�C�S�;5L+9L�;�w_;-�PC"LU;
=
;�º�nSU;5T � C"=-´LU;�L+r � >-w � >nSU;�D_Ch�%?2;L�;<L"C�£ � ;-=0;fC��PS+lT�2L�;<�+>��oT¡;
w � CE>5= 1 ns I ¶ C��4LU;0w�?A°C�LJDU�+q"C�SU; � ; � =->L�;�;5L+>lDF;�=
; � ;�C§L�; � ;
=->lDF; W �">PSU;�D_C©�"S�CJD_�5C+�@�P;5L+4=5>kLU;BAwU � =5S">PL�C+=-fCÓ+>!L"C"=- I

dv =
Q

lCV0

dV

dr
dr

G�� Id� ¸PK

¶ ;
Nl?A=->�rUL"C"4=->QL�;�AwU � =5S+>!L"C"=-ED]>Q;5L+>lDF;@ET¨;0w � >)GtL+r � >-w � >�T�C � S">PLU;!K WN�;
=->!�P;���S�C"L">P?Am[=	C�T � m~T¿DU4=5 � =PC"SU;-L�Chr«?4C��4L�;
wÀ@T�L">P�A>	?�w_;
� IoÁ LhDU�%�q"C�S�;5L"C+r	N�;5S!rhD�@ 
Qs,el = Nqe

ln( r
a)

ln( b
a)

G�� Id� â%K

Qs,ions = Nqe

ln( b
r)

ln( b
a)

G�� Id� é%K
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=5S+�+�"�!;-L"4=->@LU;EAw� � =5S">PL�C"=-L�;@;5L+>lDF; W ?�wU�D � >54=->@N�;-�">Pp��P;�DF;��U;�DF; W =-mVÓ � ;
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Qs,el

Qs,ions
=

ln( r
a)

ln( b
r)
<

ln 2

ln 1000
≈ 0.1

⇒ is = Nqeµ(E)
V

(ln( b
a))

2

1

r2

G�� I � Â K

#�ù%$�ù%$ËÊ Ì4üAÍ�g;û�g§("/{þ+/0Î-*5�4/
• Ï >PL�C+N�;-q�C+>!L+lL	S+4��CUT¹ =->-N�CÐS+A�@CUT LU;ÑS�;-�5>P=0;Ñ?Aª>P?AmV¿�2?A=5�-r��P;¬�+mxw]L+>Ò?Am·�!C"SU;-L"ÀLU;
N0;-S!rhD W L+>@L"BL�;5?A=-mo���P;E�"T�L">���2L�C+ I
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• R<S">P�">PS�q"C">PLU;0wU2L	S"A�@C�T¹ =
;0NlC�>5�-w_;-?4= W LU;�Dk>!�"S"�D]AwU2L���S�;5�MLU;µLU;-��S+A�E2L"C"�N�;5�+>!p"�!;°�"T¡L+>-��E2L"C"BT¡;�N�;-S!r+D_; W ��S"C � >54=->ED]4=- � =5C�S�;5L"C+r"=§?4C"�2L�;
w	f��S+>!�+>!S"q�CJ�>!L�;
w�lL�L�;��">-w��+p+lL"C+rQN�;-S!r+D�>5=HÓ+>!L"C+N�;5q"C+r I ñV;
=5>P�P;k=5>-NlC���">2D�¾!>-�DUr�¿EChr�=	S+4��CUTÓN�;QC+N�T�lS"�!;-L�ChrÀLU;�?4�"2q�C"�OC"p�LU;
=
;OÓ">PL�ChN0;-q�C+>!L"LU;
N0;-���h�%;�LU;E2L+lS"�4C+r�GtÔ]ÕÈÖ0Ôh×]K IFØ ;0N2>!�->P=->��%?4C+wU�!;-L"O����S+>!�+>!S"q�C+>!L�;
w+�L�C+rÀS+A�@CUTÉL�;QSU;
�P>5=
;Q

104 − 105 W ��S�C±�!?Aw�>!�5C"kp"�?Ak�">P��;-?¯r��!;
=�5=->PS�C�p"L�C+=5Bw];5�5C�L"C W � >PC"=->�?4f>P�PSU;0N4�+�!;
= I
• ì �4SU;-L�C"p"2LU;²�"S">P�">PS�q�C+>!L�;
wUL">P?A= −→ Îf;-?4C�¿E;5L+ −→ ¶ =5S�CUT�2S"2L
S"A�@CUT
� >P�!;§�>5�5w];5?A=�L�;©?4C+w]L�;Q�f>5=->PlT�C�?4C+r±C)>5�PSU;0N2�+�P;-L"ELU;Q�-=5>PS�C"p�L"Cw_;-�PC"L�C W �+>!S�;0D]C � >52=->E?A�C+NlC�? � �!;
=�?2Chw]L"C§�+>!��;5?4C"=-Aw]C±Gt»DÏ � ö�èpç � Ê�÷�KC+w]C��h�0w]?4C"SU;�¿�>O�PC"?4> � >�L�;5�"S"A��2L�C" I ¦ ?4C+wU�!;-L"4=->�9�A>5w"r]T�>�G 1010 K W?2C"�4LU;0wUmF=´¨£�C�S+> � W � >54=5>9>P�-�!?Aw];5�
rf?�w_;
�!C+=5ÈC+NlC"? � �!;-L�Chr � m~T©AwU � �=PS+>!L"C � ;
=
; I
• Ø ;�Ó��A2S">P��S+4��CUT¹ =5>-NlC²S"A�@C�TÙ?AB>P?AmV¿�2?A=5�-r��!;k; � =PC"�PL+>�C+N4w�m"p"�!;-L"�LU; γ � �!;-L"=5C W��S�C � >P4=->�?An�A�h�PC���S">P�">PS�q"C">PLU;0w]L+>!?A=-=
;E>5=��"moS"�5>PLU;�p�;
wUL">��">P�U;�D��LU;0wU>5=5>�w�m"p+2L�C" I

#�ù%$�ù%$½Ú ÛCþ9ü23"ÜÝ(+/CüA�;ü4."��þ+*-("g+��üxÿCüA�eü4.+��þ"g+�+("*��+*
�eü

vd =
2qE

3m

λe

u

G�� I � � K

vd =
2

3

qE

m

1.38λe

v
= 0.92

qE

m

λe

v
,

G�� I �5�PK
� mVD]4=-> v =

√
〈u2〉 ©? � >PS">P?A=5=0;H�"S�CÑÞ�; � ?��!AwU>P�->ÆS�;
Nl��S+�D]AwU2L�C+ W ;

u =
√

2ε
m

Q=->P�+wUC�L�L�;-=0;�? � >!S+>!?A= I În � ;Æ>5NlL�;�p�C�TÝ?
τ
?4S"�D]L">5=5>À�5S"lT�
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τ = 〈λe

u
〉 G�� I �
�!K

RnS�CkChN�T�2S"�!;-L�Chr�?ÈD_S"9Ó"�f>P�PC � ;5T�2S�C�Ck�5?¯r � ; � �PCOD_Sh�+�4Ck��;0N2>!�5C � ;PT�2S�C�D]L">�>5=@LU;�ÓQ�M�P;
��L�C"=-��!?�wU>P�PChr�fDF;�?Af>!?4C����+S"C��+>!?A=->�r�L�L�;�D_S"9Ó"�f>P�!;
? � >PS">P?A= vd = const I ¦ ?�wU>P�PC+<2L+lS"�4C+r"=
; W �"S�ChDU>P�PC"=0;k�@âªDF;BOS�;5�5LU;�LU;2L+lS"�4C+r"=
; W N�;5���h�5lL�;k��S"CQ��DF;-S�C+=5B� 

qEvdτ = 4(ε)ε,
G�� I ��·JK

� mVD]4=-> 4(ε)
�pU;-?A=-=
; W N�;5���h�52LU;±��S"CÑ�D_C�L¬��DF;-S I¡ã � >��"S"�D_�+>5w�>��@C�TT�>PL">7¾"S+>%T¡;
=5C�p�L�;�? � >PS">P?A=

⇒ qEvd = 4(ε)ε
u

λe
≈ 1

2
4(ε)

mu3

λe
,

G�� I �3ÒPK
?�w�AD � >54=5>�N�;5T�l?A=5CUT u ���A>!S"LU;
=
;��f>PSUTä�0w];�?�C+NlS�;
N�;

u =
2

3

qE

m

λe

vd
,

G�� I �5Ø%K
N�;�D]S"9Ó��<>!�P;
=
;@? � >PS">P?A=�> � >!L"pU;
=5AwUL">Y¿�O�">-w��+p"CUTÑ?AmF>P=5L">P£�lL"C"4=->� 

vd ∼ [

√
4(ε)

2

qE

m
λe]

1/2 G�� I �5¸PK

ã � >@��;5S�;PT�4=5S�ChN�C"SU;5T�

4(ε) ∼ εm , λe ∼ ε−n,

=->�D_S+9Ó��f>P�P;-=0;@? � >PS">P?A=H¿�O��S"ChD]>5�PC"��5ChDF;� 

vd ∼ ε(m+1)/(m+2n+1) G�� I �5â%K
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Î<;��A>PS�LU;
=
;��OC"���+SU;�<ChNl>5�PSU;0Nl2L�;�?�¾%lT¡;
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=5>Q�P?�r � ;@>P=§=lr�¾±S�;-�5>P=5C � ;
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Nl�+>5w�>���lL�;±SU;-�PL"C�LU;±?�;-L">2D_L�C
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=
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=
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=
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=
;BL�C"£B�
� ; I�� ;0NlC¿SU;0N2wUC � ;«�-mo�¢�PS+lT�4=->¢>P?2L+>!�5L">¬?AH>!�"S"�D]Aw�r¿>5=¬�5S"lT�2=->«N�;
D]S"9Ó�� L�;EAwU � =5S">PL�C+=-�>P=�T�>!T�2L"=
;ELU;k�+moS��5C�p�L�;eÓ">PL�ChN�;5q"C+r t0 DU>@T�>-�T�2L"=À�5S"lT�

t1 W � >P��;
=->ª=-©DU>!?A=5C���;-=)>5�5w];5?A=-=
;)LU;±�5C�?A> � C�L+=-lLhNlC"=-4=«��-w]ChN2>!?A=�D]>�;5L+>lD_L"C"=-OL"C�£ � C§CQC�L"C�q�C"C�S�;-=E>P�PSU;0N4�+�!;-L"nL�;�w_;-�5C�L�C I :�>-�>PSPD_C"LU;
=
;
=
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z =

∫ t1

t0

vd(t)dt,
G · I ��é!K

ã � >²L�C�£ � C+=-�?2;HSU;0Nl�">-wU>���2L�C«=0; � ; W p+©§C+Nl�"mxwUL"2L">��%?�wU>P�5C"4=->±? � >-�S+>!?A=-=
;	LU;§D]S"9Ó��
Vd = const

= I  I p�;5?A=5C�q"C"=-�L"�T�>!��;-=©D_;��">-w��+pU;
=�>P=�+>5w�4=5>@2L"2S"�2Chr W =
; � ;�p"fD_;���S"�D]C+Nl�PC � ;-=@�-=->!S"C�p"LU;HÓ">PL�ChN0;-q�Chr I

z = vd(t1 − t0) = vd4t
G · I � Â K

� ;
=->�C+N�T�2S��P;5L+2=->BL�; � >5>!SPD]C�LU;
=
;
=
;�L�;���S+�T�C"LU;0w_;
=
;�pU;-?A=5C�qU;f?4�?4�5A�k�D_;��D]C�L�?A=5�-lL+>�DU>�>!�"S"�D]Aw�r�L"4=->ELU;��PS+�T�4=->�LU;OD_S"9Ó"�ÝLU;BAwU � =5S+>!L�;E���;
N2>P�PChr�>P�5lT¬L�; � ;5T�2SU;
=
; I]¹ ;
��LU;f¾J;-SU; � =-2S�C�?A=5C � ;ELU;B=5ANlC � ;5T�lS"C§ Wp+´SU;0N�?A=->�r�L�C+2=-> W � >54=5>OC+N�T�C�L�;5�P;<p�;5?A=5C�q�;<N�;5�5C�?4C�w]C�L+9Ó�L">f>P=f�5S"lT�2=->N�;�D_S"9Ó"� I RnmxwULU;�wUC�L+7Ó"L">P?A=�T�>����D_;§�PmVDUk�+>!?A=5C��4L�;-=0;�; � >QAw� � =5S�Ch�p+2? � >5=->±�">-wU§Q�+>!?A=->�r�L�L">²�²q"Aw]Chr¢>5�PlT L�;	D_S+9Ó�� I�� >!�P;H?A§�">P?A=PC"��;?��">2D�¾!>lDUr�¿ �+>lD]�5>!S¢L�;HAwU � =5S+>lD_C I ñV;H�+>5w� W >!�"S"�D]Aw�r�¿�>Æ? � >PS">P?4=ÆLU;D]S"9Ó��O;
vd = 50mm/µm W L"4>!�"S"�D]Aw�lL+>!?A=-=
;@�©�"S">P?A=PS�;5L"?A=P�-2L">5=->�SU;0NA��"S"�D]Aw�lL"C"�

δz = 200µm IR<S+>!?A=5SU;-L�?A=5�-lL+>P=->)S�;
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=
;�CkN�;-�PC"?4Ck>P=nD_C"�<�JNlC+r"=
;�L�;fpU;-?A=5C�q�C+=- W>5=@�<w"� � =->!;5q"C�C"=-E�">@�+m[=2r�CUT W >5=�4w� � =5S">PL�C � ;-=0; I



�6��yæý4y°�È�+�gþPþ¡���/Ùn�l��êV���%Ù ��áF�

 \¡�¢�£�¤	¥�� ��¦ � ��§%ß ¤ ¬ ®0àÕ¯�½�¥ ¶ ¥ ª�¬ ¤�¥%¹Õ¥  ¯�»  ¥  ¡�í ¶ ¥ Ô º�¯ µ ¯�Ä¿¡ ²�¬)µ,¬� º�¯ ²�¬� |�¡	¥ µ }�½| ¬��²±Ó ¤	¥A��¡s»|½ ¬ º�¯ ²�¬� |�¡	¥ µ, ¡  ¡�í ¶ ¡ Ô ¯ ² ¤�¡�|	¥ ²�¬)µ,¬� º�¯ ²�¬� |�¡	¥ µ }^½ ¶ ¤	¥�¡�°'¥ ² ¥  ¥¶ ¥ ª�¬ ¤	¥ ² ¥A�)· ¡ �²�¬��© ¡ ²�¬�²�Ó|²  ¥uº�¯ µ,¬�² ¯s½s¯�´ µ ¥ Ô�²�² ¥  ¥{»|¤ ¬ ®0à ¯ ² ¥  ¯�»  ¥ ² ¥  ¡lí ¶ ¥¶�Ó`ª »|½ ¬�²�¬ º�¯ ²�¬� |�¡�¥ µ, ¡  ¡�í ¶ ¡ Ô�¬ º�¯�»�» Ó ¤AÄ ¥ Ô º�¯ Ô�²�¬ º ¬�� ¯Ì¡ ©«ª�¬��¬� ¡ ¬  ¥¼º�¯ ²�¬� ¹|�¡	¥ µ ¥  ¥ ¶ ¥ ² ¯�»  ¡ ²�¬� ¡�í ¶ ¡ µ ¡ �¬ ®  ¯�¯ ²�Ö ½�´ µ ¡ © ¯ Ô�² »,¯Ì¥  ¯�»0¥�»|¯ º�¯ ²�¬� |�¡	¥ µ ¥  ¥º�¯ ²�¬� |�¡	¥ µ	 ¡ ²�¬� ¡�í ¶ ¡%½�´ µ ¡ © ¯ Ô�² »|¯ ² {lø



��á�Í 4®5���4������y����6�¯���!�¯���%Ù��
�°�/Ù3Ü����0�����P���! ��6�|Ù�Ú���ÙKÚA�)Ü6��Ù#Ý�Ù
X;ñwò�� 	HZ_÷~õgôä`�
��
�
��ô#ô#÷�ø+`�^]`Ýøeõ!öäð�Z�ô~öý÷�
0ö ÷�
|ø����������
:<;PT�2S�C+=5�?4mo?E?Amo��S">5=5C��5C"=-Aw]L�;��hwU>P? � >P?A=	?2;�D]4=- � =->!S"C�LU;��+>!L"C+NlC�S�;0�
� C¬pU;-?A=PC"q�C I Rn>±�PmoShN2>lD]���?A=5�5C"Q?2;Æ?4S�;5�5L�C�T¡C¬?Amo?�?2q"C�L+=PChw_;
=->!S"C"=-ÆC�"S�C+=5A�k;-�!;
=�D]>5�!S�;@�"S">P?A=PS�;5L"?A=P�-2LU;�SU;0NAD]Aw]C+=-4wULU;�?4�">P?A>P�PL">P?A= I:�>!L"?4=5Sh� � =5C��5L">	?2;@C+Nl�4SU;�D]2L�C�>P=@D_�-E��;5S�;
w�Aw]L�CÆ�+wU>P? � >!?A=5C±?Amo?B?4SU;-�
�L"C"=-Aw]L+>��4>-w�rUT�>O?4�+lq"C��fC�p�L+>�?Amo��S">5=5C��
wU2L�C+�G

1010 � 1011 Ω ��� K W >5=5?4=->
�r � C�L�;µSU;0Nl?4=->�r�L�C+�>5=n�">PS!r+DUm � ;�LU;µLhr � >-w � >fT�C+wUCUT�4=PS�;µAD]LU;�>5=�D_Sh�+��;C�>5�PSU;0N2�+�P; � Cf��;0Nl>P�P;9T�A�kD_C"LU; I! =��5moL"£EL�;-=0;9?A=5SU;-LU;�L�;��+w�>!? � >P?4=5C+=5ÈL�;5L+2?42L��"S">P�5>lD�r � �2S�;5�fC"=-2L§?�w�>"� W � >"�+=->E�<>!S�T�C�SU;ON�;$#"SU;-L��P; � C"=-µ�5Ch�?A> � >!�->-wU=->!�5CEAw� � =5S">lD]C I!¹ moS%#h���5C�?A> � >!�->-wU=->!�5C"=-°AwU � =5S+>lD_Ck°L�;5L+2?42LChN2>5w];5q"C">PL"2L²?�wU>%�ÆC²�-moS%#h��L"2�A>�?2;�L�;PT�C�S�;-=©?4C��4LU;0w]L"C"=-EAw� � =->!SPD]C²?�"SU;-�5>5mo�Amxw]L�;��f>PSUT¡; W ChN�S�;-�5>5=52L"CHL�;�J� p"2?A=->§>5=�T��D_L">�Chw]CH;
w"�"T¡C"L�C+A��->@�f>-w]C+> IRnS�CÙ��S"lT�C�L�;5�P;-L"±L�;&�+>!L"C+NlC�S�; � >«wUm+p+lL"C"±�"S"ANÀ; � =5C��5L�ChrÓ>5�5�T LU;
DU4=5 � =5>PSU;���S�;-�5>5=PL"C+r���;
NO?AO>5�!S�;
N4�+�P;-=E4w� � =5S">PLh�'�">PL�L�CQD_�->%� � C I Rn>lDDU���?A=5�PC+2=->kLU;���S�ChwU>���2L">5=->�AwU � =5S"C�p�L+>��">-wU�G ∼ 45− 50kV

cm

K¨�+moS��5C�ph�
L"C"=-)AwU � =5S">PL�C¿N�;5�+>!p"�!;
=«DF;ªD_S+(�"��;
= � m~T ;5L+>lDF; W ��S+AD]C+Nl�5C � �P;!� � C�-=->!S"C�p"LU;��+>!L"C+N�;5q"C+r I") S"����O;�L�;�>5=5S�C"qU;
=5AwUL�C+r©N0;-S!rhD � m~T¢;-L">2DF;�C�Lh�D��+q�C"SU;�=-> � >P��CUT��+��w]?��-moS%#h��?4C��4L�;
wUL�C"=-�Aw� � =5S">lD]C I]� ANlC � ;PT�2S�C�S�;0��5>5=lr"=��9>5�5w];5?A=�LU;´>P�4SU;-L�C"p"2LU;´��S">P�">PS�q"C">PLU;0w]L+>!?A=kGt?A=5S�C�T�2S+lLBS+A�@CUTÈK I
¹ moS%#h�+*-,/.10&s¢?AQC�LJDU�+q"C�SU;HN�;-S!r+D W >5=±�A>!S"LU;
=
;²?A=5SU;-LU;²?2;Æ?4�5moShN�;5L"CªN�;0�S!rhD]>Pp+�+�5?A=5�PC+=5Aw�lL¢�"S"�DU�!?4C+wU�!;
=-4w C)D_C�? � S�CUT�C"LU;
=5>PS I¨Ø >-wUlT�C�LU;
=
;�LU;C"LhD��+q�C�S�;5L"C+r	N�;5S!rhDÆ?A<DF;-�P;k>P=" 

〈qe〉 =
k

ηd
〈Qe(d)〉 = qeln0

k

ηd

Λ

η + Λ
eηd,

G32 I � � K

� mVD]4=-> qel �AwUlT�2L"=0;5S"L�C+r"=À4w� � =5S�C"p"2LÇN�;5S!rhD W n0
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�+SU; I¡ã � >ÆDU>P�-w]Ch�@CUT � S"C�?A=
;0wb>5=
s¬��=5C�� Gëw�Ül�4C"SU;-Lb?Æ; � qIÜ2�"=->!S"L�CÒ�"S�CUTyÜ2?4C W ?��"S">%Ý5>2D_CUT�>P?A=«LU;²DU�+� � Ch�=!Ü0K�C � S"C�?A=
;0wíì«�O=5C��ÉGëw¬Ü2�4C�S�;5L"CÇ?@D]>PL">PS�L�C ��S"CUTyÜ2?4C W ?MÜAw�Ü � =5S">PL�LU;�"S">%Ý5>2D_CUT�>P?A=JK � Ü	C�T¨;5TyÜ	?�s¬�;ìÇ�"S¡Ü?#!>lD Iî� ;±�4SU;-L�C"qU;
=
;ÀT¦ÜA�kD��«D�ÝP;0�=0; � S"C�?A=
;0w_;ª?�Ü��+>5w"�+pU;!Ý!;)D�Ý5>Ü2Lb?�wU>%�ÇN�;5S!rhD_C IWØ ;-SU;�D_CÇ>P�PSU;0N4�IÝ!;-LU;
=
;Ý�=->5NlC±?�w��+p�;�²S�;
N4wUC � ;MÝ§�">5=!ÜlL"q�C�;
wUC"=!Ü�Ý-mxN�L"C � Ý!;@=5> � LU;�L">P?4C"=!ÜAw]C"=!ÜL�;ON0;-S!rhDF;§G�>5=PS"C�q�;-=!ÜAw]L"C"=!Ü�L+>!?4C"=!ÜAw]C©T�C��4S�C"SU;
= � m~T«s��ä=5C�� � S�C�?A=0;
w]; W�+>5w�>��@C+=ÜAwUL�C"=!ÜQT¡C"�4S�C�S�;-= � m~Tïì)��=PC"� � S�C�?A=0;
w]; W S¡Ü � >!T��PC�L"C�S�;-=H?Amo??�Ý->P�5>lD]L�C"=!Ü@L+>!?4C"=!ÜAw]C)>5=©D_S+�+��;-=0;Q?A=PS�;5L�;%K W � >Ü4=->ªÝ->lD]C²DU>�>P�Ü�D_Lhr¬ÝP;5LIÜL�;Q�4SU;-L�C�p"L�ChrÀ?Aw�>"�²>5= � m~TÓL+>!?4C+=ÜAwUC IVã � >��"S�C+w�>��@C�TïÝ5moL"£EL+>�LU;-��SIÜA�
�ÌÜ2L�CIÜLÝ�>P�PSU;
=5LU;©�+>!?A> � ;�= I Ü I >P=5S�C"qU;
=!Ü4wUL">�LU;-��SIÜA�nÜ2L"C¡Ü � m~T¿sH�´?�wU>�r WD¬Ü4�%ÜAw]C"LU;
=
;±LU;²>5�%Ü�D]L¡Ü2L�Chr ?Aw�>"� ?SÜ©�IÝ!Ü4wUC�p�;ÝP; I�� >"ÝP;�Ü�p+�IÝ5?A=ÝPC+=ÜAwULU;��=0;�N2>PLU;QL�;©D¬Ü4=Ü � =5>PSU; I R<S�CÀ��SIÜ�T�C"LU;!Ý!;-L¡Ü@L�;��">PL�C+NlC"SU; � ;�pU;-?A=5C�qU;	?SÜ�+>5w"�+pU;!Ý!;
=§D�Ý5>%� � C�Ü4w�Ü � =5S">PLH��DU�+� � ; W � >!C+=5>Q�">lD±D¬Ü(�"?A=%Ý5C¡Ü4=->�L�;MÜAw¬Ü � �=5S"C�p�L+>P=->Ò�+>5w�Ü)?SÜ²>P=5�"SU;!Ý-r"= � m~T ÜAw¬Ü � =5S">2D_C"=!Ü Iºã � >Ç=!ÜANlCÒD�Ý5>%� � CÓ?SÜ
>5�PSU;0N2�IÝP;
=ðÝ¬LIÜ2>5�ÜAD]L¡Ü2LU;
=
;«N2>!L�; W � Ü)S¡Ü � >!T��!C"L�C�S�;-=ðÝ¬S¡Ü2£�Ü2= � ;
=
;¬LU;
� S�C"?4=0;
w]; I
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UWVQX�Y�[K\<� ã(]éã � ^QÛ ³ ë�h [Qg�ø a ½

Á Nl�PC�S�;PTyÜ@?4C+wUC�q"C��¿G w¬Ü2�4C�SU;-L�?��5>PS_K<?Amo?�?4�¡Ü2q"C��OC"p�L+>²?Amo��S+>P=5C�Ý
w¬Ü2L"C¡Ü
100 − 1000Ωcm W ?Aw�Ü�D�=->%Ý!;·�">PL�CªLU;©w]C+=5C+r¢?SÜ�Ý � ;-S�ÝP;-=�?ED_C"�<�JNlC">PL¡Ü2LTyÜ4=->lDÓ��SIÜ4NÆ�">%Ý-moS%#"L">P?4=-=0;«LU; � S"C�?A=
;0w_; I°¹ S¡ÜAN4�0wU=0;-=òÝ-moS%#h�Ç=
;0N�CÒ�+>-�
Ý-moS%#"L">P?A=À?�Ü©>P�PSU;0N4�IÝ!;�ìÇ?Aw�>"� W ;óÝªTyÜA�kD]C�L�L�;-=0;À>5�5w];5?A=ªT�>��ÌÜ©DF;±?SÜ>P?Am � Ü2?A=ÝPC±�+��S�;Ý
w�r¡ÜlTü�"S">Pq¡Ü2?@LU;©D_C"�<�JNlC+r W �"S�C � >%�"=->Æ�PS">lr��+>!L"C«LU;�5>PSU;�ÜBS�;Ý!Ü2L�L�;k�!S+>�rQwUC"=5C¡Ü�Ý5C��">PL�C	C	=!ÜB?SÜ � >!T¡�IÜ2L�?4C�S�;-= I�¸ �IÜ2q�C��fC�pJ�L+>P=->f?Amo��S">5=5C�Ý
w¬Ü2L�CIÜ°LU;�>P�Ü�D_LIÜlL�;-=0;�Nl>PLU;�L�;5S�;5?A=Ý!;9DU>

3.105Ωcm W � >Ü4=5>Ü°?A>5�!?A=Ý!ÜlL+>P=->f?4�¡Ü2q�C"�OC�p"L">f?Amo��S">5=5C�Ý
w¬Ü2L�CIÜ´LU;np�C�?A=5C+rk?4C+wUC�q�C¡� W N�;-=->%Ý!;C�=->-N�C�?�wU>%�	?�ÜOLU;-S�C"pU;L0[�M?�wU>%�ªGt?A>P�P?A=%Ý!Ü2LU;��"S">%Ý5>lD]CUT�>P?4=%K I

N S+>�rÀD�Ý5>%� � C�ÜAw¬Ü � =PS+>!Lª�9DU�+� � ;�?SÜ�DF;!Ý!;�>5= n = E0/Wi W � mVD�Ü4=-> E0
Ü

Ü2LIÜlS"�4C+r"=
;�LU;BL�;
wUC"=
; � ;-=0;�p�;5?A=5C�q�; W ; Wi
ÜôÜlLIÜ2S��4C+r"=
; W L+�J�@L�;BN�;�>5�!S�;0�N4�IÝP;5LIÜOL�;BD�Ý5>%� � ;�N�;ODF;�D�Ü2L�Chr	�">-w��+�"S">%Ý5>2D_L�C � I â~D_L+>�>5=���SIÜ�D_CUT�?A=Ý!;
=
;
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UWVQXZY�[K\<� ã(]õã>ã(^ Ã a>cQc \ ¼�j [$Y�d j Y�[K\ c \ed$[QV ¼�j \/k!V j g=³ _ \¨k!g c$j?c \eÃ a?c \�VåÃ a?c \ c \ h [ a?_?a ³
½!VQf a?¼�j

L�;	=Ý-moSPD]>5=!Ü4wUL�C+=Ü@D�Ü4=!Ü � =->!S"C+Ü W p¡Ü@?4C��4LU;0wUmF= W � >%�"=->�DF;!Ý!;
=�Ü@��S">P�">PSh�q"C">PLU;0w¬Ü2L²L�;RÜ2L¡Ü2S"�2Chr�=0; W >5=2DF;�D�Ü2L�;MÝ@>P�ÜlT¨;@LU;kD�Ü4=!Ü � =->PSU;©C�Ü2LIÜlS"�4C+r"=
;N�;�>5�!S�;
N4�IÝP;5LIÜ±LU;ªD�Ý5>%� � ;�ÜAw¬Ü � =5S+>!Lb�ED��+� � ;�Ü)T¡;0w � ; I�Á T¨;5TyÜ�DU>P�PS">?AmF>P=5L+>!£�Ü2L�C¡ÜHLU;ª?2C"�4LU;0w � m~T >P=4DF;�D�Ü2LU;+Ü2L¡Ü2S"�2Chr IW¸ C"�4LU;0wUmF=+Ü±T¡;0wUm �CÒ=5S!r"�"ÝP;ÀDF;«?SÜ�Ý5L�C�T¡;ÝP;«?Æ£B�"T¡;ª>P=&. �$ö Ô¡÷%øI,MÜAw¬Ü � =5S+>!L"C � ;
=
; I�¶ ;
NlS¡Ü��£�Ü2L�CIÜ2=->±�+>�Ü2L¡Ü2S��4C"C¬T�>l�nÜ@DF;Æ?SÜ§�">-w��+p"C � ;
=-> � ÝP;0D]SU;
=5C�p�L�;±?A�"T¡;H>5=D�Ý!;��O; � =->!S�;" U£B�"T¡;k>P=�Ý!Ü2S�C"��;
=
;kL�;L. �(ö ÔI÷"øi,�G3ùúÜ2�8Ü � =PC	>5=ED�Ü4=!Ü � =->!S�; WL�;5�"S I Ü2�ûÜ � =5C¢LU;	�h=!Ü2p � ;!KOC¢?A=
;
=PC"?A=PC"p¡Ü2? � C¬�<w"� � =->!;5q"C�C¬��S"C¢��Ü2LIÜlS"Ch�S�;5LIÜ4=5>�LU;�N�;-S!r+D]C"=!Ü I"� Ü4NlC�D�Ü4=!Ü � =->!S"C	T�>P��;
=BDF;kS�;-�5>P=2r�=�Ý�D�Ý!;�S¡ÜA�@CUT¡; +�ML"C�? � >%Ü2LIÜlS"�SÜ2=5C"p¡Ü2L	S¡ÜA�@CUT&ü�Ý�=->-NlCH?�w��+p�;�	qhr"w];-=0;�Ü2LIÜlS"�4C+r	L�;@p�;5?��
=5C"qU;
=
;²>!?A=0;ÝP;�ÝÆ>5�%ÜlT¡;HL�;	D�Ü4=!Ü � =->PSU; I �8ÝPC"?4> � >ÜlLIÜ2S��SÜ4=PC"p¡Ü2L¢S¡ÜA�@C�Týü
p�;5?A=5C�q�;-=0;Ñ���h�!CþÝ¢D¬Ü2=!Ü � =->PSU;bT¡;0w � ; pU;-?4= >5=ðÜ2L¡Ü2S"�2Chr�=0;Ç?4C I�¹ ?4SU;!Ý
�
LIÜ2L�C¡Ü©?Amo?ÿßP0¨D�Ü4=!Ü � =->!S"C W â � CUT¡;-=²�">Æ��D]>5�PS">±S�;
NlS¡Ü2£�Ü2L�C¡Ü Iy� �J�@LU;
=
;Ü2LIÜlS"�4C+r�N0;n>P�PSU;0N4�IÝ!;-L¡Ü9LU;µD�Ý->"� � ;<N�;5S!rhD_CnÜ�� I�� � � o Gt?4SU;!Ý5L¡Ü2L">O?�� I � � o�K I
� Ü4�lD]>5�!?A=Ý5>5=->���S"C±=lri#�Ü W pIÜk=5S!r"�"ÝP;@DF;Q?SÜ�>(#hw_;0�kD_;-=©DU>Q=!Ü�T��IÜlS�;-=
�+S"C¸5¸�� GëN�;-SU;�D_CÀ£��"T�>%ÝÜ4=!Ü0K I R<S">%Ý5>2D_CUT�>P?A=5=0;ªÝ�=!ÜAN�C±D�Ü4=!Ü � =->!S"C«CUT¡;©D�Ý!Ü� >!T��">PL¡Ü2L"=5C	= I � I C�T¡;PTyÜ<D�Ý!;k=5C"�U;�L">P?4C"=!ÜAw]C�LU;EN�;5S!rhDF; I
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UWVQXZY�[K\<� ã(]õã�á$^0ù ø?g-f�\ c \ Û ³ ëåh [Qg ø a ½}\ ]$a Å>[K\ÂÃ-Y _ \ c g c \ a Å?g'½ c g c \WÃ a?c \(ÈQÅ ] d a?c |Qg c ³
j [K\�|QVl{ c \ h [QV$f�g ¼ V j g>È _$]¡h [ a?¼�j [K\ cQ¼Zj?_ g c \ h k Á%j>cQa?¼Zj�c \8Ã»\Â[4{�½V j g>È¬X ] gZk!g�d j [QV Ç cQah$a k!g>È(½ ] gZk!g�d j [QV Ç g c;h$a>j g c |QVK\¨k



ã ± ê 4®5���4�åä»æ�yWç��6�¯�'è!�¯�Zñ"9��
�°�?9:��/è0�����P��ñ	���6�-9PO
�Q9ROA�S:6�19$TQ9

UWVQXZY([Q\f� ã(]éã�ÂQ^
ù øSg-f�\ c \ ¼ V(kKV0|QVQg _ôhQa kQY h [ a?_?a ½ c V$d a>_ ½g j g-d j?a [

σ = enµe + epµn,
G�¸ I �5�%K

� mVD�Ü4=-> µi
Ün�">lD�ÝPCh�@L">P?A=-=
;kL�;�?AmF>P=Ý!Ü2=5L"C+r§=PC"�QL">P?4C"=!ÜAw]C W s W ì���=!Ü?#"L�C"=!Ü� >PL�qIÜ2L"=5SU;-q�C"C IJã � >OD�Ü4=!Ü � =->!S�;�Ü�?SÜ2�2TyÜlL+=5C�SU;-L@LU;<DUmxw]�4C�=Ü2?4L�C�ÜAw¬ÜlTyÜ2Lh�=5C W =->P��;!Ý!;��A>"Ý->PS�CUTÇN�;�?A=5S�C��+>"Ý�D�Ü4=!Ü � =->PS I[� >5NlC�=5C���D¬Ü4=Ü � =5>PS�CH>!?4C����%�S!r�ÝP;�C+N�TyÜlS¡Ý!;-L¡Ü4=->�LU;;Ü�D_L�;B>5= � >P>PSPD_C"LU;
=5C"=!ÜO�"S�C���SIÜ�T�C"LU;!Ý!;-L¡ÜnL�;�p�;5?��=5C"qU;
=
; IG) Ü4�%ÜAwUC�LU;
=
;	LU;ÿÜ�D_C"Lª>5=ªÜAw¬ÜlTyÜ2L"=5C"=!ÜÞÜ@> � >-wU>Æ�Q� �(q µm Ioã � >D¬Ü4=Ü � =5>PSU;�Ük?�Ü2�2TyÜ2L"=5C�S�;5L)LU;Q�hwU> � ;�D � C W T�>��ÌÜlT¿D_;QC+N(Ý-w�Ü2p¡ÜlTÙC"L��<>!SJ�

T¡;-q�ChrkN�;�D�ÝÜ°>5= � >5>!SPD]C�LU;
=5C"=!Ü�L�;fpU;-?A=5C�qU;
=
; II �PC�p�;�"L�C"=!Ü�SU;0N0TyÜ2S�CELU;=!ÜANlC)�+wU> � ;0D � C)?2;	� qq ��� q%qq µm IVã � >	SU;0N�T¦Ü2S"C"=!Ü�LU;Q�hwU> � ;�D � C"=!Ü�?SÜL�;PT¡;0w�r"=�D]>�� q �¨� qq µm W =->P��;!Ý!;��A>%Ý5>PS�C�TªN�;��"C � ?SÜAw]L"C�D¬Ü2=!Ü � =->PS�C I âä=->CÆL+r � >!CÆ>5=Þ#J;-SU; � =!Ü2S�C�?A=5C � C"=!Ü@LU;�?4C+w]C"q�CIÜ(Ý5C"=!Ü�D�Ü4=!Ü � =->!S"CÇ �� C"S">Pp�Ch�
L�;-=0;�L�;�>P�Ü�D_L¡Ü2L�;-=0;�N2>PLU;

d = 0.309
√
U0rp

N�;
p−Si C d = 0.505

√
U0rnN�;

n− Si W � mVD¬Ü2=-> d[µm], U0[V ], r[Ωcm] I
Ex(0) =

2U0

d

G�¸ I �KàhK



ä1æ�y�4y�Ë�TQ9��!�19�®-�ÂTQ9Q9��°êF�2�¯��ñ"9
�¯®K9!�¯� ã ±l�
�f;-SU; � =!Ü2S�L"C"=!Üº?A=->"�"L">P?A=PCOLU;9�A>PS�L"C"=!Ü`Ý!ÜAw]C"p�C�L"C�?2;n  d = 100 µm, U0 =

200 V, E = 4.106V/m I0¹ SIÜlT¦Ü4=->°N0;°?Am·�!C"SU;-L¡Ü¨LU;ºN�;5S!rhDF;WÜ tc = s/µE ≈
2ns W � mVD¬Ü4=5> µe = 2.104 cm2/(V.s) W ö E = 2.105V/m I

• ? � >!S+>!?A= �(q ì¡*

• ?A=PS"C��+>"Ý!Ü 3− 10 µm

• ρn ∼ 1− 10 kΩcm

• SiO2 100− 200nm

• SU;0Nl?4=->�r�L�CIÜBTyÜA�kDU��?4=5S"C��">%Ý!Ü2=!Ü ∼ 20µm

• L¡Ü4>P��S¡Ü�D¬Ü4w�Ü2L">P?4=EN0;E��S">P?A=5SU;-L�?A=ÝÜ2L">�S�;
NAD�ÜAw"rULIÜ σ = a/
√

12

• >P=5L+>!£�Ü2L�C¡Ü�?2C"�4LU;0w"� £B�"T S/N 15− 25
N�;E�PmoShN�;nÜAw¬Ü � =5S">PL�C � ;

• >P=2w]C"p�L�CÆTyÜS#J;-L�C�p"L�C	?�Ý5>%��?A=ÝP;

• w]C"L¡Ü���L+>!?A=@LU;LÝ
wU>l�nÜ2L�;-=0;�Ü2LIÜlS"�4C+r

X������ Ö�õc`äð��"`~ö¦z]õä`c`Ó^¢÷8z������ä`�zUö�`����

• � Ü4>!S"��;-L�C"p�L�C � S�C�?A=0;
wUC

•  S���;5L"C�p"L�C�=!Ülp"L">P?A=PC

• R�w_;-?A=PT¨;-?4C

• Ø ;0N2>"Ý!Ü



ã ± ã 4®5���4�åä»æ�yWç��6�¯�'è!�¯�Zñ"9��
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���� "!� .� /0%�12+�3"g54�3+g6'�i"g535)0g5-�+7)789%+g
• ¹ mxNl�-�J�kD�:5LIÜ�L;:�T=<-w¬Ü � ��w?>
∼ 3 %

>hN4wUm+p�Ý@:9A
γ � Ý@:5L5A6B Eabs

γ > Eemitted
γ −→ C *»Ð¡0ED , � .-*GF IR<S(>�T¦Ü2S�>ª "s�÷%Ït0 *-,IHI. � ì �@J s�÷%ÏEHLKI0tì	HIÏ ,»÷"Ïtø � ì �	M

���� "!� ½¼ NO-�+�'*)7PQ+�'*R
Sµw�:9T,A@UV:9T,<%ÝW>�A!ÜXT,Y(>�Z�AW>5[?:9A9<@\(>]TSÜ�Z(:WT,> � :�A M

Nγ ∼ E

N = N0
dE/dx

1 + kBdE/dx

^ p M �"2@_
�5`ba Ü,A9< kB

Ü � <	Z�TcA�:9Z�A�:�A�:dZ;: N >(\ � ^ ¶`0t. r Ô � ì�*»0 ,eHgf ö . ö � � , � .h_ Jyö N0
T�:

�@\�<%�	�&<WA9<	Z�>Æ�(\�>�Z(>(T � :��i[ ` A@Z5<	TcAjZ;:k<WA a Üc[¬Ü�Z;:�A�:LÜ�Z¡Ü�\��,>il M

• SO\(>(UyÜm\k cn�:°�(\5<@A9<@Z�T¦ÜmZIÜ�\��,>5l ��q%qpo.q � osr@>;UV:WUyÜ dE/dx ≈ 10MeV/(g/cm2)>
kB ≈ 5mg/(cm2MeV )

• * ö ,»ø�. ö ,/0 ÷"ì �ctF� � , ∼ 5%

• Ø :uUV:�[ � >�Ô_Õ¨Ö
ÔJ×
N = N0dE/dx

^ p M �%�	_

• Ø :k�c<W[�ÜmUV>	Ô]ÕÈÖ0Ôh×vZ;:9T�> � :9Z¡Ü�Z;:9T,A ` �¡Ý	:���\(>

N =
N0

kB

^ p M �!¸@_



ä1æ�wyxcw�Ë�TQ9��	z19�®-�ÂTQ9@{|���Q9~}(��z��'è@z�{Zñ"9 ã ± á

UWVQX�Y�[K\O� ã(]éã ± ^
������� Ö�õ��äð����~ö¦z]õ���x_ðcð��������������¡x?���

¸ Y(>�Z�AW>5[?:WY�>�<@Z(Z�>5l�A a Ü,A!Ü���A9<	\k>;UV:9A a ÝÜ0���5Z(�(Y�>(>V W��<@Z�Ý!Ü�\�AW>(\(:O��\¡Ü a >in,�ÝW>(�i:9Z�<WA9<]<WA��5<	Z�>5nm>(\(:WZ(:9A7:]�;:9T,AW>�Y;:ªÝ ` n��W�L� a :9Z¡Ü�Z;:���\�<9nm\;:���Z(>5l�UV:7�A!Ü�\(>(:�[ Ý�T�Ý!Ü�A�[?>�Z;:�>�>5n(Ý!Ü,� a :�A7:�nm>�T�Ý!Ü,Am[;>(Z;:�� ` U��&<WA9<	�i:�A9< a : M ÞÿÜ*�
#L:9Z(>5n�U ` A]Z;:]T,Y�>(Z�AW>i[�:9Y(>5l�TSÜ�\;:7n�[;>(�(:Ý@:6n�:�ZIÜ�<@\(�
:WZ�>(��Z(>��(\�>(TcA�:7[?Z�>T,Y�>(Z�AW>i[�:�AW<@\(>�>�<@\(�
:WZ�>(�(Z�> T,Y(>�Z�AW>5[?:9A9<@\(> J ��<@>�A9<¡T `�� Ü�T,AÝ��IÝ	:�A���< a�O<	\(UV:9A7:�Z(:¢�(\�>(TcA�:7[?> J A!Ü��(Z5<	TcAW>£>d�5<W[;>;UyÜ�\(Z(>dAÝ ` \ a >�A!Üc[�: M � Ü,<@\(�*:��Z�>(��Z(>�A!ÜjT,Y(>�Z�AW>5[?:9A9<@\(>g��\¡Ü a TcA�:!Ý�[(l�Ý	:�A6�(\(>�TcA�:7[?> J ��<@>�A9<6T�:�[¬Ü��,>(\;:9Z(>T~:W�5AW>�Ý@:WY�>�<@Z(Z(>�Y¡Ü�Z�AW\5<"Ý!Ü M5¤ <	Z�>5nm>(\(: � >�A!Üs�(:WTcAW>(Y�>¥<@�@\;:7n,�IÝ	:�AXT�ÝW<W�W< a �Z�>wÜc[�Üm�5AW\�<@Z(> J T�ÝW<W�W< a Z�> a �5�(��>£> Üm�LT,>5AW<@Z(> ^ a Ý9<%�(�i:�Üc[¬Ü���AW\�<@Zi� a �5���i:�_ M¦GÜcn�>nÝ ` n��9� a Ü�Z�>kT ` TcAW<ml;Z�>5lkT�Ü§\(:�nm�(\5<	TcAW\;:9Z5l�Ý@:9AAÝp�(\�>(TcA�:7[?Z(:9A7:�\¡Ü�¨�Ü�A7��i: a <@�i:�AW<©Z¡ÜªT,\¡Ü � Z;:�A]:9��AW>¡Ý	:9Y(>5<	ZIÜmZ£Y¡Ü�Z�A ` \�Î M ¦�<%�£��\¡ÜmUQ>(Z(:Ý@:�Ý ` Ý
Ý ` n��W� a Ü�Z�<pT ` TcA9<�l(Z(>IÜ A∗ J ��<%Ü,A9<«TSÜôÝW\ `�� :8Ý&<	T,Z�<%ÝWZ�<XT ` TcA9<�l;Z�>¡Ü¿Î ��\¡Ücn
>inm�5�	T��i:9Z¡Ü�Z;:]�¡Ý	:9Z�A�T�ÝÜ,A�[?>(Z(: M�¬ \IÜ�UyÜ,A9<©n�:]>5nmT�ÝÜ,AÝ@:WZIÜ¢Z;:]T,Y�>(Z�AW>i[�:��
A9<@\;:�TSÜ�<	��\¡Ü a Üc[(l�<@AíÝ@\IÜmU¦Ü,A9<¡Z(:��ª>�Ý9<WA¡Z;:ZIÜ�T,A7:9�@>5[;Z�<WA9< Ý ` n��9� a Ü*�Z5<6T ` TcA9<�l(Z(>IÜ A∗ J ��<Ü�A9<vn�:ÝW>(T,>®<WA6A!ÜmUQ�¡Ü�\;:�A��5\;:�A�:���<6T*[¬Ü a Z�>5l�Z;:m�(>(Z¯ exp(−E1/(kT ))

J � `ba Ü,A9< E1
Ü·Ü�Z¡Ü�\(�,>5l�A�:dZ;:wÝ ` n��9� a Ü�Z5<@A9<�T ` T,A9<�l(Z(>IÜ

A∗
M S�< a T�ÝÜ,Am[;>(ZIÜmZ a <@�@>�Ý°TSÜ&\(:�n��@>(\(:k��<W[;>(�IÜmTcAÝ9<@A9<¥�O<@A9<@Z(> J <WAWZ¡Ü�TSÜ�Z�<� ` UðÜ a >�Z(>(Y(:�Ü�Z¡Ü�\(�,>5l J ��<�l�A9<ª�*�i�	>·��<@Z(>inm>(\;: � :9A7:u�;:9T,AW>�Y;: M
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U�V$X�Y�[K\&� ã(]õã º ^9¶ gI·�\ c V(Ã Á f c \ ¼G¸ V c$j V(k\ ¸ Vm¹ h [QV c g a [QXl\ c V Ç c VAd$[QV ¼�j \/k!V



ä1æ�wyxcw�Ë�TQ9��	z19 ³ �ÂTQ9@{|���Q9~}(��z��'è@z�{Zñ"9 ã ±?±

 �@\;:�AWZ�<sZ(:~Z¡Ü,<@\(�
:WZ�>(�(Z�>�A!Üº��\(>�T,A7:�[;Z(>«T,Y(>�Z�AW>5[?:9A9<@\(> J <@\(�
:WZ�>(��Z(>�A!ÜT,Y�>(Z�AW>i[�:�AW<@\(>>;UV:9Ad��\;:�AW�(> Ý@\IÜ�UyÜ�Z;:]Z(:]>5nmT�ÝÜ,AÝ@:WZIÜ�<WAd��<@\	l a;` �i:©Z;:Zil;��<9[?��<pZ;:9Z�<@TSÜm�i�5Z a > Mi» ÜS#L:9Z(>5n�U ` A&Z(:&T,Y(>�Z�AW>5[?:WY�>5lªA��5�¥Z¡ÜeÜ§T�Ý ` \in�:WZT·Ü��8Ü���AW>¼Z;:��(\�>(TcA�:7[?Z(:9A7:g\¡Ü�¨ÌÜ,AW�i: J :£TSÜ�<	T,Z5<"Ý@:Ý@:�Z(:�Ý ` n��W�L� a :WZ�>5lZ(:ªUQ<9[¬Ü��i�7[(l(\(Z5<�Z�>�Ý9<ÞÝª<@T,Z�<%Ý@Z�>5l��O[��	<@\¡Ü�T,Y(>�\;: � U�:�A!Ü�\(>;:7[ J ��<Ü�A9<jTSÜ
T,ZIÜ�UV:k��\¡Ücn«>in��i��T,�i:9Z¡ÜpZ;:u�*:WUV:k��Ý@:9Z�AW>ªÝk��[;AW\;:!Ý@>5<W[�Ü,AW<%Ý@:9A7:ª<W�W[?:WTcA M

¦ ` ���i:9A9< a;` [(�ª>�Z;:�A�:�n�:©��<@�h[ `�� :9Z¡ÜjZ(:6½ ¬ �&�¡Ý	:9Z�AW>�A!ÜÿÝ©��<%ÝÜ��¡Ü*�
A9<��(\5<Wnm\(:��(Z�>�UV:�AÜ�\�>;:7[?>×Ü]UQZ�<@�,<�UV:7[?�i: ^ <WA���<@\	l a;` �i:gZ;:gZil;��<9[?��<UQ>i[?>;UyÜ,AW\(>]_ J T�Ý!Ü�A�[?>�Z(Z(>il(AªT,>���Z(:�[�U=<��ÌÜ a :°� `ba Üp\¡Ü��,>(TcAW\(>(\(:WZv�9[�:9�c<9�
a :W\IÜ�Z(>¡Ü�Z(:]AW<%Ý@: J �¡Ü·ÝdT,Y(>�Z�AW>5[?:WY�>�<@Z(Z(>il¼UV:�AÜ�\�>;:7[¡TSÜ a <W�	:Ý�l(A���\(>i�UyÜ�T,> J ��<@>�A9<��(\IÜ�Ý@\ `�� :�Ag½ ¬ �k��Ý@:WZ5AW>�A!ÜwÝ���Ý@:WZ5A@>×Ý@> a >(U�:gT�Ý!Ü,Am[?>�Z;:^¿¾ ö K@À(ÏEÀ�ì�Á%Ð",�*»Ð�0ÂD ,2À�.X>5[;>g�(\IÜ,<@�@\;:7n,�IÝ	:�A!Ü,[�Z;: a;` [(�ª>�Z;:�A�:]Z(:ªÝ ` [?Z;:�A�:	_ M¦Ã<Wnm>�ÝWA9<@\(>��O[(�@<@\¡Ü�T,Y(>(\(: � UV:9A!Ü�\(>(:�[]TSÜX��< a �	>�\;:ª��<ªA�:9� ` ÝjZ;:m�(>(Z J �IÜZIÜ��,<%ÝW>5l�AkT,�¡Ü��5A ` \�Z;:°�5<	�|[ `�� :WZIÜ�T ` <WAÝÜ,AWTcA%Ý@:°Z(:°T,�¡Ü��5A ` \(:°Z(:°>5nmT�Ý!Ü�A7�
Ý@:9Z¡ÜÄZ;:&<@T,Z�<%Ý@Z�>5l¥T,Y�>(Z�AW>i[�:�AW<@\ J : a?` [��ª>(Z(:9A7:«Z(:8Ý ` [?Z(:9A7:pZ;:pZIÜ��,<%Ý9<@A9<Tc<W�	TcAÝ!ÜmZ5<v>5n,[ ` �¡Ý	:9Z¡Ü°TSÜuT ` �h[?:WT*�IÝ@: a <@�@\¡ÜuT ` TÅT,�¡Ü���AW\(:�[;Z;:�A�:v�5�IÝWTcA%ÝW>i�A!Üc[?Z5<	TcAªZ(:u�&<WAW<@�i:�AW< a : M

) ÝÜ,A!Ü�:W�5A@>¡Ý@Z�>¼��<�UQ��<@Z¡Ü�Z5A@>T�Ü6\(:�n�AÝ	:9\	l�Ag>5[;> Ý�<@\(�
:WZ�>(��Z;:�A!Ü��(Z5<	TcA
>i[?>�TSÜ6T�UyÜmT�Ý@:9A�T6U=<	Z5<�UyÜ�\(> J <W�@\;:7n��IÝ@:!�(�(>���<9[?>(U¦Ü�\ M S�<9[?>(U¦Ü�\�>5n�:WY�>i�
l�A�:©UQ<m�nÜ a :�<W�Ü,nm�IÜm��>��ÌÜc[�:9Z;:�A�:]�&<@\;UV:]Z(:]UV:9A!Ü�\(>(:�[?: M � :���&�IÜ�T,A9<
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UWVQXZY�[K\&� ã�]õã Í ^�Æá_?a?b$¼�j?_ \ c \ c ¹$d a V c g a [QXl\ c V Ç c V8dQ[QV ¼Zj \¨k!V



ä1æ�wyxcw�Ë�TQ9��	z19 ³ �ÂTQ9@{|���Q9~}(��z��'è@z�{Zñ"9 ã ±?Í

UWVQX�Y�[K\O� ã(]éã Ù ^9¶ gI·�\ c V$Ã Á f c \ ¼G¸ V c$j V(k\ ¸ V�¹ h [$V a [$Xl\ c V Ç c V8dQ[$V ¼�j \¨kKV

UWVQXZY([Q\&� ã(]éã Ú ^7Ç ¹$d a V a?¼-cQa>_?c V a [QXl\ c V Ç c V ¼G¸ V c$j V(k\ j>a [QV



ã ±>Ù ²,³ ��´4�åä»æ�wWçs�µzh�'è	zh{Zñ"9��
�0´?9:�{/è7{*���@��ñ	�|�µz-9PO
�Q9ROA�S:µz19$TQ9

U�V$X�Y�[K\&� ã(]ÉÈ>ê$^9Æá_?a?b$¼�j?_ \ c \ c ¹$d a V a [$Xl\ c V Ç c V ¼G¸ V c$j V(k\ j>a [QV



ä1æ�wyxcw�Ë�TQ9��	z19 ³ �ÂTQ9@{|���Q9~}(��z��'è@z�{Zñ"9 ã ±>Ú

UWVQX�Y�[K\O� ã(]ÊÈ � ^KÆ [Qg a Å?[K\ÂÃ�Y _ \ j glk c \î½ Á k7ËôV c \ j \ c \ _ÂÁ k c \ j \
�i�W<WA@\IÜ,��l¬Ý@:9Z;:�A�:X�&<@\;UV:;Üs�5[?:WTcAW>(Z(:XT~<@�@>(�(:��Z(>j\;:7n�U¦Ü�\�> ¯Wa Ü,�Üc[?>(Z(: q M 2�uÌ q �R� >Í�5[(< � 2x2m2 M§¬ :��¥Z(> #i:9\;:9��A!Ü�\(>�T,AW>��(> Z(:gT�Y�>(Z5A@>i[�:�A9<	\(:
TSÜÅl¬Ý�l¬Ý@:�AvT�ÝÜ,Am[;>(Z�Z(>5l�A a <W�@>�Ýv>�#i:9\;:9��A!Ü�\(Z(:9A7: a;` [(�ª>�Z;:vZ;:¢T�:WU=<	�5<	�
�[ `�� :9Z¡Ü M Ø :��5[?:WTcA@UV:WTc<%Ý@>ÍT,Y(>(Z5AW>5[�:�A9<	\�> Ý��i:m�¡Ü�TcA%Ý9<WAW<�Z;:�T�Ý ` \in(Ý	: �
Üc[�Ü�UyÜ�Z�A�TSÜj>5nm��<9[(n(Ý@:9A���<9[?>(U¦Ü�\�>£<@A]:W\5<�UV:�AWZ(>�T ` Ü a >(ZIÜ�Z(>5l ^ �5<W[;>(TcA!Üc�
\5<W[ J ��<9[?>¡Ý@>�Z(>i[;A��7[(�@<9[]T�:kZ(:���Î�IÜmTcA9<¥>in��5<W[�n(Ý	:9Z(>5AÜ7_ M Ss[�:9TcA	UV:9Tc<"ÝW>�A!Ü
T,Y�>(Z�AW>i[�:�AW<@\(>�TSÜp>in��5<W[�n(Ý	:�A¥�¡Ü�TcA9<�Ýu�c<9[¬ÜmUQ>�A!Ü��i:7[;<@\(>(U¦Ü,AW\(>·Ý ` Ýu�&<@\i�UV:�A�:¥Z;:¥A ` Z(��> ^ UVUÎ_0> a?` [;��> ^ UÎ_0��\ ` �(��> MÐÏuÑ ½ Ü«T�Ý ` \in7:9Z�� ` U ÝWThl(�i:
��\ ` �(�i: Mb¬ AW<9nm>]T*[(�5�(:��Ü�Ý@:7�ªZ�<�T�Ý!Ü,Am[;>(Z(Z�>5l�A a <@�@>�Ý a :RÜ}Ü a Z;:9� ` Ýj��<Yil�[?:9A7: a;` [(�ª>�Z;: M  AWT*[�:��%Ý	:9Z¡Ü,A9<£Z(:�T�Ý!Ü,Am[?>�Z(Z�>5lT�>��,Z;:7[ Ý�T*[¬Ü a T�Ý9A@>IÜZ(:+Ü��8Ü���A7:gZ;:gT�:@U=<@��<@�h[ `�� :9Z¡Ü�TSÜ]Z;:��9[?Ò a :!Ý	:gZ(:���ÝÜ��IÜ�Ý£<W�W[?:WTcA9A�:
Z(:�� ` Tc<"Ý ` [?Z5<"ÝW>5l¡�5�(:WTcA ` �ÍZ;:�T,�¡Ü���A ` \;:�Z(:�>in,[ ` ��Ý@:WZIÜ M ¸ Y�>(Z(>i[�:9Y(>L�<@Z(Z�>�A!Ü a Ü,A!Ü���A9<@\(>£\(:9�W<WAml�A·Ýv\¡Üc�ª>;U a :�Ó7Z¡Ü ^ AW\(>(�SÜ�\(>?_�>i[?>�Tc[��L�k:9A¢n�:>in�U¦Ü�\¡Ý	:9Z¡Ü�Z(:óÜ�ZIÜm\��,>5l�A�:dZ;:®�(\IÜ�UQ>�Z;:7[�:�A�:��(:WTcAW>(Y(: M N \�<�l�A��&<WA9<	Z�>íÜ
��\�<@��<@\(Y�>�<@Z;:7[¬Ü�Z¢Z;:;Ü�Z¡Ü�\���>il(A7:XZ;:X�(\IÜ�UQ>�Z;:7[�:�A�:«�;:9T,AW>�Y;:«>MÜ�\;:!Ý!ÜmZjZ;: ¯

Nγ =
dE

dx
dY ,

^ � M Ìp	_
� `ba Ü,A9< Y Ü a <@�@>�Ý ` AuZ;:°�&<WAW<@Z(> M MIP a :!Ý	: ∼ 1000γ

Ý
500µm,

J Z�<uA!Ü
ZIÜ a <	TcAW>(�
:9A ÏuÑ ½ M ) ` [(�ª>�Z;:�A�:uZ(:«n�:9AW>P#¡Ý	:9Z¡ÜpZ;:nÝ�[�:9�(Z5<@A9<LÜ ∼ 3m

M Ø :



ã º ê ²,³ ��´4�åä»æ�wWçs�µzh�'è	zh{Zñ"9��
�0´?9:�{/è7{*���@��ñ	�|�µz-9PO
�Q9ROA�S:µz19$TQ9

UWVQXZY([Q\&� ã(]ÊÈSã(^�Æá_ g j>a?_?a ½ cQa¿_ k\>d cQa
T ` �@>(\(:WZIÜ�Z;:uT�Ý!Ü,Am[?>�Z;:�A�:¥� ` U��&<WAW<@�i:�AW< a :ªT�Üp>5nm��<9[(n(Ý@:9AuT�Ý!Ü,A9<"Ý9< a > M

¸ >(Zil(A7:�T�Ý!Ü,Am[;>(Z;:&T�Ü§\(:�nm�(\5<	TcAW\;:9Z5l�Ý@:AÝp�i[�:9T,A@UV:9T,<%ÝW>�A!ÜÔT,Y(>�Z�AW>5[?:9A9<��\�>¢n7:°TmUyÜ,AW�i:uZ;:uUQZ5<	�c<@�(\;:�AWZ�<j� ` [;Z�<�Ý ` A@\IÜ�¨°Z5<¥<@AW\;:7�ÌÜ�Z(>¡Üp<@Aª�5<"Ý ` \i�
#�Z5<	TcAW>�A!Ü M

S�\(>�� ` [;Z�<RÝ ` AW\¡Ü�¨ÅZ�<¥<WAW\;:7�nÜ�Z�>¡Ü

sinΘ ≥ next

n
,

^ � M Ì � _
�i:�A9<&n�:�Ý ` n a ��# next = 1

M Ø :���<9[?>�T,A!Ü�\�<9[ª��<Ü��p>(Y�>¡Ü�Z�A ` A�Z(:O��\¡Ü��5�5�¡Ý	:9Z¡ÜìuÕ×Ö M 2!p5Ö J A M Ü M � ÜØTSÜº<@AW\(:�n,l�Ý	:�A�Ý@T,>��(�(>X[ ` ��>Å\(:�nm��\�<@T,AW\(:WZil¬Ý@: � >ÅT�ÜØ��< a
` �|[?> a < pm390 <WAWZ�<@T�Z5<jZ�<@\;UV:�[?:9A7: M

 �@>(��Z�<%ÝÜ�Z5<®�(\(:Ý9< ` � ` [;Z(>g�5<"Ý ` \%#�Z�<@TcAWAW>�Z;:�T�Y�>(Z5A@>i[�:�A9<	\(:dTjZ;:9�i�\IÜ��(Z�<TSÜm�IÜ�Z(>¡Ü�Ù TSÜ�T�Ý ` \5n(Ý@:9A�T���<%Ý ` \%#�Z5<	TcA9A�:Z(:��i:�A9< a :T��5[(< � T



ä1æ�wyxcw�Ë�TQ9��	z19 ³ �ÂTQ9@{|���Q9~}(��z��'è@z�{Zñ"9 ã º��

UWVQXZY([Q\&� ã(]ÊÈ*È$^�Æá_ g j>a?_?a ½ cQa¿_ k\>d cQa

UWVQXZY�[K\&� ã�]ÉÈ ± ^KÆyÁ k cQae_>Áj [QgeÚ cQa´a>j [K\hË�g c V$g



ã º ã ²,³ ��´4�åä»æ�wWçs�µzh�'è	zh{Zñ"9��
�0´?9:�{/è7{*���@��ñ	�|�µz-9PO
�Q9ROA�S:µz19$TQ9

UWVQXZY([Q\&� ã(]ÊÈ ± ^�Æá_>Á [$Ã _ \ c g c \ ¼�¸ V c$j V(k!\ j?a [Q\ôV;UÜÛ;Ý Ç [QgZÃ ¼�_ g j>a?_?a ½ c V _ k\>d c \

UWVQXZY([Q\&� ã(]ÊÈ º ^�Æá_>Á [$Ã _ \ c g c \ ¼�¸ V c$j V(k!\ j?a [Q\ôV;UÜÛ;Ý Ç [QgZÃ ¼�_ g j>a?_?a ½ c V _ k\>d c \
�5<�U=< � A7:dDOZ(:�>5n(ÝW>�AW>�T�Ý!Ü�A9<%ÝW< a > M ¦ M � M \;: a >i��T�:�Z;:d�(\(>¡Ý@>�Z(>5AÜ�Ü a <	T
�A7:]��<��&�c<9[(l;UÞ<WA a Ü,�%Üc[?>�Z;:�A�:]>(U J T�ÝÜ,Am[;>(Z(:9A7:]�;: a :©Z(:©��<%Ý ` \%#�Z5<	TcA9A�:�5< a®` �|[?>�<@AWZ5<	T,Z�<�Z�<@\;UV:7[�:�A�:ª��<¥�Ü�c<9[¬ÜmUQ>6<WAW��<W[;��<@A9< ` � ` [ ` AªZ(:¥� ` [��Z5<ÞÝ ` AW\¡Ü�¨°Z5<ª<@AW\;:7�ÌÜ�Z(>¡Ü M Ø :¥�5[¬Ü��LT,>(�|[�:9TpA9<Wnm> ` � ` [�Ü 420 J :Rì]Õ Ö M à � M
¸ Ý!Ü�A�[?>�Z;:�A�: J a <	TcAW>(�
: � :u�&<WA9<	�i:�A9< a :�Ü��5<k�ºU�:7[?��<¥<WAuD�ÓWÙ M

¬ \IÜ�UyÜ�Ý9<@A9<�\;:7n�\IÜ�¨ÌÜ�Z(>IÜ«Z;:ªT,Y(>(Z5AW>5[�:9Y(>5<	ZIÜ�Z a Ü,A!Üm�5A9<	\®TSÜX<@�(\¡Ü a Ü,[�l©<WA
ÝW\¡ÜmUyÜ�ÝW<WA9< ^ \;:7n�#¡Ý ` \5[�l;ZIÜ7_&Z;:��(\�<W�Üm�
:6Z(:�Üc[¬Ü��5A@\5<	Z�>�A!Ü�Ý ÏuÑ ½ >g\(:�nc�
[;>(��Z(>�A!ÜØ� ` A@> � :§Z;:§\;:7n���\�<@TcA@\(:WZIÜ�Z(>¡ÜÎZ;:§T�ÝÜ,Am[;>(Z(:9A7:ôÝÄT,Y�>(Z�AW>i[�:�AW<@\ ` A M¬ A9<@\(>5l�A���:9��A9<	\�Ü¥<@�(\IÜ a Üc[(l � �(\(>£T�Y�>(Z5A@>i[�:�A9<	\�>�Tj�c<9[¬ÜmUQ>�\(:�n�UyÜ�\(>
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^ ã � _ M Ø : a;` [?�,>¡T,Y(>(Z5AW>5[�:9Y(>5<	Z�Z(> a Ü,A!Ü���A9<	\�>¼Z;:!��� a <W�	\5<@A9<òÝW\¡Ü*�UyÜ�Ý9<�\;:7nm\(¨�ÜmZ�>¡ÜªÜ©<WA���<@\	l a;` �i:£Z;: ã qq f�* MÎä [(A!Üm\�Z;:�AW>�Ý!ÜmZ�UyÜ�A9< a n�:
T ` �@>(\(:WZIÜ£Z(:�T�ÝÜ,A�[?>(Z(:9A7:ðÜ ¯ T,>(Zil(A7:�T�Ý!Ü�A�[?>�Z;:�<WA���\¡Ü,<@�@\;:7n,�IÝ	:�A!Üc[ÞZ;:
a;` [(�ª>�Z;:�A�:�Z;:óÝ ` [;Z;:�A�:®>5n,[;>5n�:®>��5<	�(: a :�Z(:d�i[�:9TcA@>�Z(�i:d�5[�Üm�LT,>��h[�:9T J:9��AW>¡Ý@>�\;:9Z£�(\IÜ,<@�@\;:7n,�IÝ	:�A!Ü,[ M ¦�<9nm>d�O[(�@<@\¡Ü�T,Y(>(\(: � UV:�A!Üm\�>;:7[���<@�h[ `�� :T,>�Z5l�A�:XT�ÝÜ,Am[;>(Z(:«>j>5nm�i��T,�i:p>inm<WAW\�<@�(Z5<Ån�Üc[¬Ü�Z;:�T�Ý!Ü,Am[?>�Z;:�T a;` [(�ª>�Z;:XZ;:
Ý ` [?Z(:9A7:kZ;:9�(\�>;UyÜ�\�à�p q ì � M � l(�i:9��Ý@:Å�(:WTcA ^ Ö q �~ÖQ2X�(\�<@Y¡Ü�Z5A�:	_Ø<WAkn�Üc[¬Ü*�Z(:9A7:pT�ÝÜ,A�[?>(Z(:&�9[�:9�,< a :9\¡Ü�Z(>IÜ~Z(:p� ` [;Z�<WAW<;Ý ` AW\¡Ü�¨°Z5<�<WA@\(:��ÌÜ�Z(>IÜÔ<@T,A7:Ý@:
Ý¥�i[�:9TcA@>�Z;:�A�:ª> a <@T,AW>��*: a <ª�O<@A9<@�i:9A9< a : M

¸ Y(>�Z�AW>5[?:WY�>�<@Z(Z(>5A!Ü a Ü,A!Ü���A9<@\(>6T�Üå#L:W\(:W�5AÜ�\�>5nm>(\(:9AjT ` T&T�Ý9<�l�A�:°� ` \i�nm>�Z;: J ��<Ü,AW<©�,>£�(\(:ÝW>£Z(: a Üc� a Z�>£n7:�>5nm�5<W[�n$Ý@:9Z¡Üª�i:�AW<�AW\(>(�SÜ�\(> M � Ü,<@\i��
:WZ�>(��Z(>�A!Ü©T�Y�>(Z5A@>i[�:�A9<	\�>åT�:dT��c<9[(l;U :�A9<�UyÜ�Z¡Z�<	UyÜ�\���<%Ü,A9<g�,>���\;:!Ý@>
�5< a #	< a l � >un7:&n�:9\¡Ü a Ü�Z�>¥�;:9T,AW>�Y(>�>ª�
:@UV:�����Ý@:9Z�AW> M  \��*:9Z(>(��Z(>5AÜ�T,Y�>(Zi�AW>i[�:�AW<@\(>�T�ÜÔ>5nm��<9[(n(Ý@:9AXn�:XUyÜm\IÜ�Z¡ÜsZ(:}Ü�ZIÜm\��,>5l�A�:XZ;:X�;:9TcAW>(Y(>5A!Ü J ��<@\;: a >UV:7[?��>5l�T,>£:�A9<�UyÜ�Z�Z5<�UyÜ�\dT�:¢Z¡Ü���< a #�< a l � >®n�:¢\¡Ü��,>(TcAW\;:9Y(>5l�Z(:��
:@UV:j��¡Ý	:9Z�AW> M

�����æ�5ç è����=��é��¯xëê�ìW�{xg��íWî=ïbð�ê�z�é��

� Üm�i:¢<9nmZ;:���>;U×T,��<	\5<	TcA9A�:�Z;:�T�ÝÜ,Am[;>(Z(:9A7:�n�: a : a Ü�Z;:�T,\¡Ü a :vTª>(Z a Ü��LT nT ` T
cm ≡ cmedium

M�ñ :W�5A9<�nmZ;:KÜmU
cm = c

n

J :ª�	T*[;<%Ý@>IÜ�A9<jn7:jT `�� Ü�TcAÝ9�IÝ@:WZIÜ«Z;:òåÜm\IÜ�Z(��<%Ý@T,��<k[ ` �IÜ�Z(>¡Ü8Ü v > cm
J ��<Ü,AW<ÞÝ9< a > a <

θmax = arccos
1

βγ
⇒

cos θc =
1

βn

^ Ö q M à q _
ó&T�Z5<�Ü J �¡Ü |cosθc| ≤ 1

M�ä ��<®<WnmZ(:��(>(U
γtr = (1 − 1

n2 )
− 1

2
J �(\�>

β → 1
J

θmax
c = arccos 1

n
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U�V$X�Y�[K\&� ã(]ÉÈ Í ^�ô Å?[K\¨Ã-Y _ \ c g c \ _>Á k c$a?_ V�õ=[ a?c$j

dN

dx
= 2παz2

∫

βn>1

(1− 1

n2β2
)
dλ

λ2
= 2παz2λ2 − λ1

λ1λ2
sin2 θc

^ Ö q M à(Ö7_

dN

dx
= 490z2 sin2 θc [cm−1], 400 ≤ λ ≤ 700 mm

�����æ�ë� è����=��é��¯xëê�ìW���åö���xi÷�ð��
òåÜm\IÜ�Z(��<%Ý@T,��<�T�ÝÜ,A!Ü�Z¡Ü6TSÜ��5<W[��5�;:!Ý	:���<	�
:9A9<dn�:W\IÜ a Ü�Z;:d�;:9T,AW>�Y;:�TSÜ a ÝW>i��¥>�Ý�T,\IÜ a :vT ` TkT���<@\�<@TcA J �5<��åÝ@>�T,<@�i:¢<@A�T,��<	\5<	TcA9A�:�Z;:�T�ÝÜ,A�[?>(Z(:9A7:�n�:
a : a Ü�Z;:�A�:dT�\IÜ a : M�ñ [�:9T,>(�¡Ü�T,�i:�A�:©A!Ü,<	\�>5lZ;:�Ü��8Ü���A7:d�c<�T�Ý ` \in(Ý	:©T�:9T,>i�UyÜ,AW\(>��(Z;:�A�:6��<9[(l(\(>in7:9Y(>il�Z;:¢T,\¡Ü a :�A�:¢<WAW�(\¡Ü a >�<WA�n7: a Z(: a ÝW>5�ÌÜ � :�A�:TSÜk�;:9T,AW>�Y;: J ��<%Ü,A9<�ÝW< a > a <���\�<	U¦Ü�Zi[?>�Ý·Ý ` Ý�ÝW\¡ÜmUyÜ�A9< a >(��<9[¬Ü�Z�U=<�UyÜ�Z�A Mñ :W�5AW<°>jn�:«:9�5�	T,AW>��(Z;:X� a :9\(Z(:ÌÝ ` [?Z(: J �5<kZ(:W��\;:!Ý9[�ÜmZ�>¡ÜOZ;: a ÝW>5�ÌÜ�Z(>IÜ,AW<TSÜ&<@�@\;:7n,�IÝ	:�Ý ` [?Z5<"ÝW>��p\5<	Z5A M

ä ��<�(\�>¡ÜmUyÜ�U J �¡Ü���<Z;:9�(\;:!Ý�[¬Ü�Z(>IÜ£Z(: a ÝW>5�ÌÜ�Z(>IÜ,AW<�Z;:��(:WTcAW>(Y(:9A7:TSÜ
\(:�nm��\�<@T,AW\(:WZil¬Ý@:9ARÜc[¬ÜmUyÜ�Z�A7:W\�Z(>�Ý ` [?Z�> J n�:�Ý@\IÜmU¦Ü�ÝW>�>(Z�A!Ü�\�Ý@:7[�,�Ý ` [?Z(:7�A7:�>]�(:WTcAW>(Y(:9A7:�>5n�UQ>(Z(:Ý@:�A¢T ` <WAÝÜ,AWZ�<�\;:7nmT,A9<�l(Z(>ilª, � ÓQì]> tβc M  A9A��5�
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UWVQXZY([Q\O� ã�]ÉÈ Ù ^�ú g-[Qg c d a?_?¼ d a>j>aÄ¼-_ g j g c g¾g _ d a?c Y ¼
�5<W[��5�;:!Ý	:WUyÜ ¯

cosΘc = (ct/n)(βct) = 1/(βn),
^ Ö@Ö M à ã _

� `ba Ü,A9< Θc
Ü ` � ` [ ` AuU¦Üc� a ��Z;:9�(\(:Ý�[¬Ü�Z�>¡Ü,A9< J Ý¥��<Ü,AW<ªTSÜp>5n,[ ` ��Ý@:kT�Ý!Ü�A7�[;>(Z(:9A7:�>]Z(:W��\;:!Ý9[�ÜmZ�>¡Ü,A9<¢Z(: a Ý@>i�nÜ�Z�>¡Ü,A9<vZ;:ª�;:9TcA@>�Y;:�A�: Müû n,[ ` �¡Ý	:9Z¡Ü,A9<Z(:uT�ÝÜ,Am[;>(Z(:9A7:�Ü;Ýu��<	Zi��T M

S�\(>ªA�:9��<"Ý@:X\;:7n��|[¬Üc� a :WZIÜ J �IÜ�\¡Ü�Z(��<%Ý@T,��<«>in�[ ` ��Ý@:WZIÜsTSÜsZ;:��W[;Ò a :Ý@:XT�:@U=<:9��<wÜ�>inm� ` [?ZIÜ�Z�< β > 1/n
>íÜ6��< a�` � ` [ Θc

T,��\	l?U=<�Z;:9�(\(:Ý�[¬Ü�Z(>IÜ,AW<
Z(: a ÝW>5�ÌÜ�Z(>¡Ü,A9< M�» >�Z(>;UV:7[?Z(:9A7:�T,��<	\5<	TcA

vs = βsc = c/n
TSÜdZ(:W\�>(�;:

��\(>5A@>��(Z(:¼T,��<@\�<@TcA J : ` � ` [ ` A Θc
�¢òåÜm\IÜ�Z(��<%Ý@T,�(> ` � ` [ M~ñ \(>5A@>��(Z(:9A7:T,��<@\�<@TcAXT ` <WAÝÜ,AWTcA%Ý@:pZ(:��(\(>5AW>(�(Z(:XT,A9<%�(Z5<	TcAXZ(:A��<	\IÜ�Z(Y°����:9��A9<@\ ` A«Z;:�(:WTcAW>(Y(:9A7: ¯

γtr =
n√
n2 − 1

^ ÖWÖ M à	Ì�_
ä ��<¢\;:7n��|[¬Üc� a :@UyÜÅ\;: a >(:9A9<@\�TÅ�(\(:��Z;: a;` [(�ª>�Z;:�ý J UQ<m�nÜmU a :ÞÝ@> a >;U J�IÜ§>5n,[ ` ��Ý@:9Z¡Ü,A9<pZIÜ0T�Ü§>in��i��T,�i:sT�:@U=<O��< aª` � ` [ Θc

J Z�<&T0Z5l(�i:W�¡ÝW<&\;:7nm�(\¡Ü*�
a Üc[¬Ü�Z(>IÜ�Z;:u>�Z�A!Ü�Z5nm>�ÝWZ�<@TcA9A�: J �5< a <W�@Z�<¥Z(:°l¬Ý�[¬Ü�Z(>IÜ,AW< a >(�&\;:9�(Y(>il M ¦Ã<"Ý@:\(:�nm��\¡Ü a Üc[¬Ü�Z�>¡Ü°>;UV:�UV:9�LT�>(U���UÍ��\(>

Θ = Θc
òåÜm\IÜ�Z(��<%Ý@T,�(>il(A a Ü,A!Ü���A9<@\��\¡Ü a TcA7:Ý�[(l�Ý	:¢Y�>5[;>(Z a;` \dTk�*:7nk��< a Z;:7[(l(�*:9Z¡Ü M�û n�U¦Ü�Zil¬���(>®Z;:7[(l(�*:9Z¡Ü,A9<
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UWVQXZY�[K\6� ã(]ÉÈ Ú ^üÆ ·?g-f�\ c \ ú g-[Qg c d a?_?¼ d$V�Å?[ a ¹ Ç � ] \>g�[ a X-glk ¼}ë©þ � ] �?È ã�] ¼ õ¾g�[QV Ç c$aa X k!gl½%\/k a È È$] UÜÛ;Ý
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U=<��ÌÜmU a :�>in�U¦Ü�Zil?UyÜ«��<Üm�&>(Y�>¡Ü�Z�A ` AvZ;:j�(\¡Ü��i�5��Ý@:WZIÜkZ(:�T,\¡Ü a :�A�: M ¸ �ûÜc�\�>(��Z�<¡<@�h[¬Ü a :�[(< J ��<@T,A7:Ý!Ü�Z�<íÝíÜ a >(Z�>5lÞ��\;:!�ÞT ` �@>(\(:�T�Ý!Ü�A�[?>�Z;:�A�:�>�l
�5< a :!Ý@:�Z(: ÏuÑ ½ MÜ¬ :7�ªZ(> #L:9\;:9��A!Ü�\(>(TcAW>(��>¼Z;:�U�:�A!Ü�\(>;:7[?>5A!Ü J ��<	>5A9<gTSÜ
>inm��<9[(n(Ý	:�A«�i:�AW<°\;: a >(:9A9<@\(>�Z;:X�¡Ü�\¡Ü�Z���<"ÝWT,��<�[ ` �¡Ü�Z(>IÜsT�:X��<%Ü��p>�Y(>IÜmZ5A ` AZ(:®�(\¡Ü��i�5��Ý@:WZIÜ�>���\;:9�,<%Ý@:9A7:dTcA9<%�(Z�<@TcA

γs
MÎ¬ Z5l(��<@> a Ü�A!Ü���A9<@\(> ÜÿÝ ` nc�U=<��¥Z�<ª�*:7n ` A a :°� `ba ÜOn�:@UyÜ�Z¡Ü�Z¢TOAÜ���Z�<@T,Au>5[?>vAÝ ` \ a <¥Aml5[;< Më¬ a Z¡Ü�¨ÅZ�<

ÝW\¡ÜmUyÜ�ÜLÝ ` n�U=<��ªZ5< a :¢TSÜ¥�(\�>(�c<WA%Ý�l�A6:!Ü�\�<@�SÜc[;<%ÝÜkT n = 1.03 − 1.05
Mü¬

A9<9nm>vTc[��5�;:!�vZ¡Ü a <@TcA�:�A ` � ` ALÜ J �¡Ü&Z;:°� ` AmlvZ(:k�;:9TcAW>(Y;:�A�:u>(UV:uUQZ�<@�,<�ÝÜ*�
� Ü�TcA%Ý9<O>°A9<%Ý	:OU=<��ÌÜ a :s>5n�UyÜmZ�>�#L:W\(:W�5A!Üm\�>(TcAW>(��>�A!Ü ML¬ T*[(�5�;:7l°TÜ�*:7n0>;UV:UQ>�Z(>;UV:7[?Z5<�Ý9n�:9>;U=< a Ü���T,AÝW>¡Ü M ) :~�(\IÜ a ��<9[;<��¥>;U]�¡ÜÎAW\	l(�%Ý	: a :Ô\;:7n a Üc[?>(U�(:WTcAW>(Y�>�T�UV:9T,>

m1
>
m2 > m1

Tª��<	U=< � A�:6Z;:���\;:9�c<"ÝW>g�¡Ü�\IÜmZ���<"ÝWT,�(>
a Ü,AÜ��5AW<@\(> M~» <��ÌÜmU a :g>in��%Ü�\¡ÜmU ��<@�i:�n�:�A!Ü,[�l¼Z;:g��\¡Ü��5�5�¡Ý	:9Z¡Ü J A7:W�i:g�IÜ
�5<��ÔA!Üc�ª�i:�A�:��;:9TcA@>�Y;:vT¥UV:9Tm:

m2
< � Ü¥Z¡Ü¥��\¡Ü a >in(Ý@>���Ý@:¢T�Ý!Ü,A!ÜmZIÜ J A M Ü M ÜUV:7[?��<Å��< a ��\;:9�*: β2

2 = 1/n2 >i[?> n2 = γ2
2/(γ

2
2 − 1)

J A M Ü M ��\(>��p>(�LT,>�\;:9Z(>
�	T*[;<%Ý@>il a Ý!Üu�(:WTcAW>(Y�>�TÌÜ a >(Zd>dT `�� >(UV�i�7[?T J Z5<�Tk\(:�n,[?>��(Z(:

β
Ü a Z;:�A�:T�Ý!Ü,A@> J a \5�5�*:�A�:�ü�Z¡Ü M � Ü��i:�\(:�nm�h[�Ü a :WU¦Ü π ^ Ö�Ìp q Àlo�_°>¡f ^ Ö$â�Àlo�_ M�ä ��<

>(UV:9AnÜ a >(Z¢>�T `�� >;UQ�i�7[?T J \;:7n�[;>(�i:�A�:�Ý°T,��<	\5<	TcAW>�A!ÜûÜ«ÿ��Zp«� ` AW> M ¦Ã<	�
:Ý@:
γp < γs

J :
γπ > γtr

M ¸ [¬Ü a <%Ý	:�A!Üc[?Z�<���>�<@Z ` A � Ü°>5n,[ ` �¡Ý	: J :¢��\�<WA9<	Z ` AüuZIÜ M�ä ��<°T*[;<��ª>(U�ÌX�¡Ü�\¡Ü�Z(��<%ÝWT���>j�@\�<ml;�(:«> ã T�Y�>(Z5A@>i[�:�A9<	\(: J T�Ý ` \5n�:9Z(>
Ý�T/#"ÜmUV:dZ(:�T ` ÝW�;: a Ü�Z(>il ^ n7: a :d>;UV:WUyÜ��5�i:7n�:WZ�>5l�n�:dA9<%Ý	: a :7[?>íÜ6UQ>i�
Z(:�[?:��(:WTcAW>(Y(:�_ M ¦Ä\�>�A!Üj�	\5<�l;�(: � Ö J � ã J � Ì�TSÜª\;:7nm��<9[�:9�*:�A]UyÜc� a � a Ý	:�A�:T,Y�>(Z�AW>i[�:�AW<@\;:�*,Ö J * ã M?ä ��<�*,ÖÅ>�* ã T,\(:9�W<@A�l(A J nmZ(:��(>�Ü°UQ>(Z(:�[?:��(:WTcAW>(Y(: M
» <��ÌÜ�U a :u��< a �Üm\IÜmU�(\(:W�c<%ÝÜ,A!Ü��5<ªTc[�Ü a Z(>il6Z;:���>(Z ¯

�	\5<�l;� T,\;:��@<WAÝ	:¥��\(> ZIÜXT,\;:��@<WAÝ	:u��\(>
� Ö À

π
J � J f

� ã À J
π

� J f
� Ì À J

π
J � f

¦Ã<	�
:Ý@:§:W��<sT,\(:9�W<@A�l(AÄAW\(>�A!Üº�@\�<ml;�(:¿ÜÎ�(\¡ÜmUQ>(Z(:�[�Üc[�Üm�5AW\�<@Z J :9��<sT,\;:��@<WAml�A
� ã > � ÌRÜk��\¡ÜmUQ>(Z(:�[���>�<@Z J :9��<¢T,\;:��W<@AW> � ÌÞÜ°�(\IÜ�UQ>�Z;:7[��i:9<@Z J >d:W��<vZIÜ
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UWVQXZY�[K\&� ã�] ± ê(^�� \ _ V ¼ VQf a?¼Zjôc \ ú g-[Qg c d a?_?¼ dQV�¹ Á X Á k a>j¿¼ d a [ a?¼Zj>j \ c \ Ç \ ¼�j V ¸ \ j \´Ã1\[Q\ÂÃ�k!V Ç c V h$a d�\ÂÃ»\ j gZk!V c \ h [Qg Ç Y h$_ \ c g
T,\(:9�W<@AW>6Z(>5AW<RÜ a >�Zv<@Aª�IÜm\IÜ�Z(��<%Ý@T,�(>5A!Ü��	\5<�l(�(>��Î>;UV:WU¦Ü��(\�<WA9<	Z M

Ò�� Ñ m ^ .10tì�ÁR0 � ö Á%0tì�Á � Ð�À�.�À�ì r ÷�K � ÷"ø¡ì",2À�.h_Ò�� Ñ m a Ü,AÜ��5AW<@\(>5A!Ük�5<Wn(Ý9<W[�l¬Ý@:9Au>5n�UyÜm\¡Ý	:9Z¡Ü,A9<jZ;:uTcA9<"��Z�<@TcA@>5A!ÜkZ(: β n�:
Zil;��<9[?��<6�(:WTcAW>(Y�>£Tk<@�(\IÜ a Üc[¬Ü�Z�\(:�n,[;>(�¡Ü�Z�>;UQ�5��[?T¥�(\IÜcn¥<	��\¡Ü a Üc[�l;ZIÜ¥Z;:�5<Wnm>�Y(>5l�A�:�Z;:�<@�(\IÜ a Üc[¬Ü�Z�@\�<%�Íò�Ü�\¡Ü�Z(��<%ÝWT���>�O<@A9<@Z(> M§¬ A9<Wnm> a Ü�A!Ü��i�A9<@\ J �¡Ü�\IÜmZ���<"ÝWT,��<@A9<ªT�Ý!Ü�A!Ü�Z¡Ü J >in,[ ` �¡Ü�Z�<k<@AªZil;��<9[?��<ª\(:�n,[?>��(Z�>��(:WTcAW>(Y�><WAAÜ a Z�<&>uT `�� <&T ` �	>5A@>IÜ§T�Ü§��\¡Ü a :!Ý	:O�(\IÜ,nÄT,�8Ü�\�>(�(Z5<p<@�h[�Ü a :�[(<pZ(:&�O<@A9<��
a Ü,AÜ��5AW<@\ J ��<%��A9<ª��\¡Ü,<@�@\;:7n,�IÝ	:°�&<WAW<@Z(>5A!Ü�Ý ` Ý°�&<WAW<Üc[¬Ü���AW\5<	Z�>�T8Ý@>�T,<@��<��\�<@TcA@\(:WZ�TcA%Ý!Ü�Z�<6> Ý@\IÜmU¦Ü�Ý9<v\;:7nm\¡Ü�¨�ÜmZ�>¡Ü M òåÜm\IÜ�Z(��<%Ý@T,�(>5A!Ü¥T*[¬Ü a >®TSÜLÝW>i�n,��:�[;>5nm>(\(:9A;Ý ` \%#i�°\;:!ÝWZ(>(Z(:9A7:XZ;: a Ü�A!Ü���AW>�\;:9Z¡Üs�5< a �&<@\;UV:�A�:�Z;:Xò�Ü�\¡Ü�Zi�
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UWVQX�Y�[K\�� ã(] ±7� ^����Cë��	��
�����Cë������������-ë������������Që�� ���



ã Í ê ²,³ ��´4�åä»æ�wWçs�µzh�'è	zh{Zñ"9��
�0´?9:�{/è7{*���@��ñ	�|�µz-9PO
�Q9ROA�S:µz19$TQ9

UWVQX�Y�[K\�� ã(] ± ã(^����Cë��	��
�����Cë������������-ë������������Që�� ���



ä1æ�w ä1æ�w"!Gñi�$#�{æ}L�W{�9�â ³ <QO�´4���@� ã Ím�
��<%ÝWT���>g�(\ ` TcAÜ�Z�>�>g��<�AW<9nm>�Z;:���>(Z�U=<��ÌÜ a :6� `ba Üª<@�(\IÜ a Üc[¬Ü�Z ` � ` [ ` AZ(:¢>5n,[ ` �¡Ý	:9Z¡Ü Θc

n�:�ÝWT�Ü���> a Ü,A!Üm�5AW>(\;:9Z��&<WAW<@Z M�» :9T�:9A7:¢Z;:��(:WTcAW>(Y(: �Tp>5n(ÝÜ�TcA!Ü�Zv>;UQ�5�7[;T�f�TSÜ a :!Ý@:k<@A ¯
m = p(n2 cos2(Θc)− 1)(1/2) ^ ÖWÖ M àài_

S�\¡Ü a >in$ÝW>(�i:�A!Üc[?TcAÝW<®��\¡Ü a A!Ücnm> a Ü,A!Ü���A9<	\�>òÜ�>in�U¦Ü�\¡Ý	:9Z¡Ü,A9<]Z(:�T,>(�,Z;:7[?><WAÞÜ a >(Z�>(�(Z�>�Üc[¬Ü���AW\5<	Z�> J A M Ü M :9Z;:7[;<@�,>(�(Z�>]Z;:ª¨X��U�:¥Z(: a Ü�A!Ü���A9<@\;: M  T
�Z5<"ÝWZ(>5A!Ü a Ý	:�Üc[¬ÜmUyÜmZ5A�:¥Z;:¥A9<Wnm> a Ü,AÜ��5AW<@\]T�:ª�(\�<9nm\;:���Z;: a >IÜ,[�Ü���AW\(>��(Z;:T,\IÜ a : J Z(:W\IÜ��¡Ü�Z;:s\;: a >(:9A9<@\ J �(>��5A9<p��<Ü��p>(Y�>¡Ü�Z�A&Z;:s��\¡Ü��5�5�¡Ý	:9Z¡ÜeÜ0��< a #	<9�
a l � n�: a >;:9�;:7n�<	Z(:OZ(:&>;UQ�i�7[?T�:�Z;:��;:9T,AW>�Y(>�A!Ü~>u�&<WA9< a Ü,A!Ü���A9<	\ M S�<@T*[¬Ü a �Z�>5l�A a :!Ý	:�>�Z(�&<@\;UV:9Y(>il�n�:���<9nm>(Y�>5l�A�:XZ;:X�&<WA9<%Üc[�Üm�5AW\�<@Z(>�A!Ü J �5<W[��5�¡Ü�Z(><WA���\¡Ü�ÝW\ `�� :WZIÜ�A9<XZ(:«ò�Ü�\¡Ü�Z���<"ÝW>�A!ÜÄ�&<WAW<@Z(> M ¸ �ûÜ�\(>(��Z(>5AÜÔ�&<@�5�	T�>�\;: � ><@�h[�Ü a :7[�:®<	T,>(�*�5\	l�Ý	:�A a <@T,A7:9A ` �¡Ü�Z�@\�<%� a Ü�A!Ü���AW>�\;:9Z(>¼�&<WA9<%Üc[¬Ü��5A@\5<	Z�>
n�:uò�Ü�\¡Ü�Z(��<%Ý@T,��>��(\ ` TcAÜ�Z M&% :7nm\¡Ü�¨ÌÜ�Z�>¡Ü,A9<kZ(:¥ò�Ü�\¡Ü�Z���<"ÝWT,�(>�A!Ü&�(\ ` T,A!Ü�Z(>n�:!Ý@>�T,>�<WA¥<WA@Z5<	¨�Ü�Z(>IÜ�A9<�Z;:u�i[ ` A@Z5<	TcA9A�:jZ;:u\(: a >;:�AW<@\;:ª>6\;:7n�TcA9<�l(Z(>IÜ�A9<<WAªT,�8Ü�\(>��(Z5<@A9<ª<	�|[¬Ü a :7[;< a <ª�&<WA9< a Ü,A!Ü���A9<@\;: M

¸ �8Ü�\(>��(Z5< <	�|[¬Ü a :7[;<ÍT�\(: a >5�	T Rs
J �&<@�5�	T�>�\;:Í��<	Zi��T��IÜm\IÜ�Z(��<%Ý@T,�i:

T�Ý!Ü,Am[?>�Z;: J <@�@\;:7n,�IÝ	:9Z;:�Ýª\;: a >(:9A9<@\;: J ��<%��A9<�T�Ü�Z;:WUV>�\;:ªUyÜc� a �6T,�8Ü�\�>(�i�Z5<@A9<u<@�h[�Ü a :7[;<°> a Ü,A!Ü���A9<	\(: M ò�Ü�\¡Ü�Z(��<%Ý@T,��>5l�A°T�Ý!Ü,Am[?>�Z¡Ü�Zv��<@Z5�	T�<W�@>(�(Z5<9�
Ý!Ü�Z�<ª>(U�: ` � ` [�Z(:u\;:7n�A%Ý@:9\	l;ZIÜ Θc = arccos[1/(βn)]û n�UyÜ�\�Ý@:@UyÜp\;: a >5�	T�:uZ;:�ò�Ü�\¡Ü�Z���<"ÝWT,�(>�A!ÜX��\ ` TcA!Ü�Z(> rc J <WAWA7:@U ⇒ Θc

>
A7:W�i:ªU=<��ÌÜ a :k� `ba Ü�<@�(\¡Ü a Ü,[�Ü�Z;: ⇒ β

M

�����æ�(� '6�=�)(�x	�Véyxg��í@î�ïbð=ê�z?é=�
�i:9\�AW>�Z(�(>�\;:7nmZ(>
�O<	\(UQ>(\;:]TSÜ a >(�5<W[ J �(>¡��A9<wÝÜ��5AW<@\�Z;:ªÜc[�Üm�5AW\(>(��Z�<WA9<��5<W[�Ü ~E

TSÜvUyÜ�Z(>
TnÝ@\IÜmU¦Ü,A9< J A M Ü M a >(�5<W[ ` A�>in,[ ` ��Ý@:�TSÜuT�Ý!Ü,Am[?>�Z;: M û n,[ ` �IÜmZ(:9A7:MÜ�Z¡Ü�\(�,>il®TSÜ
a :Ý@:uTp>inm\;:7n7: ¯

S =
1

3
αz2ωpγ ∼ γ



ã Í ã ²,³ ��´4�åä»æ�wWçs�µzh�'è	zh{Zñ"9��
�0´?9:�{/è7{*���@��ñ	�|�µz-9PO
�Q9ROA�S:µz19$TQ9
� `ba Ü,A9<

~ω
ÜX�i[�:7n7UyÜ�Z;:�A�:�Ü�ZIÜm\��,>5l J ��<�l�AW<un�:u�i[�:9T,A@UV:9Tm:�Üp<@Aª�5<	\	l a?` �i:Z(: ã q Àlo M

θ =
1

γ

Ø : ω > ωp
J ��\;:9��AW>(�IÜmT,��>©>5nm�IÜ,n(Ý@: M

Nγ ∼ αz2

û Z�A!Ü�\(�8Ü�\IÜmZ�Y(>il(A7:ªZ(:�[?:W�
:°��T*[(<"ÝW>¡Ü
γ ∼ 1000

B
D = γc

ωp

M
Ø : ~ω = 20eV

>
γ = 5.10

J
D = 50 µm

M

�����æ�+* Ö-,����yzið�é�x£î=ïÐð=��é����/.�0Ì�$�i���(�S~��Q���2143E�25¯�
òO:WTcAW>(Y(: J ��<�l(A9<�Z(:Ý�[?>in�:�Ý ` Ý+Ý!Ü � Ü�TcA%Ý9< J Ý�n�:W>(UQ< a Ü��(TcAÝ	: Üc[¬Ü���AW\�<	UV:W�
�Z�>�AWZ�<£T�l a \�<WA9<£Z(:�:�A9<�UV: J ÝdT*[¬Ü a T,AÝW>¡Ü6Z;:®��<Ü,AW<�AW\;:KÜ���A9<	\�>5l�A�:£>�TSÜ>inm�(\(>¡Ý9l�Ý@: J �*�i�@>wÜ�Z¡Ü�\���>il�>�>in,[ ` ��Ý@: γ ��Ý@:WZ5A@> M ¦EÜcnm>

γ
�¡Ý	:9Z�AW>£TSÜ¥Z(:7�

\�>(�(:9AjT,�(>�\;:���Z�<u[ ` �IÜmZ�>¡Ü M

−dE
dx

= 4αNA
Z2

A
z2r2 ln

183

Z
1
3

^ Ö�Ì M àP2@_
� `ba Ü,A9< r = 1

4πε0

e2

mc2

>�Ý	:7�ª>vZ;:!�j�¾Ý!Ü��¡Üsn�:«[�Üm��>¢�;:9TcAW>(Y(> J �i:�AW<
re ∼ 1

me

M
Ø : e− ^ Ö M Ì%p	_º�(\(>IÜmU�:LÝW> a : ¯

−dE
dx

=
E

X0

^ Ö�Ì M à"��_
� `ba Ü,A9< X0

ÜX\;: a >(:WY�>�<@Z(Z;:�A�: a;` [(�ª>�Z;:ªZ;:LÝ ` [?Z;:�A�: ¯

X0 =
A

4αNAZ(Z + 1)r2
e ln(183Z−

1
3 )

^ Ö�Ì M àLÿ@_
ä ��<¢T�Ü«<WAW�¡Ü,A�:�A�>�Ü��8Ü���AW>�A!Ü¥Z(:ÞÜ��(\(:WZ�>(\(:WZIÜu\;: a >(:WY�>�<@Z(Z(:9A7: a?` [(�¥>(Z;:Z(:LÝ ` [;Z;:�A�: X0

o g/cm2 rÃTSÜ�T�Ý!Üc� a : a <ª>5nm\;:7n�: ¯



ä1æ�w ä�6�w�7Gñ%9	z19PO��-�s���@��ñ	��9�ù ã Í È

X0 =
716.4A

Z(Z + 1) ln(287/
√
z)

^ Ö�Ì M à"p�_

Ø :��p>inm>(�¡Ü�T,�(>il�T�UQ>(T ` [�Z(: X0
U=<��ÌÜmU a :6T `ba >;U <WA]�&<@\;U��7[?:9A7:

E =

E0e
− x

X0 ⇒ X0
Ü6A�:7nm> a Ü,�Ü,[;>(Z(:£Z;:wÝÜ � ÜmTcAÝ9<@A9< J n�:���<�l�A9< e− �*�i�	>

e� ` AW>�<@Au� ` \�Ý9<@Z;:��(:�[;Z;:�A�:¥T,>·Ü�ZIÜm\��,>5l E0
M

�����æ�87 96�����5��ð�éyz���é����;:9��÷
S�\(>�A7:�nm>ÞÜmZIÜ�\(�,>5l�T `�� Ü�TcAÝ9�IÝ@:�\;:!Ý!ÜmZ�TcA%Ý9<kU¦Üc� a �¥n�:W�*�i�	:9A7:ÅZ(:}Ü�ZIÜm\��,>5l��\(>6T,�(>(\(:��(Z5<u[ ` �¡Ü�Z�>¡Ü�>·�5<	Z�>5n�:WY�>�<@Z(Z(:9A7:un�:9�*�i��:kZ(:�Ü�Z¡Ü�\(�,>5l M

(dE/dx)ion = (dE/dx)brems

^ ÖSà M à � _
A M Ü M Ý¢�(\�>�AW>(��Z;:�A�:vAW<@�(�i:¢TSÜ°<	T `�� ÜmTcAÝ�l¬Ý@:jT�U�l(Z;:�Z(:¢UyÜS#L:9Z(>5n�UV:�Z(:jn�:7��*�i�	:kZ;:�Ü�ZIÜm\��,>(> M

• �(\�>ªÝW>(Tc<@�(>ÿÜ�Z¡Ü�\(�,>(> (dE/dx)ion < (dE/dx)brems

• �(\�>�Z�>(T,�(>ÿÜ�Z¡Ü�\(�,>�> (dE/dx)ion > (dE/dx)brems

� Üm�i:�<@A9�Ü,[�Üc�ª>;U J �¡ÜóÝW>(Tc<@��<%Ü�ZIÜm\��SÜ�AW>��¡Ü�Z¼��<9n�>5AW\�<@ZåZIÜd:WZ�>i#�>i[?>(\(: J :
TSÜ a;` \	�ª>�i:�A9<w��<@Z(>5nm>�\;: � :®�;:9TcAW>(Y;: J a <@�i:9A9<��(\�>Z(>�T,�(>&ÜmZIÜ�\(�,>(>�TSÜ
<@T `�� Ü�TcAÝ9l�Ý@:Í��\�<@Y¡Ü�T ` AåZ;:å:WZ�>i#�>5[?:WY�>5l M«¬ :��¥Z�<ïÜ a :�T,�5<�UyÜ�Z¡ÜmU J �IÜ
��\(>òÜ�Z¡Ü�\(�,>�>

E < 0.255 q ÀZo ��<@Z(>in7:9Y(>5<	Z�Z(>5AÜ¢n�:9�*�i�	>g��\¡ÜmUQ>(Z(:Ý@:9A Ý
¶`Ð ö=< Ð ö �

(dE/dx)Bhabha
M

ä ��\�<@�LT�>(UQ>(\;:9Z;:�A�:å�&<@\;U��7[�:¡n�:¼��\(>5A@>��(Z(:9A7:þÜmZIÜ�\(�,>5lúÝ o.q Àlosr°Z;:Üc[�Üm�5AW\�<@Z;: J �(\¡ÜmUQ>(Z(:Ý@: � �(\¡ÜcnXAÝ ` \ a >vA!Üc[�:¥>vAÜ���Z�<@T,AW>6>;UV:LÝW> a :

Ec =
610MeV

Z + 1.24

^ ÖSà M 2 q _
a <	�i:�A9<¥n7:°�*:7nm<%Ý!Ü
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Ec =
710MeV

Z + 0.92

^ ÖSà M 2LÖ7_
¦§\	l��"Ý@: a :0<WA9�%Üc[�Ü,�¥>;U J �IÜVn�:eÝ@>�Tc<	��<Ü�Z¡Ü�\(�SÜ,AW>(�(Z�>p�(:WTcAW>(Y�> (dE/dx)Brems ∼
1

m2

A M Ü M ��<@\;: a >jZ;:!�k�=U�:7[?�i:�A�:�T,>jUV:WT�: J Üc[¬Ü���AW\5<	Z ` A«>in�[ ` ��Ý@:&Z;:!�u��UVZ5<9��c< J a <@�i:�AW<���\¡ÜmUQ>(Z(:Ý@:£�(\IÜcnóÝ!Ü � Ü�TcA%Ý9< M�ä ��<��(\IÜ�TmUyÜ,AWZ¡ÜmU ��\(>5A@>��(Z(:9A7:
Ü�ZIÜm\��,>5lðÝ o â�Àlosr#n�:dUQÒÔ<	Z J ��\¡ÜmUQ>(Z(:Ý@: � ��\¡Ücn��nÜc[�l�n�< J � Üv��TcA7:WZ5<"ÝW>;U J�IÜ°A7:W�i:!Ý@:��;:9TcA@>�Y;:�T}Ü�Z¡Ü�\���>il®�5< a � � q â�ÀZo T�:WUQ<M��<@Z(>inm>(\;:�T�\IÜ a :�A�: J :U=<��ÌÜ a :u>5n,[ ` �¡Ý	:nÜ a Ý	:uZ(: a A�:7nm>�T,A9<%�(Z5<	TcA M

Ec =
610MeV

Z + 1.24
(
mµ

me

2
) = 960GeV

�����æ�?> @��V�=��é���ê?í"z��2AAx	���CB�ì@��ê��Ã÷
ó a \¡Ü�Z�>�A!ÜÿÝ�n7:9>;U=< a Ü��(TcAÝ@>il�n7:KÜmUV:9A�Ý	:7�ªZ�<�U�l(T,A9<®>&Ý ` Ý]�p>inm>(�i:�A�:®Z;:
Üc[�Ü�UyÜ�Z�A7:W\�Z(>5AÜ��;:9TcA@>�Y(> J A ` ���i:�A9<]A9<"Ý@:©T�:ªÝ�n�:W>(U=< a Ü��(TcAÝW>5l�A�:�Z(:©Z¡Ü*��iAW\(:�[;Z(>�A!Ü��;:9TcA@>�Y(> M � :!�i��<@� � <vAÜ¥�@>�Ý@:�A�Üc[?:WTcAW>(��Z(>�>£Z¡Ü�Üc[�:9TcAW>(�(Z�>�>T*��UV:�A�:k<WA a Ý!Ü�A!ÜXTSÜ��¡Ü�Z�>5l a :Ý@:k<@� � <@A9<ªTSÜ��¡Ü�Z(>IÜ�Z;:u��\�<@Y¡Ü�T�: M

σtot = σinel + σel

^ Ö$2 M 2 ã _
ä ��<®<9nmZ;:���>;U�T ` T σ0

TSÜ��¡Ü�Z(>IÜ�A9<dZ(:]�(\�<WA9<	ZL�I��\�<WAW<@Z(Z5<@A9<+Ý9n�:9>;U=< a Ü���T,A7�
ÝW>¡Ü J AW<dTSÜ��¡Ü�Z�>¡Ü,A9<®Z;:©ZIÜ�Ü,[?:WTcAW>(��Z�<WA9< Ý9n�:9>;U=< a Ü���T,AÝW>¡Ü�Z;:©��\�<@>5n(Ý9<W[�ÜmZ��\�<@Y¡Ü�T«U=<��ÌÜ a :¥TSÜ«>5nm\;:7nm>��i:�A9<¢UQZ�<@�c<	��\;:�AWZ�<¢��\�<WA9<	ZL�I�(\5<@A9<@Z(Z5<ÿÝ9n�:9>i�U=< a Ü��(TcAÝ@>IÜ}Ýkn�:ÝW>(T,>;U=<@TcAk<WAul a \¡Ü�Z;:�A�:¥UV:�AÜ�\�>5l ¯

σinel ≈ σ0A
α ^ Ö$2 M 2�Ì�_

� `ba Ü,A9< α = 0.71
J�ö Î o ÁiÓ � ÷"ÏÂráÜ���<W[;>(�¡Ü�TcAÝW<WA9<¥l a \¡Ü�Z�<�Ý!Ü � Ü�TcAÝW< M

¸ Ü��*: � Ü a Ü��p>�Z(>(\(:@UyÜ a ÝÜ�Z�<%ÝW> Ý!Üc[?>��(>(Z�> J Z(:W\IÜ��¡Ü�Z(> a;` [(�ª>�Z(>�Z;:�5<	�|[ `�� :WZIÜ ¯
λa ≡ absorbtion length [cm]



ä1æ�w äÂ�cw���â6�Â9EDb{ }���F%:�zµ´?9@�=�-�Ü�@��G@z'ñi{|�Q9Ì:�´m� H§��:µzµ´�{cz�{ ã Í?±

λN ≡ Nuclear interaction length [cm]� `ba Ü,A9<
λa =

A

NAρσinel

^ Ö$2 M 2$ài_
ö l a \IÜ�Z;:�A�: a?` [��ª>(Z(: λN

>(U�:nÝ@> a : ¯
λN =

A

NAρσtot

^ Ö$2 M 22@_
¬ :7�ªZ�<AÜ a :&TSÜ~\(:�n��Ü�\¡Ü J �IÜ λ ÜÄA7:�nm> a;` [(�ª>�Z;: J ��<�l�AW<pA@\	l��%Ý	: a :p>in7UQ>�Z¡ÜÜ a Z;:£�(:WTcAW>(Y(: J A7:W�i:��¡Ü a :£Z;:WUV:�[�Ü�ÜªÜ�Z¡Ü�\���>il(A7:�> e � ` AW> M ópT,Z�<+Ü J �¡Ü
λN < λa

J A ` ���i:�A9< σtot > σinel
M5Ñ A9<°> a;` [(�ª>�Z(>�A!Ü&Z;:��5<	�|[ `�� :WZIÜ o ��� rZ(:uZ5l(��<	>6UV:�AÜ�\�>;:7[?> ¯ Î�Ï ^�ã � M ã _ J Ù5À ^ Ö q M ��_ J&IJ< ^ Ö q M ài_ J Ý ` n a ��# ^ à�p q%qq _ M

�����æ�Is u«í�z?�;A8x��V�CB=ì@��ê?�=�©é�zgé=�CK��5�yx?é���ì6ê��ML£�Lì@��ê�x?��x
N Ü6\;:7n��|[¬Ü a :WUyÜ·Ý9n�:9>;U=< a ÜPO�TcA%ÝW>¡Ü,A9<�Z;:�ZIÜc�iA@\5<	Z�> Ý£\(:�n,[;>(�(Z�>íÜ�Z¡Ü�\(�SÜ*�
AW>��(Z(> a >(:W�(:�n�<@Z(> M
• � >(T,��>·Ü�ZIÜm\��,>(> ^ En

kin < 20GeV
_

Ø : a Ü,A!Ü���AW>(\(:WZIÜ�Z(:�A�:9�(>¡Ý	:vZIÜ,�iAW\5<	Z�>�TSÜu>inm��<9[(n(Ý	:�AvT*[¬Ü a Z(>�A!Üul a �\¡Üm:WZ�>�\¡Üm:W��Y(>�> ¯
n + 6Li −→ α + 3He

a Ü,A!Üm�5A9<	\ ¯ T,Y(>(Z5AW>5[�:�AW>�<@\ LiI(T l)
n + 10B −→ α + 7Li

�*:7nm<%Ý a Ü�A!Ü���A9<@\ ¯ BF3

n + 3He −→ p + 3H

a Ü,A!Üm�5A9<	\ ¯ �(\5<	�5<	\�Y(>�<@Z;:7[?Z(:¥�i:@UyÜ�\;: 3He

n + p −→ n + p
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a Ü,A!Üm�5A9<	\ ¯ �(\5<	�5<	\�Y(>�<@Z;:7[?Z(:£�i:WU¦Ü�\(:�T CH4

^ ÝgUyÜ,A�:9Z;:óÜ�Z¡Ü�\(�,>il5�
A�:dZ;:óÝ@\ ` nm�i:�Ü�UQZ�<@�,<��5<®��Z(>�T,�i:©<@A Ü�Z¡Ü�\(�,>il(A7:dZ(:®Z;:7[?>�A7: � >�A!ÜZ¡Üc�iAW\�<@Z(>�_ M
• ¸ \IÜ a Z(>·Ü�Z¡Ü�\(�,>�> ^ 20 MeV ≤ Ekin ≤ 1 GeV

_
¦�<%Ý	:&Ü�Ü�Z(\��SÜ�AW>��(Z(>il(A�>(Z�A!Ü�\�Ý@:7[ J Ý���<)O5AW<¼TSÜd<@T `�� Ü�TcA%Ý�l�Ý	:�A�A M Z M
.�À � ÷%0tÏG.GÀ ö � ,/0 ÷"ì¡* J ��\(>®��<@>�A9<vTSÜ«�@<	U=��:9\ a >�\;:�A Ñ mÜ�lÝ!Üm\�>5�ª��>®T°ZIÜc�iA��\�<@Z(> J ��<	>5A9<���>©\;:7n�� ` T�Ý	:�Aj>®>5n��	>¡Ý	:�A¢��\�<WA9<	Z�Z�<WAW<�>(U¼l a \5< J ��<%Ü,A9<T,A7:Ý@:u��Ý@:7n�>�T�ÝW<W�@< a Z�< M ¦ M ÜOA9<"Ý@:LÜAÜ a Z(: ^ ì J f�_Ü\¡Üm:W��Y(>il M
• ¬ >(Tc<	��>ÿÜmZIÜ�\(�,>(> ^ En

kin > 1 GeV
_

¦�<%Ý	:�Ü�Ü�Z¡Ü�\(�SÜ,AW>(��Z;:�A�:v<@�9[�:9TcA J Ý���<�l�AW<�Z¡Üc�iAW\�<@Z(>5A!Ü¢: a \5<	Z�>5nm>(\(:9AU�:�A!Ü�\(>5l�A�: J A M Ü M T�>i[?Z�>�A!Ü¿Ý9n�:9>;U=< a ÜQO�T,AÝW>5l°T�:Ô>5nmY5l5[;< a <�UQ>(Z�>(\(: � > M

p + n −→ hadron showers(K, π, µ, p, n...)

�����æ�¬Ô RÔîQ��������xSAAzS:Wé����5é��¼�{z�ì@�¯z(�Q�
Ñ a >�Z�ÝW>(Tc<	��<Ü�Z¡Ü�\(�SÜ,AW>(�IÜmZ��*:WUV:¢��Ý@:WZ5A©��\¡Ü a >(:ÝW>(�¡Ý	:ÿÜc[¬Ü���AW\5<�UV:9��Z�>�AWZ;:�i:9T,�i: a : J a <@�i:�AW<�ÜmZIÜ�\(�,>5l�A�:6U���Üj�5<9�O�c<9[(l;UV:�<WA]��\(>�AW>��(Z;:�A�:�Ü�ZIÜm\��,>5ln�:���<@Z(��\¡Ü,AWZ�<WAW<nÝ!ÜPT�Ü�TcA%Ý9< J � `ba Ü�A9<«TSÜs\(:�n(ÝW>�Ý@:p�(\5<	YIÜmT�: M+% :7n�\(:WTcAÝ@:WZIÜ�A9<
Z(:j[�:!ÝW>(Z;:�A�:¢��\�< a;` [(�k:!Ý	: a <@A9<@�*:!Ý	: J a <	�i:�A9< Eγ = Ec

M SO\(>®�5<9�ÄZ�>(T,�(>
Ü�ZIÜm\��,>(>v<@A

Ec
n7:9��<@��Ý@:u�(\5<	YIÜ�T�Z;:UO5<	Z�>5n�:WY�>5l J �(\�>6��<Ü,A9<ÞÜc[�Üm�5AW\�<@Z(>�A!Ü

>k��<9n�>5AW\�<@Z(>�A!Üs�*�i��l�AûÜmZIÜ�\(�,>5l�A�:OT�>°>uTSÜ~�5<	�|[ ` T°:9AûÝ ` ÝAÝ!ÜQTÌÜ�TcAÝW<WA9< M S�<A9<9nm>�Z(:��(>�Z Üc[�Üm�5AW\�<	U�:9�,Z(>5A@Z(:9A7:v[?:ÝW>(Z(:��5�*:9T�Ý@:�Ý¢T,\IÜ a :9A7: J Ýv��<ml(A9<�TSÜ
Ü�\;:7n$ÝW>5[?: M
Ñ a Z(:�Üc[�Üm�5AW\�<	U�:9�,Z(>5A@Z(:j�i:9T,�i: a :kTSÜ�T ` TcA9<	>v<WA�Ü,[�Ü���AW\�<@Z(> J �5<Wnm>5A@\5<9�Z�>v>v�*:WUV:°��Ý@:9Z�AW> J A7:W�i:k�IÜp<WA¥�c<	\IÜpZ(:W��\;:!ÝÜ�Z�>�A!Ü�\(:�nmT ` � a Ü�Z�>5l6U=<��ÌÜmU

a :~n7:9�(>�¨ÌÜmU©�@\�<�lÅZ(:s�;:9T,AW>�Y(>�A!ÜÄ�i:9A9<&�O�5Z��(Y(>iluZ(:O\(: a >;:9Y(>5<	Z�Z;:�A�: a?` [���¥>(Z;:¥Z(:LÝ ` [;Z;:�A�: ^ t Ü}Ý�Ü a >(Z(>�Y(> oX0
ræ_ M

N(t) = 2t ^ Ö�ÿ M 2K��_
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⇒ E(t) = E02
−t ^ Ö�ÿ M 2Wÿ@_

¬ Ü��¡ÜpT,��<	U¦Ü�Z(:�W(UyÜ J �IÜp��UQZ�<��ÌÜ�Z(>IÜ�A9<j�(\5< a?` [��k:Ý@: a < Ee ∼ Ec ⇒
Ec = E02

−tmax
^ Ö�ÿ M 2Kp�_

Ø :ÿÝW\¡ÜmUyÜ�Z;: t > tmax
�;:9TcA@>�Y(>5AÜªn�:W�5<	�¡Ý	:�A a :�T�Üª�5<	�|[ ` T°:9A J [�:!ÝW>(Z;:�A�:

��\¡Ü�TcA�:!Ý	: a :uTSÜ�\;:7n�UQZ�<��k:!Ý	:u>¢n�:W�5<	�¡Ý	: a :°��UQ>(\;: M

tmax =
ln(E0

Ec
)

ln 2
≈ lnE0

^ Ö�ÿ M 2 � _
S ` [?Z(>il(Ak�	\5<)O��;:9TcAW>(Y(>

S =

tmax∑

t=0

N(t) =
∑

t

2t = 2tmax+1 − 1 ≈ 2tmax+1 ^ Ö�ÿ M � q _

S = 2.2tmax = 2
E0

Ec
≈ E0

Ñ a >�ZðÜc[¬Ü��5A@\5<	Z J ��<@�;: a :�O(��>íÝ®�i:7[;<@\(>;UyÜ,A ` \ J <@T,A7:Ý�l�Y5l5[�:�A�:®T,>òÜ�Z¡Ü�\i��,>il J :9��<Å�i:�[(<	\�>;UyÜ,A ` \ ` A�ÜÔ<@\;:7n�UyÜm\IÜ�Zj��\;:!Ý@>i[?Z5< M ¸ ��<	U=<)T«A�:XZ;:X�O<@A9<��
Üc[�Üm�5AW\�<@Z¡Ü�Z���UQZ�<��¥>�A!Üc[�TSÜ¥<@AW�(>5A�:�A®>5nmT�Ý!Ü�AÝ@:WZ�>5l�A�:��(\�>+ÝWT�Ü���>£:9��A�Z;:
��UQZ5<��k:Ý@:WZIÜjZ;:ÿÜ,[�Ü���AW\�<	UV:W�,Z(>5AWZ;:�A�:©�i:9T,�i: a : M�¬ :��¥Z�<�Ü a :vT�Ü¥<WA9�%Üc[�Üc��¥> J �¡Ü�UyÜc� a ���	\5<�l�AdZ;:]�&<WA9<	Z�>�A!Ü�>&Ü�ZIÜm\��,>5l�Aml�Z;:®� ` \�ÝW>(�(Z�>5l��
:@UV:�¡Ý	:9Z�A J �(\IÜ a >5n(ÝW>(�i:7[�[?:ÝW>(Z(:9A7: J T ` T�Ü�T,AÝ��IÝ	:«[?>(ZIÜQO(Z;:LÝW\ ` nm�i: M ¦ M Ü M

Nph. ∼ S ∼ E0ä ��<ª>in(Ý ` \�¨nÝ@:@UyÜp>5n�UyÜm\¡Ý	:9Z(>il��(\IÜcn�Ý@\IÜmU¦Ü t ⇒

S∗ =
S

t
= 2

E0

Ec

1

t

^ Ö�ÿ M �5Ö7_

σ

E0
=

√
S∗

S∗
=

√
t√

2E0

Ec

∼
√
t√
E0

^ Ö�ÿ M � ã _
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σ

E
∼ a√

E
,

� `ba Ü,A9< a = const
J : σ

E

Ü�<@AWZ5<	T,>�A!Üc[?Z(:9A7:��,\¡Ü�¨Å�i: J ��\(>�>5n�UyÜm\¡Ý	:9Z¡Ü,A9<jZ;:
Ü�ZIÜm\��,>5l�A�: M SO\(>d�5<9�Ä\IÜ�:7[?>�TcA@>��(Z5<6<@�(>�T�:WZ�>¡Ü¥Z(: a [ ` �ªZ5<@A9<6\;:7n(Ý@>5A@>IÜ¥TSÜ:9�(\5<	�LT,>(UV>�\;:uT ¯

dE/dx = const.tae−bt ,
^ Ö�ÿ M �WÌ�_

� `ba Ü,A9< dE/dx n�:ÝW>(T,>�<WA¥Z(:��;:7[?Z(:9A7:nÜ�Z¡Ü�\(�,>5l E0
>¢<@A�ÝÜQT�ÜmTcAÝ9<@A9< J A M Ü M

a = f(E0)
>
b = f(E0)

M � :W��\¡Ü��(Z5<@A9<ª\(:�nm�(\IÜ a Üc[¬Ü�Z(>IÜXU=<��ÌÜ a :kTSÜ&n�:9�(>i�¨�Ü�Tp��<	UQ<XT«A�:uZ;:u\(: a >5�	T�:uZ;: » <9[?>IÜ ^ q ÷%Ï 0EÀ�.�À7_ ¯
Rm =

21 MeV

Ec
X0 [g/cm2]

^ Ö�ÿ M �Kài_
¦§\	l��"Ý@: a :sTSÜØ<WA9�%Üc[¬Üc�ª> J �IÜ X0

>
Ec

T�:Ô\(:�n,[?>��(Z�>«n�:Ô\;:7n,[?>��(Z(>5A!Ü´Ý!ÜQTÌÜ�T
�
AÝ@: M;¬ �i:�[(<	\�>;UyÜ,A ` \ J ��<XO�A9<ªU=<��ÌÜmU a :°\(:�nm�|[¬Üc� a :WUyÜO�i:9A9<uY�>5[;>(Z a;` \vT\(: a >5�	T r = Rm

J
95%

<WA;Ü�Z¡Ü�\���>il(A7:pTSÜ~�5<	�|[ ` T°: M Ø :YW	<�U=<@�SÜmZ�Z(>¥�i:7[;<@\(>L�
UyÜ,AW\(>

Rm(Fe) = 14 g/cm2 ∼ 1.8 cm
J
Rm(Pb) = 18 g/cm2 ∼ 1.6 cm

M

�����æ�5� Zª�Q�yx?é�é��Íîyz�ê���é��
ä a \�<@Z(>in7:9Y(>il(A7:�Ü��(\�<@Y¡Ü�T J :WZ(:�[(<	�,>(�IÜ�ZZ;:d<@�@\;:7n,�IÝ	:9Z¡Ü,A9<gZ(:wÜc[¬Ü��5A@\5<9�
UV:9�,Z(>�AWZ(:�[�:!ÝW>(Z;: J ��<)O5AW<TSÜ®<	T ` T�ÜmTcAÝ�l¬Ý@:��(\(>×Ý@>�Tc<	��>×Ü�Z¡Ü�\(�,>�> J �(\(>
��<Ü,A9<©T,>5[;Z�<WA9<�Ý�n�:W>(UQ< a ÜQO(TcAÝ@>IÜ�Ý�n�>(UV:·ÝW\ ` WdZ;: a Üc[¬Ü���AW\5<�UV:9��Z�>�AWZ�<WA9< MS�\(>ªAW<%Ý@: J Ý@U¦Ü�TcA9<Å\;: a >;:9Y(>5<	Z�Z;:�A�: a?` [(�¥>(Z;:«Z;:}Ý ` [?Z(:9A7: X0

T�Üs>5nm��<9[��
[�n(Ý	U=Àvl a \¡Ü�Z;:�A�: a?` [(�¥>(Z;: λI

M ) \i�5�,< J ��<%Ü,A9<gAW\	l(�%Ý@: a :�TSÜ6<WA9�%Üc[�Ü,�¥>Ü J �IÜ���\(>ÿÜc[¬Ü���AW\�<	UV:W�,Z�>�AWZ�<ÞÝ@:W>(UQ< a ÜQO(TcAÝ@>IÜX>ÿÝW>(Tc<	��>ÿÜmZIÜ�\(�,>(> J ` �h[;>�A!ÜUyÜc� a �k<W�	\(:�n,�IÝ@:=TÅ>�A!ÜÄTSÜ~�(:WTcAW>(Y�> ^ e− > e+ _�T�:pUQZ5<	�c<XUV:7[?��> J A M Ü M A!ÜÄ[¬Ü*�A�l(A¥�9[?>in�<LÜ a Z(> a < a \i�5��> M SO\(>vT,>i[?Z�<RÝ�n�:W>(U=< a ÜQO(TcAÝW>¡ÜpA9<%Ý	:uZIÜAÜ&A�:9�i: JA7:@U
p⊥

Ü�UQZ�<@�,<ª�5<9�Ø�c<9[(l;U M
[ Tc<W�%Ü�Z5<	TcAW>��(\(>6: a \5<	Z�>5n�:WY�>5l ¯
• : a �(\�Z(Z;:�A�:k[?:ÝW>(Z(:�ÜpT���<��I�c<9[(l;UV: a?` [��ª>(Z(:
λI > X0

^ ����ÿ�� ` AW>?_ M ) <W�@\;: a;` [(�ª>�Z;:©Z(:©: a \5<	ZIÜmZ£�i:�[(<	\�>;UyÜ,A ` \
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(10 − 12)λI
J ��<%Ü,A9<d�*:9\;:9Z�AW>�\;: J �¡Ü

98%
<WAóÜmZIÜ�\(�,>5l�A�:©<@TcA�:!Ý	:�Ý

�i:�[(<	\�>;UyÜ,A ` \(: M

• : a \�<@Z(Z(:9A7:u[?:ÝW>(Z(:�ÜX��<��I¨Å>(\5<	�i:
ph
⊥ > pe.m.

⊥

• : a \�<@Z(Z(:9A7:u[?:ÝW>(Z(:u>;UV:u> EM ��<	UQ��<@Z¡Ü�Z�A7: ^ n�:W\(: a > π0
_

π0 −→ 2γ −→ EM showers

Ee.m. = 0.11 lnE0 [GeV ]
^ Ö(p M �"2W_

• Z¡Ü�ÝW> a >(UV:�ÜmZIÜ�\(�,>5l
� Ü��i:k\;:7nm�h[¬Ü a :@UyÜ&\¡Üm:W��Y(>il(A7: n + A −→ p + Bò&:WTcA�<@A�Ü�ZIÜm\��,>5l�A�: J ��<�l�A9<vZ�<@Thl�A¢ZIÜ,�iAW\5<	Z�>�A!Ü¥<@AW>¡Ý	:�Ý¢��>(ZIÜ�AW>��(Z;:
ÜmZIÜ�\(�,>5l�Z(:®�(\�<WA9<	Z�>�A!Ü J :©<@TcA�:9Z;:7[�:�A�:d�;:9TcA®<@AW>�Ý@:óÝ]A M Z M Ü�ZIÜm\��,>5l
Z;:;ÝW\ ` nm�i:9A7: ^ < 0tì?]¡0 ì5ÁXÀ�ì�À�.�Á9H;_ M ¦ ` Oª�i:�A9<°TSÜÄ<	T ` T�ÜmTcAÝ�l¬Ý@:9AOl a \¡Ü�Z(>�(\¡Ü�ÝW\ ` T°:WZ�>5l£>gT�:@UQ>5AÜ��(\5<	YIÜ�T�>£T,A7:Ý@:�A�Ý!Üm�IÜÞÝ©T�:@UQ>5AÜªl a \;: J A9<A�:7n�>ðÜmZIÜ�\(�,>;:dZ;:dT�Ý ` \in$Ý@:9Z¡Ü ^ Ñ ¸ Ý�_nÜ a <@T,A7:��c<9[(l;U�: M � >¡Ü�U=<��ÌÜmUa :u�	\5<	>(U¡�(\�<WA9<	Z�>�A!Ü°> a :u<WAW�¡Ü,A!Ü�U¡Yil�[?:9A7:RÜ�Z¡Ü�\���>il J ��<ml(A9<jAÜ«Z5<9�
Thl�A J a <@�i:9A9< Ñ ¸ ÝvZIÜ¥U=<��ÌÜ a :�TSÜ a Ü,A!Ü���AW>(\(:v>]<	TcA�:!Ý@:jn�:W�*�i�ÜmZ(:ªn�:Üm�LT,�IÜm\�>;UyÜ�Z�A7:9A9<@\;: M ¦�<@�(Z�<¥A7:�nm>ÿÜ�Z¡Ü�\(�,>il�TSÜ�Z;:9\(>��;:¥Z¡Ü�ÝW> a >;UV: M

�����æ�5� Zª�Q�yx?é�é��Íîyz�ê���é��
ä a \�<@Z(>in7:9Y(>il(A7:�Ü��(\�<@Y¡Ü�T J :WZ(:�[(<	�,>(�IÜ�ZZ;:d<@�@\;:7n,�IÝ	:9Z¡Ü,A9<gZ(:wÜc[¬Ü��5A@\5<9�
UV:9�,Z(>�AWZ(:�[�:!ÝW>(Z;: J ��<)O5AW<TSÜ®<	T ` T�ÜmTcAÝ�l¬Ý@:��(\(>×Ý@>�Tc<	��>×Ü�Z¡Ü�\(�,>�> J �(\(>
��<Ü,A9<©T,>5[;Z�<WA9<�Ý�n�:W>(UQ< a ÜQO(TcAÝ@>IÜ�Ý�n�>(UV:·ÝW\ ` WdZ;: a Üc[¬Ü���AW\5<�UV:9��Z�>�AWZ�<WA9< MS�\(>ªAW<%Ý@: J Ý@U¦Ü�TcA9<Å\;: a >;:9Y(>5<	Z�Z;:�A�: a?` [(�¥>(Z;:«Z;:}Ý ` [?Z(:9A7: X0

T�Üs>5nm��<9[��
[�n(Ý	U=Àvl a \¡Ü�Z;:�A�: a?` [(�¥>(Z;: λI

M ) \i�5�,< J ��<%Ü,A9<gAW\	l(�%Ý@: a :�TSÜ6<WA9�%Üc[�Ü,�¥>Ü J �IÜ���\(>ÿÜc[¬Ü���AW\�<	UV:W�,Z�>�AWZ�<ÞÝ@:W>(UQ< a ÜQO(TcAÝ@>IÜX>ÿÝW>(Tc<	��>ÿÜmZIÜ�\(�,>(> J ` �h[;>�A!Ü
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UyÜc� a �k<W�	\(:�n,�IÝ@:=TÅ>�A!ÜÄTSÜ~�(:WTcAW>(Y�> ^ e− > e+ _�T�:pUQZ5<	�c<XUV:7[?��> J A M Ü M A!ÜÄ[¬Ü*�A�l(A¥�9[?>in�<LÜ a Z(> a < a \i�5��> M SO\(>vT,>i[?Z�<RÝ�n�:W>(U=< a ÜQO(TcAÝW>¡ÜpA9<%Ý	:uZIÜAÜ&A�:9�i: JA7:@U

p⊥
Ü�UQZ�<@�,<ª�5<9�Ø�c<9[(l;U M

[ Tc<W�%Ü�Z5<	TcAW>��(\(>6: a \5<	Z�>5n�:WY�>5l ¯
• : a �(\�Z(Z;:�A�:k[?:ÝW>(Z(:�ÜpT���<��I�c<9[(l;UV: a?` [��ª>(Z(:
λI > X0

^ ����ÿ�� ` AW>?_ M ) <W�@\;: a;` [(�ª>�Z;:©Z(:©: a \5<	ZIÜmZ£�i:�[(<	\�>;UyÜ,A ` \Ü
(10 − 12)λI

J ��<%Ü,A9<d�*:9\;:9Z�AW>�\;: J �¡Ü
98%

<WAóÜmZIÜ�\(�,>5l�A�:©<@TcA�:!Ý	:�Ý
�i:�[(<	\�>;UyÜ,A ` \(: M
• : a \�<@Z(Z(:9A7:u[?:ÝW>(Z(:�ÜX��<��I¨Å>(\5<	�i:
ph
⊥ > pe.m.

⊥

• : a \�<@Z(Z(:9A7:u[?:ÝW>(Z(:u>;UV:u> EM ��<	UQ��<@Z¡Ü�Z�A7: ^ n�:W\(: a > π0
_

π0 −→ 2γ −→ EM showers

Ee.m. = 0.11 lnE0 [GeV ]
^ Ö � M ��	_

• Z¡Ü�ÝW> a >(UV:�ÜmZIÜ�\(�,>5l
� Ü��i:k\;:7nm�h[¬Ü a :@UyÜ&\¡Üm:W��Y(>il(A7: n + A −→ p + Bò&:WTcA�<@A�Ü�ZIÜm\��,>5l�A�: J ��<�l�A9<vZ�<@Thl�A¢ZIÜ,�iAW\5<	Z�>�A!Ü¥<@AW>¡Ý	:�Ý¢��>(ZIÜ�AW>��(Z;:
ÜmZIÜ�\(�,>5l�Z(:®�(\�<WA9<	Z�>�A!Ü J :©<@TcA�:9Z;:7[�:�A�:d�;:9TcA®<@AW>�Ý@:óÝ]A M Z M Ü�ZIÜm\��,>5l
Z;:;ÝW\ ` nm�i:9A7: ^ < 0tì?]¡0 ì5ÁXÀ�ì�À�.�Á9H;_ M ¦ ` Oª�i:�A9<°TSÜÄ<	T ` T�ÜmTcAÝ�l¬Ý@:9AOl a \¡Ü�Z(>�(\¡Ü�ÝW\ ` T°:WZ�>5l£>gT�:@UQ>5AÜ��(\5<	YIÜ�T�>£T,A7:Ý@:�A�Ý!Üm�IÜÞÝ©T�:@UQ>5AÜªl a \;: J A9<A�:7n�>ðÜmZIÜ�\(�,>;:dZ;:dT�Ý ` \in$Ý@:9Z¡Ü ^ Ñ ¸ Ý�_nÜ a <@T,A7:��c<9[(l;U�: M � >¡Ü�U=<��ÌÜmUa :u�	\5<	>(U¡�(\�<WA9<	Z�>�A!Ü°> a :u<WAW�¡Ü,A!Ü�U¡Yil�[?:9A7:RÜ�Z¡Ü�\���>il J ��<ml(A9<jAÜ«Z5<9�
Thl�A J a <@�i:9A9< Ñ ¸ ÝvZIÜ¥U=<��ÌÜ a :�TSÜ a Ü,A!Ü���AW>(\(:v>]<	TcA�:!Ý@:jn�:W�*�i�ÜmZ(:ªn�:Üm�LT,�IÜm\�>;UyÜ�Z�A7:9A9<@\;: M ¦�<@�(Z�<¥A7:�nm>ÿÜ�Z¡Ü�\(�,>il�TSÜ�Z;:9\(>��;:¥Z¡Ü�ÝW> a >;UV: M

����� �?ç RÔîQ��������xSAAzS:Wé����5é��¼�×z(�Q�yx?é�é��å�¯z?îyx?���;A&�������
ñ :�[(<	\�>;UyÜ,A@\�>�A!ÜOTSÜÔ>5nm�5<W[�n$Ý@:�A�n7:�>in�U¦Ü�\¡Ý	:9Z¡Ü~Z;:;Ü�Z¡Ü�\(�,>5l�A�:�Z(:��;:9TcA@>�Y(>L�
A!Ü Mëû UV:WU¦Ü a Ý@:k<	T,Z5<"ÝWZ(>vAW>(�(:ª�i:7[;<@\(>(UyÜ�AW\�> ¯
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UWVQXZY�[K\j� ã(] ± È$^_^ \>[K\>d j g-[QV ¼�j V$dQV c \}[K\ÂÃZk!V Ç c VMf�\ j g-[QVQ\¨k!V�È�d a V j>an¼ g�V$Ã hQa kKÃ _ \ jn_d�\¨k a [QVQf�g j [QV j g
Ö M ��<�U=<@��Ü�Z�Z(>d�i:�[(<	\�>;UyÜ,AW\(> ¯ SO\IÜ a TcA�:!Ý9[�l¬Ý@:�Av�(\�>(TcA�:7[?> J T�Ý ` \5n�:WZ�>®TÏuÑ ½ M ¦§>(�(>��(Z(:9A7:ª>(U a?` [��ª>(Z(:RÜ&<	��<9[;< ã 2 X0

M
ã M ¸ ÜmUQ�5[;>(Z(�Ä�i:�[(<	\�>;UyÜ,AW\(>ª>5[;>¥Tm:9Z a Ý@>���<%ÝpAW>(� ¯ SO\¡Ü a TcA7:Ý�[(l�Ý	:�A��5<	T
�[¬Ü a <%Ý	:�A!Üc[?Z�<6Z(:W\IÜ a Ü�Z(>�:9�@Tc<	\5�%Ü�\(>d>�T,Y(>(Z5AW>5[�:�A9<	\�> M ä �	Tc<@\��Üm\(:�ÜTO�c<9[(l;U�:9A9<	UyÜmZ�Z�<	U¦Ü�\ J A7:@U�TSÜO\;:7n$ÝW>�Ý@:p[�:!Ý@>�Z;:�A�: M?Ñ Z¡Ü�\(�,>il(A7: J ��<9�
l(A9<ÅTSÜ~<WA@TcA7:Ý�ljA�:WU J <@TcA�:!Ý	:�ZIÜ(ÝW> a >;UV: MLä �5AW>�ÝWZ(>5lMÜc[¬ÜmUyÜ�Z�A;ÜsT,Y�>(Zi�A@>i[�:�A9<	\(: M ¦�<XOíÜ©T©UV:7[ ` �¼:�AW<	UyÜ�Z¡Z�<	U¦Ü�\ M§» <��ÌÜmU a :£�(\IÜ�UyÜ�\(>(U
ÜmZIÜ�\(�,>5l�A�: J ��<�l�A9<ªT�Ü a Ü���<9nm>(\(:kA�:WU M

���� "�a`i �� b�+Ec�d&ec-�R�)Ee,-�35+k'�f58W'*8=g9358W'*)hf�8Ue,3+e,%�1�R�R
[ A@Z5<	T,>5AÜc[;Z;:�A�:ª��\IÜ�¨°�i: J T���<ml(A9<jUyÜ�\(>;U ÜmZIÜ�\(�,>(>5AÜAÜ ¯

σ

E
=

a√
E

⊕ a

E

⊕
c

^�ã q M �	ÿ@_



ã Ù ã ²,³ ��´4�åä»æ�wWçs�µzh�'è	zh{Zñ"9��
�0´?9:�{/è7{*���@��ñ	�|�µz-9PO
�Q9ROA�S:µz19$TQ9

UWVQXZY�[K\&� ã�] ±*± ^�Æ g-f h k!V c Xîd(\/k a [QVQf�g j>Á [

a
⊕

b =
√
a2 + b2

^�ã q M �p�_
Tp�;:9\;:WU¦Ü,AW\(>

a, b, c
J ��<@>�A9<ªT ` <WAÝÜ,AWTcA%Ý��IÝ@:9AjZ;: ¯

Ö M¦ö T,A9<PWL:9T,AW>��¡Ü�Z ^ >5[?>M* ö=i f¡Ï 0tì�Áp�5[¬Ü�Z J :W��<«�i:7[;<@\(>(U¦Ü,A ` \;:;Üå* ö�i f�Ït0 ì5ÁA@>���_ J :&�;:9\;:WUyÜ,A ` \ ` A a T ` <@AÝ!Ü,A@TcAÝ��IÝ	:OZ;:&TcA7:9AW>(TcAW>(�IÜ�T���>¥�O[��5��A����:WY�>(> M A M � M �(\5<	YIÜ�T�>5A!ÜsT�:pT*[(�5�;:�O(Z�> ^ >(UV:«��[(�5�5AW<	:9Y(>(>MÝX\;:7n(Ý@>5A@>IÜ,AW<
Z;:§[?:ÝW>(Z(:9A7:�_ J a <	\�> a :~>(U�:WUyÜ`Ü a Z(:~>XT ` Tk:§� ` \¡ÝW<@Z;:��(:�[;Z;:´Ü�ZIÜm\��,>5l�;:9�jT�Ü0Z;:��W[;Ò a :Ý@:WU¦Ü0\(:�n�UV:7n$Ý@:9Z¡ÜÜZ(:�T,>���Z(:�[?: M S�\(>(��>(Z(:sn�:sT ` TÌÜ�T
�
A%Ý��IÝ@:WZIÜ�A9<¥Z(:ÅA9<9n�>v�i[¬Ü�Z�Ü&�p>in�>��i:9A7:kZ;:Å�(\5<	YIÜmT,>5AÜ M SO\(>�* ö�i f�Ït0 ì5Á
�i:�[(<	\�>;UyÜ,A@\�>�A!Ü&>;UV:@UyÜåÝ9A9<	\�>¢>5n�A9<@�(Z(>���Z(:«A7:W��>�Ý@:ÅTcA�:�AW>(TcAW>(�IÜmT,��>
�O[(�5�5A9<�:9Y(>�> M ¦ M � M ��\(>�AW<9nm>6AW>����i:7[;<@\(>(U¦Ü,AW\(>6�;:9TcA¥<@A�Ü�ZIÜm\��,>5l�A�:
Ü¥Z¡Ü�ÝW> a >(UV:�A M Ü M �5<	� ` [?Z(:�[?:¢TSÜLÜRÝ6:9�@Tc<	\5�%Ü�\;: J Ý ` �(\5<	T ` AÿÜ¥�i:W��TSÜ\;:7n���\¡Ü a Üc[�lÿÜ�Z¡Ü�\(�,>5l�A�:¥UyÜc� a ��:��	Tc<@\��Üm\(:k>6T�Y�>(Z5A@>i[�:�A9<	\�>�A!Ü M

ã M
b

�;:9\;:WUyÜ,A@\�>5nm>(\(:¥¨«��U=<%ÝÜ,A!ÜXZ;:�Üc[�Üm�5AW\�<@Z(>(�i:�A�:
• ¨«��U=<%ÝÜpZ;:u�O<@A9< a Ü�A!Ü���A9<@\(>�>·Üc[�Üm�5AW\�<@Z(>(�i:�A�:
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• �(\�>(Z�<@T,> ÝþÜ�Z¡Ü�\(�,>il(A7:Í<WA×�;:9TcA@>�Y(> J ��<	>5A9<ÞZ¡Ü�T�:Í��Ü�ZIÜ�AW>��(Z�<
T�Ý ` \5n�:9Z(>«TÜ>(Z5A!Üm\IÜ�Tc�IÝ@:�TÅ<WA9<&Z�>kT ` �@>�AW>¡Ü M ¦�<%Ý@:OU=<��ÌÜ a :åÜ0�(:WT
�A@>�Y;:�<WA���\¡Ü a >�¨°Z5<�T ` �	>5A@>IÜ©>i[?>¡>�Z(Y(> a Ü�Z�AWZ5<���\¡ÜmUQ>(Z(:Ý@:=T°:
�;:9T,AW>�Y;: M

Ì M
c

ÜX��<@Z(TcA�:9Z�A!Ü�Z��i[¬Ü�Z J ��<XO�A9<ªTSÜ a;` [(�ª>6Z;: ¯
• �(\5<@�9[¬ÜmUQ>·Ýu��<	Z�TcA@\i�5�(Y�>5l�A�:ªZ;: a Ü,A!Ü���A9<@\;:
• Z¡Ü�Ü a Z5<	\5< a Z5<	TcA�Ý¥T ` �@>(\;:9Z¡Ü,A9<ªZ;:uT,>���Z(:�[?:
• <@AWZ5<	T,>�A!Üc[?Z�>��,\¡Ü�¨°��>���\(>g�i:7[?>5�	\�>(\(:WZIÜ�A9<®Z(:6�i[¬Ü,AW�(>5AÜMÜ a Z;:T���\	l?U=< a \5�5�
:
• �O[��5��A9<�:9Y(>�>�ÝLÜc[¬Ü��5A@\5<�UV:9�,Z(>�AWZ�>�A!ÜÅ��<�UQ��<@Z¡Ü�Z5A@>6Z;:¥: a \5<	Z�Z(>L�AÜ&[�:!Ý@>�Z(>
• �iA!Üm���(>
• �(\�>d: a \�<@Z(Z(>5A!Ü¥�i:�[(<	\�>;UyÜ,AW\(>d>;UV:WU¦Ük: a \�<@Z(Z(:�>�Üc[¬Ü���AW\5<�UV:9�*�Z(>�AWZ(:¼��<	UQ��<@Z¡Ü�Z�A7: J Z5<¼\;:7n(Ý@>5A@>IÜ,AW<ÍZ(:�[�:!Ý@>�Z;:�A�:íÜ�T*[(�5�(:!Ü�Z
�(\�<@Y¡Ü�T M � Ü�nmZ;:KÜmU6�i:9��Ý@:Ä�(:WTcAsZ(:§[�:!ÝW>(Z;:�A�:ôÜ¾Üc[¬Ü���AW\5<�UV:9��Z�>�AWZ;:>6�i:9��Ý@:Å�Ø: a \�<@Z(Z(: M

���� "�a`i "� k�-?eml5)7%�89PQ+71�3�R5)735Rnl�+�-�89%�R5PJe,)7%5R
Ñ a Z(:k<@Aª��\(>��(>(Z�>�A!Ü J a :!Ý	:�Tk:Å<	T,Z�<%Ý!ÜmZv��\(>�Z�<@Tp� ` U�T,A9<PWL:9T,AW>��(Z(>il6�5[�ÜmZ
Z(:�\;:7n a Üc[?>5A!Ü,[;Z;:�A�:�T,�5<	Tc<W�	Z5<	TcA���<�Ü�Z¡Ü�\���>�>©Z(:MÜc[¬Ü���AW\�<	UV:W�,Z�>�AWZ(>il��i:7�[(<	\�>;UyÜ,A ` \�T�:£A M Z M ��\(>(T ` TÅ>å>i[?>×Ý ` AW\¡Ü�¨°Z�>å��[(�5�5A9��:9Y(>(> M§ä ��<

W
Ü

Ü�ZIÜm\��,>5l�A�:°n�:u\;:7� a :9Z¡Ü«Z(: a Ý9<)O��i:�Üc[�Üm�5AW\�<@Zi�oO5<	Z ^ >i[?>©�O<@A9<@Z�_ J A9<ª�	\5<9�l�AªZ;: a ÝW<XO(��>�A!Ü}Ü n = E/W

σ

E
=

√
n

n
=

√
W

E
,

^�ã q M � � _
\IÜm:�[;Z�<

σ

E
=

√
FW

E
,

^�ã q M ÿ q _



ã Ù
± ²,³ ��´4�åä»æ�wWçs�µzh�'è	zh{Zñ"9��
�0´?9:�{/è7{*���@��ñ	�|�µz-9PO
�Q9ROA�S:µz19$TQ9
� `ba Ü,A9< F Ü¢�p:W�5A9<	\ ` A�Z;: Ï :WZ5< ^

F < 1
_ J ��<XO�A9<®n7:!ÝW>(T,>g<@A]��<	Z��(\¡Ü,A7�

Z�>�A!Ü®��\�<@Y¡Ü�T,> J ÝW�5[;Òs�(>�A!Üc[?Z5<�>¼A!Ücnm> J ��<@>�A9<�ZIÜ]T�:£T�Ý ` \in�:WZ�>¡�(\	l(��<�T
<WA a Üc[(l(Z¡Ü,A9<�Z(:�Ü�Z¡Ü�\(�,>5l ^ Z;:9�(\�>;UyÜ�\��O<	Z5<	Z�Z(>�Ý ` n��9�L� a :9Z(>ilë_ M

p e,PJfi-(R53�1�l�+�-�89%�R5PJe,)7%5R
N \5<�l(A§Z(:0n�:W\IÜ a Ü�Z(>5AÜ��(:WTcAW>(Y�>}Ý0[?:ÝW>(Z(:9A7: J �(\¡Ü�T,>(�(:=TÅ>�:9��AW>¡Ý@Z(:9A7:~�5[(<	T
���<@TcALÜ

n = E/4Eabs,
^�ã q M ÿLÖ7_

� `ba Ü,A9< 4Eabs
ÜAÜ�ZIÜm\��,>5l�A�: J ��<�l�AW<j�*�i�@> q � I Ýª:��@T,<@\��Ü�\;: M

4Eabs = tabs(dE/dx),
^�ã q M ÿ ã _

� `ba Ü,A9< tabs
Ü a;` [(�ª>�Z;:�A�:]Z(:©:��	Tc<@\��Üm\(:ªÝ�\;: a >;:9Y(>5<	Z�Z(> a;` [(�ª>�Z(>�Z;:

Ý ` [?Z(:9A7: oX0
r M

σ

E
=

√
n

n
∼
√
tabs√
E

^�ã q M ÿ�Ì�_
[ �)T°:9A7:u�&<@\;U��7[?:�Ü

σs

E
=

5%√
E

(1− fsamp)4E0.5(1−fsamp)
cell ,

^�ã q M ÿ$ài_
� `ba Ü,A9< 4Ecell

Ü�ÜmZIÜ�\(�,>5l�A�: a Ü���<9nm>(\;:9Z;:MÝMÜ a Z(:��5[�Ü,A@�i:jA M Ü M ÝMÜ a Z;:�:9�i�AW>¡Ý@Z(:ª>ÿÜ a Z(:u�;:9T,>�ÝWZ;:u�5[(<	T,��<@TcA J : fsamp
ÜXTSÜmUQ�5[?>�Z(��Drq ö=s�t�u ÷%ì

fsamp = 0.6fMIP = 0.6
d(dE/dx)act

[d(dE/dx)act + tabs(dE/dx)abs]
,

^�ã q M ÿ=v@_
� `ba Ü,A9< d Ü a Ü��Üc[?>�Z;:�A�:uZ;:¥:9��AW>¡Ý@Z(:9A7:j�i[;<@T���<@TcA MSO\�>;UyÜ�\ ¯ Ø : 1 cm Pb

>
1 cm Si fMIP ≈ 13.5%

M
[ ��>�AÝ@:@UyÜ«TSÜ a :ª�(:�nm>(U fsamp

�5<k�0UV:7[?�(>�<WAª�O[(�5�5A9<�:9Y(>�>�A!Ü�Ýk[?:ÝW>i�
Z�>�A!Ü M
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���� "�a`i �x yzd;%58W3535R{l�+�-�8W%5R5PJe�)�%�R
Ø Z(:!ÜmU J �IÜÎn�:¿Üc[�Üm�5AW\�<	U�:9�,Z(>5A@Z�>°�i:7[;<@\(>(UyÜ�AW\�>ÌÝW> a >;UV:�A�:ôÜ�Z¡Ü�\(�,>il J ��<�l(A9<UyÜ�\(>(UðÜ���\�<@��<@\(Y�>�<@Z;:7[?Z;:ªZ;:uZ(:��;:7[?Z(:9A7:LÜmZIÜ�\(�,>5l�Z(:u�;:9TcA@>�Y;:�A�: M

Evis = eEinit ; e = fsamp

^�ã q M ÿK��_
Ø :k: a \�<@Z(Z(>6�i:7[;<@\(>;UyÜ,AW\(>��&<@\;U��7[�:�A�:¥TSÜpAW\(:WZ�T��O<	\(UQ>(\;: a < ¯

Evis = eEe.m. + πEch + nEn +NEnucl,
^�ã q M ÿWÿ@_

� `ba Ü,A9< Ee.m.
Ü¿ÜmZIÜ�\(�,>5l�A�: J ��<�l�A9<XTSÜ0<@A a Üc[(lª��\(>ª\;:7n(Ý@>5AW>¡Ü,A9<XZ;:O[?:ÝW>(Z�>�B

Ech
ÜRÜ�Z¡Ü�\���>il(A7:�<WA�n7:9\¡Ü a ÜmZ�>£�(:WTcAW>(Y�>�B En

Ü�Ü�Z¡Ü�\���>il(A7:�<WA�Z¡Üc�iAW\�<@Z(> J
��<ml(A9<uT�UyÜ���T,�¡Üc[;> a :°�(\¡ÜmUyÜ�\(>(U§B Enucl

ÜûÜ�ZIÜm\��,>5l�A�:«n�:Xl a \¡Ü�Z(>¢\IÜm:W��Y(>(>>®A�l�UQ<m�nÜ a : a <	TcAW>(�,Z¡Ü ∼ 40%
<WA

Evis
J ��<	U=<	�SÜ�Z(Z�>�: a \5<	Z�Z(>d�i:7[;<@\(>i�UyÜ,AW\(>ÍZ¡Ü©T�Ü©�(\(:Ý�l(A M0Ï [��5��A���:WY�>(>�A!Ü�Ý
Evis

TSÜ a;` [(�k:9A�Z(:gTSÜ�UQ�i[?>(Z����[(�5�5A9��:9Y(>(>�>]��\(>(T ` TÅ> J Ý ` AW\¡Ü�¨ÅZ(>]��[(�5��A���:WY�>(> ^
δEe.m., δEch

>©A M Z M _
⇒

σ = σsamp + σintr,
^�ã q M ÿKp�_

� `ba Ü,A9< σsamp = a√
E

; a ≈ 0.1
√
4Ecell

J :
σintr = aintr√

E
+ c

M 4Ecell
Ü

Ü�ZIÜm\��,>5l�A�: J a Ü���<9nm>(\(:WZ(:LÝLÜ a Z;:u�i[¬Ü,AW�i:¥<WAª�i:7[;<@\(>;UyÜ,A ` \;: M Ñ Ü�T�Ý ` \in�:WZT®A9<%Ý	: J �i:9� TSÜd\;:7nm�(\IÜ a Üc[(l×ÜmZIÜ�\(�,>5l�A�:�UyÜ,� a ��Üc[¬Ü���AW\�<	UV:W�,Z�>�AWZ;:�A�:>
: a \5<	Z�Z;:�A�:¥�;:9TcA M

En = [eF0 + h(1− F0)]E,
^ ã q M ÿ � _

� `ba Ü,A9< F0 = Ee.m./E
M

� Ü��i:®>;UV:WUyÜÿÜ,[�Ü���AW\�<@Z�À�>��(>�<@Z
π
M � Ü��i:®T�:®T�Ü a Z;:®>T ` T°:�Ü�Z¡Ü�\i�

�,>il J Z�< a Ý@:9A7:�AW>(�(:�Ü�Z¡Ü�\(�,>5lTSÜ�Ý@>i� a :�Ag�5<g\;:7n,[?>��¡Ü�Z�Z;:m�(>(Z MÜ¬ :7�ªZ;:
WL:9\;:9��A!Ü�\(>(TcAW>(�i:ªZ;:¥: a \5<	Z�Z(>il6�i:�[(<	\�>;UyÜ,A ` \·Ü ¯

e

π
=

(e/h)

[(e/h)F0 + (1− F0)]
,

^�ã q M p q _
� `ba Ü,A9<®�(>�T*[?>�A!Üc[(l�A®ZIÜjn�:!Ý@>�T�>�<@AªÜmZIÜ�\(�,>5l�A�: J :vn�Z(:@UyÜ�Z;:�A!Üc[(l�A�n�:ÝW>(T,>��\¡Ücn

F0
M



ã Ù?º ²,³ ��´4�åä»æ�wWçs�µzh�'è	zh{Zñ)w��
�0´�w=|�{/è7{*���@��ñ	�|�µz�wM}
��w~}A��|µz�w$T�w
SO\�> e

h
= 1

>;UV:@UyÜ���<	UQ�¡Ü�Z(T,>�\;:�T �i:7[;<@\(>(U¦Ü,A ` \ J A M Ü M Ý@>i� a :WUyÜªÜ a �Z(:W�¡ÝW<·Ü�Z¡Ü�\���>il(A7:�<@A6��>�<@Z(>£> Üc[¬Ü���AW\5<	Z�> ^ Üc[�Üm�5AW\�<	U�:9�,Z(>5A@Z�>5l�A]T,>(�,Z(:�[
TSÜO��< a AW>(T,�i: J Z�<°A9<"Ý@:°TSÜO�(\(:ÝW>¢\	l a ��<L_ M S�\(> e

h 6= 1
>(UV:@UyÜOZ¡Ü���<	UV�IÜ�Z(T,>i�

\(:=T a Ü,AÜ��5AW<@\ M
F0 = 0.11 lnE

^�ã q M p�Ö�_

• à ã � ^ u ì	K u���u�< ÏEÀ7_În�:k\(:�nm\i�5¨k:!Ý	:9Z¡ÜpZ;:°l a \(:9A7: M
• à�Ì � n�:W\IÜ a Ü�Z(>��;:9TcA@>�Y(>
• Ö ã � Z¡Üc�iAW\�<@Z(>
• Ì �

γ
��Ý@:9Z�AW>�TûÜ�Z¡Ü�\(�,>(> ∼ 1 MeV

û a Ü�Z�AW>(�&>(�i:9Y(>5l©Z;:u�(:WTcAW>(Y�>�TcA7:Ý@:u��<
• T ` <WAWZ�<@¨ÌÜ�Z(>IÜ (EECAL/EHCAL) e, π, jets

• ¨°>�\(>�Z;:�A�:¥Z;:°[?:ÝW>(Z(:9A7:
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��w~}A��|µz�wE��w



��������� ���

� ���������¡ £¢�¤¥�

�8*�¦æ� §pì@��¨?���2©_ª	î=�¬«J'®���é°¯��°,��Íé;±d��ªCB=ìX©�ê?�;ªS²=ê?� ��¨�ê³ªS²°¨ëìWé;¨�ê?é��
(³±&2ª��2©5�=ìX©5�����

[ T�Z5<)´WZ(>il(A&�(\�>(Z�Y(>(�un�:&>in,�5�;:�´	:9Z_µÄZ;:OT,AW\i�5��A��5\;:�A�:XZ;:sl a \;:�A�:p>¥�(:WTcAW>i�Y�>�A�µk<@TcA�:�´	:jZ_µ��(\5<�U;µ�Z_µ�Z©<XT-µk�5<n´W\_µmU;µ°Z(:�� ` \_´@>5A�µ°<@�(>5A@>dZ(: % `ba?` \i��O<	\ a ^ ÖQ¶5Ö@Ö,� M _ÜnE·¹¸=ºW�(\?»_´)·9Z_µuZ¼·n·aº�¸�UQZ_¸=º�¸¢l a \_¸ M�½ ´W\_µmU;µmº=¸¢��»5nP»�Y?»_º�µ
TQ·ªZ¼·WU;µm\_»5[¼»]\¼·7n,[&»(��Z?»®Z?·��?»�Z?»©nE·j�+¸W[��5�¼·�´)·9Z_µ°Z¼·ªT,Z_¸@�_¸X´=µ-¸=ºn´=»(T�¸@�C¸9�
µ�Z+µm\���µQº=»��(Z?»��¼·9T�ºX»�Y?» J �C¸X»_º�¸��(\?»6Tc�W[ ` T ` �6TX\?·�n,[¼»(�(Z_»]UJ»(¨-µ�Z?» a ·�´)·aºT ` �X»_º=»5l�T,�_¸	U¾·9��·�T¿»�nE·�»in�T*[?µ a ´)·9Z_µmº�¸gZ?·£UJ»(��\_¸=¸@�=µ��_º=»_º�µ M SO\+µ,n£ÖQ¶�ÖQ¶
� M¾% `ba?` \(��¸	\ a ¸	T ` T-µ�Tmº=´=»5[À´][S·��X¸@\¼·aº�¸	\�Z?»��	T*[¼¸X´X»il� ` \?´X·�º�·®l a \+µ�Z¼·
\+µP·W��Y?»5l ¯

α +H → O +H,
^ Ö M Ö�_

´��C¸ml?º�¸
α
�I�?·WT�º=»(Y?·�º�·��X»5[&·g�_¸9[(�5�+µmZ?·��(\?»Í\¼·7nm�¼· a Z¼·Áµ�T�º=µ�T�º=´=µ�Z_»Â»in,�

º�¸@�(Z_»(Y?» ^ ÃÅÄ J;ÆÅÇ _ M�¬ º�¸9nE»�T*[(�5�?·=O�T,Z_¸@�¼·È¸=º
α
�á�¼·9Tmº=»�Y?»��)»i[�T�U¾·7[?�8·

»�Z_º�µ�Z5nP»?´WZ_¸@T�ºÈ»�Z_µ��C¸9[&»(U�»�\¼·9Z M2½ [?µ a º�µcnP»£� ` \_´X»®�	T��+µ�W_»�´É»5n,�5�?·=´X·WZ+µ
Z?·�l a \?·�º�·�nE·W�+¸	��Z¼·7[S·Éµm�+¸PWM·�º�·�Z¼·6T ` n a ·=´X·9Z_µ~»g\?·�nP´=»_º=»_µ�Z¼·�T,�+µmY_»¼·7[��
Z_»�U�·9¨j»�Z?»��k�	T,�C¸	\_»_º�µc[&»¡nE·Ê»5nmT*[¼µ a ´X·WZ+µ®Z¼·�T,Z_¸@�Í�¼·9Tmº=»�Y?»�TÈ´X»�Tm¸@�8·
»�Z_º�µ�Z5nP»?´WZ_¸@T�º J T¥U�·7[ ` �®�5¨j»�\_µ�Z?»+µ¥�_¸ ` �h[¼»�»��_¸®»(UV�i�7[?Tm» M�ñ ¸W[;�C¸Xº�¸Éµ
�+¸9�á��¸W[�l?U�·{µmZ+µ�\(�m»5l_ºa· ^ »;UQ�5��[?TQ·�_&Z?·��	T,�C¸	\+µmZ_»_º�µ¢�?·WT�º=»(Y_» J º=¸9[?�C¸X´X·©Z¼·
�+¸9�IU�·�[;�?»�\?·�nmT�º�¸�l(Z?»5l�T�µ��(\_»��9[&»5�Ë·�´)·aºu�?·WT�º=»(Y_»_º�µ&� ` U�UJ»(¨-µ�Z¼·aºa· M ¦Ì¸9�

Í�Î�Ï



Í�Ï?ê ²,³ ��´4��ÐÒÑ,wÔÓ)| Õ�{oÖ)w	z�� ³ w
´X· a ·=´X·À´ ` n7U;¸��¥Z_¸@Tmº��_¸/W8·9\¼·9�_º�µ�\?»�Tmº=»��?»_º�µ�Z¼·×´9nE·�»;U;¸ a µQO�Tmº=´=»_º�·Z¼·
UJ»��(\_¸=¸W�Xµ��_º=»+º=µ a ·ÅTmµO�+¸W[��5�?»n»�Z(�Ø¸@\;U�·9Y?»il�nE·-º�l+W�Z?·�º�·kT�ºW\5�5�_º��5\?·u�(\?»
U�·7[?�_»°\?·�nmT�º�¸�l;Z_»5l J Z¼·9�(\_»;U;µ�\ J ´Y»�Z_º�µ�\?´X·�[&·Y¸=ºÅÖ q ÀoÙ a ¸ÅÖ Æ ÀoÙÀµ�Z+µm\��m»5l
Z?·u�¼·9T�ºX»�Y¼·aºa·jU;¸	��·�º a ·¥Tmµ�»5nmT*[¼µ a ´X·aº¥T�º@\i�5�_º��5\?»©Z¼·Ë¸W�Xµ��_º=»É¸Xº-ÚG\¼·7n�UJµ*�
\_»8Û ^ ≈ 10−12 sQi _ØZ¼·�·aº�¸�UQZ+¸Xº�¸¥l a \_¸ a ¸ª\¼·7n�T�º�¸�l(Z?»il

rleq10−16 sQi6M
ÜQxCÝ�ÜaÝ�Ü Þ�ß�l)à=á+â+ã�e�ä?âåß�f+á)æMlCàjd¼emç?ß�ãEè=â+e
¦2·W�_»?´X·UéQ·k��µPê+µQë¼·aº=¸Xë?»+º�µ-ê¼· ¬ ·=êL�$ì¼µc��íîë¼·9� ïeÖP¶WÌ�Ö,�Eð¬» ñ ¸@�?ë+¸	��º7��½¾¸=ñ?º�ò�ê
ïeÖP¶WÌ ã �Eð�óÐ¦ÌµÅ�)é,�C¸)ë)ô?´X·�º��¼·�é�ºX»_õ?»Èì&¸åµPê+µQë(�m»?»

Ep ≈ 10MeV
ï4´nö;¸Cö;µQê_º�·

ö�·9�Mém»¼ö�·añ¼ê?»+º=µ~µQê_µQë��Q»_»÷ì¼¸)é�º=»(�mê¼·aº=»Êé¥�_¸)ö;¸)Tj·{ê¼·{ºa·9�?»_´)·v�Cé,�C¸Xë?»_º�µ�ñ&»
éQ·"¸XºX�+¸)ë)ô8ì&ò �8·�ê¼·�Ì=øCùvÀúÙ�ðÒó�û ä ë¼·�ü_º�µQë?»8ýP»?ë¼·aº¿é�µézê_µQþ?ë+µQü_ò�émê¼·aº�¸Øì&µQO?é�ÿ
º=´=»_µ��¼é�ºa·��)»8ñ&ê+¸)é�º~»���¸=ñ_ô&ö�·Ëþ_ë_µQõ?»8ýEê+¸)é�º ¯

δE

E
. 0, 01%

ïGÖ=ó ã ð
û é�º�¸Xë?»+ô_ºa·£ê?·÷ë?·aýP´=»_µmº�¸÷ê¼·��)éQüC¸Xë?»+º�µmñ¼ê¼·aºa·£º�µ�W_ê_»?ü8·ÈýE·=þ+¸)õMW_ê¼·�ñS·£´

émë+µ�ìS·�º�· ê?· ã øEÿ�º�µ6�m¸QìS»?ê_»Àê?·
20

´�µQü��JüC¸	��·�º�¸�éQ·÷é�ò ý�ì³·Eì&µQê_»��)émüC¸)ë_»_º�µ�ÿ
ñ¼»Éê¼·Uþ?ë)ô?üC¸Ëì&µQO_émº=´=»_µhþ_ë?»ÉµQê_µQë(�m»?»¹ì¼¸~ê+ô?üC¸=ñ¼üC¸~é�º=¸=º=»?ê ü?»+ñ?¸Xµ�ñ?µPü+º=ë_¸Xê
´�¸�ñ¼º=» ï��9ÀúÙ�ðÒó=¦°µÉþ?ë+µ�ìSé�ºa·�´�ñ_ô¼´X·aº�é�ò	�_µmº�·=ê_»_µ{¸=º�»8ýQº=¸��?ê_»?ü�ê?·£þ_¸Xémº�¸Eô?ê8ÿ
ê+¸¿´X»_ém¸XüC¸¿ê¼·�þ?ë+µ,�¿µQê?»+µËïæ��µQê_µQë¼·aº�¸)ë&ð¾»
�)émüC¸)ë_»_º�µ�ñ&ê?·-´X·�ü	���_öJê¼·hº=ë_òü�)·��M´
üC¸Pô?º�¸¹ýE·�ë_µ�ì&µQê_»�¼·�é�ºX»_õ?»£þ_ë_µPöJ»?ê¼·�´X·�º¹¸XºÔµ�ìS»?ê_»+ô®ì&¸Ôì&ë	�5�m»+ô þ_¸�ñ?ÒYé¿ê¼·
��µQê_µQë?·�º�¸Xë¼·	�&ºEó µ)ó&þ_ë?»8ì¼¸@�X»?´X·aºåµQê_µQë(�m»8ô®émò³¸=ºX´�µmº=émº=´X·=Tj·~ê¼·~ê¼·�þ?ë_µc�¿µQê?»+µ�ÿ
º�¸Ôê¼·Ué�ò³¸Xº=´�µmºXê_»+ô®þ+¸=ñ;ÒYé�ê¼·u��µQê_µQë¼·aº�¸)ë?·®ï�� ≤ Ì=øÔù��	ð�ó
��·=OMÿ��+þ_¸=º=ë)ô(�Pô¼´X·=ê_»_º�µå¸=º®º=¸�ýP»Êº=»?þ��)éQüC¸Xë?»+º�µmñ¼» éQ·���µQê_µQë¼·aº�¸)ë?· ê¼· ¬ ·=ê
ì¼µQë íîë¼·=·�� ïGÖQ¶WÌ�Öv��ó ð�»���µQê_µQë?·�º�¸Xë¼·£ê¼· ñ ¸Xü?ë+¸���ºaÿ ½¾¸=ñ?º=ò�ê�ïGÖQ¶@Ì ã ��ó ð�ó ½
ºQô+W_ê?· þ_¸)öJ¸XT é�µ þ+¸=ñ��	�¼·�´)·aº��CémüC¸Xë_µQê?» émê_¸Xþ_¸X´�µÁ¸=º þ?ë_¸=º�¸)ê_» é

Ep ≤
10MeV

ó û ýEþ+¸=ñ_ýP´)·aº-é�µýE·-þ_ë_µ�ýE·=ë+µc�Ëì³·�ê_µ"ê?·��)émüC¸)ë)ô?´X·=ê_»+ôÔémê_¸Xþ¹»¹é�ò�T¿¸
º�·=ü8·ÊýE·��+´�µ�ñ&»��¼·�´)·�ê_µ÷ê?·/ü_»?ê_µmº=»��_émü8·�º�·/µQê_µQë(�m»8ô ì¼¸

20MeV/
ê��+ü+ñ?¸)êîó

½ ò�T-µPé�º=´�µPê_» ì¼¸)é�º�¸)O_ê?é�º=´)·�ê¼·£º=µ�ýP»��)émüC¸)ë_»_º�µ�ñ&» é�µnô¼´aô?´)·aº ¯ ê+µPþ_ë_µQü_ò�é�ÿ
ê?·�º�¸Êì&µQO_émº=´=»_µ���´=»?é�¸Xü8·Êémº�·9�X»+ñ¼ê_¸Xé�º ê¼·ÁµQê_µQë��Q»_» ï

∆E/E ≤ 0.01%
ð¿»

��¸�ñ?ô¼ö�·Ô»_ê_º�µQê+ýP»?´=ê_¸Xé�º{ê¼·��CémüC¸Xë)ô¼´X·=ê_»_º�µ��¼·�émº=»_õ?» óÐ¦°µ�ýP»©��µQê_µQë¼·aº�¸)ë_» ê¼·
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¬ ·�êhì¼µQë�íîë¼·=·��¡» ñ ¸)ü_ë_¸��Øº�ÿ�½¾¸�ñ¼º�ò�êU»¼ö�·aºO¨j»_ë_¸XüC¸Øþ_ë?»8ñ¼¸��¿µQê?»+µ´�ô8ìSë_µ�ÿ
ê?·�º�·���·aº�¸CöJê?·�º�·®» ö;¸=ñ?µQü	��ñ_ô¼ë_ê¼·aºa·7��»8ýP»?ü?» » émò�T-¸åº�·=ü8·{é�µU»8ýPþ_¸�ñ?ýP´)·aº
ü8·aº�¸/»?ê5�¿µQü_º�¸Xë?»Â´��CémüC¸Xë?»_º�µ�ñ&» ê¼·Êþ+¸�ÿ�´X»_é�¸)ü_» µQê+µPë��m»?» ó ¬ ò ýEö;¸��~ê_»_º�µ
µQê+µPë��m»?» ê¼·8�CémüC¸Xë)ô¼´X·=ê_»_º�µ9�¼·�émº=»_õ?» ¸	�më?·=ê_»��¼·�´X·�º ö�·�üMém»¼ö�·añ¼ê?»+º=µÈ´=ò ý�ÿ
ö;¸���ê?» émº�¸XO?ê+¸)é�º=»Áê?·nê¼·�þ?ë_µc�¿µQê?»+µÈï

Umax ≈ 30MeV
ð�ê¼·nþ_¸�ñ?ÒYém»+º=µ~ê?·

��µQê_µQë?·�º�¸Xë?»_º�µXó

½ ê_¸Xþ_¸X´�µ:�¼·�é�º=»?õ?»�é ´=»?é�¸)ü_» µQê_µQë(�m»?» ï
E ≥ 100MeV

ðåémµ þ+¸=ñ��	�¼·�´)·aº
éÉþ+¸Cö;¸XT¿º�·�ê¼· ñ&»_ê_µQO?ê_»�»�õ_»?ü+ñ¼»��_ê?»;�)éQüC¸Xë?»+º�µmñ¼»��¾´�üC¸X»_º�¸��)émüC¸)ë)ô?´)·Eÿ
ê+µmº=¸¹ê¼·
�¼·�é�º=»?õ?»+º�µUé�µhë_µP·�ñ&»8ýE»_ë¼·~éhþ?ë+¸Cö;µQê+ñ¼»?´�¸å´=»?é�¸XüC¸��+µPé�º�¸=ºXê+¸ ï ¬ ò�ð
µ�ñ?µPü+º=ë?»��_ê_¸ þ_¸�ñ¼µXó ¬ º=¸�ýP» é�ñ��	�¼·�O��¼·�émº=»_õ?»_º�µ{º=ë)ô�<)´X·®ì³· é�µÔì&´X»i�Ë·�º ´
ë+µ�ýP¸Xê¼·�ê?éYéY»8ýEöJµQê8ô¼T-¸Xº�¸¿é�µYþ_¸�ñ¼µXó�òØ·�é�ºX»_õ?»+º=µØö;¸@��·aºhìS·hê¼·"<XµQë¼·aºÅ��¸=ñ_ô&ö�·
µQê+µPë��m»+ôÁþ?ë_µPöJ»?ê?·=´X·�O?ü?»Êö�ê+¸	��¸Xü?ë?·�º=ê_¸ ö;µ,�jì=�8�CémüC¸Xë)ô¼´X·�Tj»+º=µÔþ_ë_¸)öJµc�Ëÿ
ì��8º�ò�õ?»nì&¸Xë?»®»®þ_ë_µhê+µ-öJê_¸@��¸�´X»_é�¸)ü_»®ê?·=þ_ë_µc�¿µQê?»+ôÊï

U ≈ 20kW
ð�ó

ÜQxCÝ�ÜaÝ?> b;e�cmà4@	A(@_ß5@_â7BXß�lCà�á+â_ãEemä_â
û ýEþ+¸=ñ_ýP´)·aºÔémµhýE·C�CémüC¸Xë)ô¼´X·=ê+µ-ê¼·
�¼·�é�ºX»_õ?» ì¼¸åµQê_µQë(�m»_»

E&100MeV
ó�¦°µ

<X»?´X·aº�ñ&»?ê+µQO?ê?»Ô»~õ?»_ü+ñ&»��?ê_»��Mü8·�º�¸¿»+ýPþ+¸=ñ_ýE´X·aºh´X»_é�¸)üC¸��_µQé�º�¸Xº=ê_¸-µ�ñ¼µQü+ºXë+¸�ÿ
ö�·9�mê?»_º=ê+¸¹þ+¸=ñ?µXó

T =
2πE

eB0
=

2πm

eB0

ïeÖXó�ÌCð

m = m0γ, γ =
1√

1− V 2

ïeÖXóED8ð
¬ ºPô8W÷é�µj»+ýPþ_¸�ñ?ýP´X·

Ty = T
óGF�ë_»¼ö;µQë ýE·åþ_¸Qì&¸4<XµQê��)éQüC¸Xë?»+º�µmñ µËõ?»?ü8ñ¼¸=º�ÿ

ë+¸)ê?·®ïGÖQ¶@Ì ã"H ð�ó
ωy =

2π

T

ïeÖXó vXð

R =
mV

eB0
=

p

eB0

ïeÖXóJICð
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LNM(OQP2R(S 62È2TU65V(W2XZY*X R"S%[ \5R Y S^]�S Y`_�X R W R(S5S
õ
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LNM(OQP2R(S 62È2T Í2V(W2XZY*X R"S%[ \5R Y S^]�S Y`_�X R W R(S5S
õ
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Ek =
p2

2m0
=

e2

2m0
B2

0R
2
max

ïeÖXó.ÿXð
F"ë?»

R = 1m
ì&¸Xé�ºX»�a~»¼ö�·aºa·~µPê+µQë H »+ô{µ

Ek≈20MeV
ó

ÜQxCÝ�ÜaÝ x p â	@�bMá_à�ã�á+à�@dc�e+AEcmà�ã�á+à�@dc?ß�â�@�bMá+à4e+AEcmà�ã�á+à�@
f ·hì³·�»¼ö�·Ëë+µmýQ¸Xê¼·�ê?é�þ_ë?»É´�ò�ë_º�µQê_µmº�¸¹ê?·C�¼·�é�ºX»_õ¼·aºa·�´�ü?ë+ò H º=ë)ô�<X´X·

E =
eBn

ωy
,

ïeÖXóJgCð

ü+òîì&µmº�¸
h6À�ü?ë?·�º=ê_¸Xé�ºÔê¼·C�_µQé�º�¸Xº�·�º�·_ó
f ·hì³·i�+´=µ�ñ¼»��?»?ö×µQê_µQë H »8ô?º�·Ë»¼ö�·=öJµ ã þ_¸Pì_WC¸PìS· ¯
Ö=ókj¿·Ëê¼·=ö�·añ¼»¼ö

ωy
ó;¦2·=ü+ò�´��CémüC¸Xë?»+º=µ�ñ é�µ�ê?·=ë_»��¼·���·aýQ¸=ºXë+¸)êîó

ã ókj¿·l�+´�µmñ¼»��_»¼ö ¬ ó(¦;·�ü_ò�´l�CémüC¸Xë?»_º�µ�ñ é�µ�ê¼·�ë?»��¼·�ém»?êMW_ë_¸=ºXë+¸)ê
Ì+ó ä üC¸�»¼ö;µQê+ô¼ö;µØµ�ìSê+¸)´=ë_µPö;µQê_¸Ëü8·=ü+º=¸

ωy
�8ºa·�ü8·U» ¬ �8º�¸Uº�º=¸�ýP»m�)émüC¸)ë_»8ÿ

º=µ�ñ µ�ém»?êMW_ë_¸���·�ýQ¸Xº=ë_¸Xê ó
F�ë_»?ê_õ?»?þ+ò º�ê¼·Àë?·�<=¸Xº�·�ê¼·/õ?»?ü8ñ&»��?ê?»+º�µ:�CémüC¸Xë?»_º�µ�ñ&» é�µn<C·�ýP»?ë¼·/ê¼·

üC¸)öo<)»_ê¼·�õ?»8ôÁ¸=º ¬ òÿ��)éQüC¸Xë_µQê_»+ô »�¸=º=ü+ñ?¸)ê+µPê_»+ôÊê¼·ný�·�ë_µ�ì¼µPê_»p�?·=é�º=»?õ_»Ê´
ö�· H ê?»_º=ê+¸nþ_¸�ñ¼µnï��Ø» H ó ÖmÌ+ó"Ì)ð�ó ¬ ë_µ�ýK��ñ?ºa·aº¹µ¿´�ò ý�ö;¸*a�ê_¸¹öJê_¸ H ¸Xü?ë?·�º=ê+¸n»+ý�ÿ
þ+¸=ñ_ýP´)·�ê_µØê¼·q�CémüC¸Xë)ô¼´X·=T¿»_º�µØþ?ë+¸Cö;µraËì=�8º�ò�õ_»®ê?·l�)éQüC¸Xë?»+º�µmñ_ô�ó=F"µQë?»+¸Pì&ò³º
ê?·n´=ò�ë+º�µPê+µÈï Æ ð"ê¼·7�?·=é�º=»?õ?·{émò�é-ýE·=ë)ô8ì ï À�ð�µ�ém´�ò�ë+ýE·�ê£é�ö�· H ê?»+º=ê_¸Xê_¸=º=¸
þ+¸=ñ?µ¹ï

B0
ð þ_¸~é�ñ¼µ�ì&ê?»+ô®ê?·*�?»_ê ¯

T = 2π
E

eB0
= 2π

m

eB0
,

ïeÖXó ¶Cð

E = frac
√

1− ν2 = m0γ ,
ïGÖ=ó#ÖQøCð

ü+òîì&µmº�¸
m0, ν

»
γ

éQ·Yö�·�éP·Åê¼·Yþ_¸XüC¸)Os��émüC¸)ë+¸)é�º"»�ñ¼¸Xë_µQê?õMÿt��·=ü+º=¸XëËé�ò³¸Xº=´�µmºaÿ
ê+¸ ï

E = M
ÿ þ_ò ñ&ê?·�º�·UµPê+µQë H »+ôSð�ó f ·Uê_µQë+µmñ&·�º=»_´X»_émº=ü8·u�¼·�émº=»_õ¼·Èï

ν � c
ð
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E ≈ mo
»jþ+µPë_»_¸PìS·�ê?·Y´=ò�ë+º=µQê+µ�ï Æ ð�ê_µ ýE·=´=»?ém»h¸=ºØémüC¸Xë_¸Xé�º=º�·�ê?·w�?·=é�º=»?õ?·�ÿ

º�·Ëþ?ë_»{þ_¸Xé�º=¸Pô¼ê_ê_¸
B0

ó f ·�º�¸X´)·	�?·�üC¸Uþ+µPë_»_¸Pì¼ò ºÉï Æ ð�µØü?ë?·�º�µQêÉê¼·¿þ_µQë?»+¸Pì³·
ï
Ty

ð�ê?·x�)éQüC¸Xë)ô?´)·�T¿¸=º�¸Uþ+¸=ñ?µ��Mº�¸�é�µ�ê¼·"<=ñ;Ò¬ìS·=´X·jë+µmýQ¸Xê¼·�ê?éØö;µKajì=�~ýE·=´�ò�ë8ÿ
º�·=ê+µmº=¸ ê?·:�¼·�é�ºX»_õ¼·aºa·Ê» »+ýEö;µQê_µQê?»+µmº=¸Êê¼·n�)émüC¸)ë)ô?´)·�T-¸Xº�¸Êê?·=þ_ë_µra¿µQê?»_µXó
Ñ ê_µQë H »8ô?º�· ê¼·�?·=é�º=»?õ?·�º�·÷þ_ë?» ´=éÒô?üC¸ ê_µQO_ê_¸÷öJ»?ê?·=´X·�ê_µ{þ_ë_µ�ýy�)émüC¸)ë)ô?´)·Eÿ
T¿»+ô®þ_ë_¸)ö;µKajì=�8º�ò�ü é�µw�+´=µ�ñ&»��¼·�´)·Ué ¯

∆E = eUmax cosφ ,
ïGÖ=ó�Ö@ÖEð

ü+òîì&µmº�¸
Umax

µ÷ö�·=üMém»¼ö�·�ñ&ê+¸Xº�¸ ê¼·�þ?ë+µrajµQê_»_µ��¬·
φ

ÿ���·aýE·aºa· ê¼·Áµ�ñ¼µQü+ºaÿ
ë_»��_ê_¸=º=¸ þ+¸=ñ?µXóz�Ø·÷º=¸�ýP» þ?ë?»_ê?õ_»?þ µ9<X»+ñ þ+¸)é�º=ë_¸=µQê õ?»_ü+ñ¼¸=º=ë_¸Xê¼·ÂïGÖQ¶@Ì ã
H ó ð�ÿw�)émüC¸)ë_»_º�µ�ñÀéåê_µQþ?ë+µPü+ò�émê¼·aº=¸Èì¼µQO?é�º=´X»+µ{éåþ+¸)é�º�¸Eô?ê?ê_¸�ö�· H ê_»_º=ê_¸÷þ+¸�ÿ
ñ?µ-»m�)émüC¸)ë)ô?´X·=T-¸�þ?ë+¸Cö;µQê+ñ¼»?´�¸~µmñ?µQü_º=ë?»��?ê_¸åþ_¸�ñ¼µhéq�Ø»?üMém»?ë?·=ê?·u�+µQémº�¸=ºa·
ï
ωy = 2π/T

ðÒó ¬ õ_»?ü+ñ?¸Xº=ë+¸)ê?·{�¼·�é�ºX»_õ¼·aºa·�é�µN�)émüC¸)ë)ô?´)·�¸=º�ê���ñ¼µQ´X·�µPê+µQë H »+ô
ì¼¸ ö�·�üMém»¼ö�·añ¼ê¼·Éü8·�º�¸ é�µËìS´=»	a~»Êþ+¸Èémþ_»?ë¼·�ñ¼¸X´=»8ìSê?·®º=ë¼·aµQü_º�¸Xë?»+ô��k�_»?O+º=¸
ë?·�ì&»	�)é�ê¼·�ë¼·�é�º=´)·

R =
mV

eB0
=

p

eB0

ïGÖ=ó#Ö ã ð
ì¼¸

Rmax
ó

ñ ë¼·�O?ê¼·aºa·�ü_»?ê_µmº=»��_ê¼·UµQê_µQë H »8ôÉê¼·��)émüC¸)ë)ô?´)·�ê¼·aºa·C�?·=é�º=»?õ?·Uµ

Ek =
p2

2m0
=

e2

2m0
B2

0R
2
max ,

ïGÖ=ó#Ö�ÌCð

ü+òîì&µmº�¸
Rmax

ÿ ë?·�ì&»	�)é�ê¼·�ö�· H ê?»_º�·Uê¼·��)émüC¸)ë_»_º�µ�ñ?ô ó
½�émüC¸Xë_µQê?»+µQº�¸ þ_ë_¸Pì¼ò ñ�aË·=´X· ì&¸ º�¸�ýP»¡ö;¸)öJµQê+º�ì&¸ üC¸XO_º�¸ ë_µ�ñ&·�º=»?´=»?é�º=»��Mÿ
ê_»_º�µåýE·�´X»_éQ»?ö;¸)é�º=»Ê´añ&»+ýE·aº£´Èém»8ñS· ï|�+´�µ�ñ&»��¼·�´)·�ê_µ¹ê¼· ö�·�éQ·�º�·Èê¼·��?·=é�º=»8ÿ
õ?·�º�·��Së_µQémþ_µQü+ºX»_´Xê+¸åê?·=ë��5¨Ë·�´X·=ê+µ-ê¼·U¸Xº=ê+¸	¨-µQê?»_µmº�¸

T
»
Ty

ð�ódF"¸Xë¼·EìS» º�·�ÿ
ýP» þ_ë?»��_»?ê?·Ê´Áº�µmýP» õ_»?ü+ñ?¸Xº=ë+¸)ê_»Âþ_ë_¸=º=¸Xê?»+º�µ öJ¸ H ñ¼»×ì³·Áé�µm�CémüC¸Xë)ô?º÷ì&¸
Ek ≈ 20MeV

þ?ë_»
R ≈ 1m

ó [ ü8·�ýE·añ?¸{é�µ��}�_µËþ?ë?»÷üC¸Xê?ü_ë_µmº=ê?»�öJ¸QìS»��Ø»8ÿ
ü8·�õ?»_»nê¼·¿õ?»_ü+ñ¼¸=º=ë_¸Xê?»+º=µhöJ¸2ajµ�ñ?¸l�)émüC¸)ë)ô?´)·�ê?»+º�µØþ_ë_¸=º�¸)ê_»¹ì³·hì¼¸)é�º=» H ê?·�º
ì¼¸£ê+ô?üC¸�ñ&üC¸ é�º�¸=ºX»_ê/öJµ H ·�µ�ñ¼µQü+ºXë+¸)ê ´�¸�ñ¼ºa·	�°ê+¸<X»+ñ¼¸ ê_µQ´=ò ýEö;¸*a~ê+¸®ìS· é�µ
ì¼¸)é�º=» H ê?·�º~þ+¸�ÿ�´X»_ém¸Xü?»{µQê_µQë H »_» ó
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½ ñ¼µ�ì÷¸=º=ü?ë_»_µmº�¸Éê¼· ¬ ó û ó ¬ µQüMé�ñ?µQë��&þ?ë_»?ê?õ_»?þ?·nê¼·Ô·=´�º�¸���·aýP»?ë+¸)´=ü8·aºa·	� ¸ H ÿ
ë?·=ê_»��+µPê_»+ô_ºa·�ê¼·��)émüC¸)ë_»_º�µ�ñ&»+º=µ�ì¼¸�º�¸=ýP» öJ¸)ö;µQê_ºU¸=º=þ¼·Eì³·aº�ó

�8*�¦�� '®���é2¯��°,åé2± ±�êS©_¨�� ±?í��2;¨�ê���±&©C±
½ ò�T¿ê_¸Xémº�º�·Éê?·{þ?ë?»_ê?õ_»?þ¼·Éê¼·{·�´�º=¸���·�ýP»?ë+¸)´=ü8·�º�·{ýE·¹ýE·�ü+ñ?Ò��?·=´X·{´{é�ñ¼µ�ì?ÿ
ê+¸Xº�¸ ¯ ½ ò H ñS·�éQê+¸®ïGÖ=ó ¶Cð

E = eB
n

ωy
,

ï ã ó#ÖrD8ð
ü+òîì&µmº�¸nh ÿ�õ+ô+ñ¼¸n�?»_é�ñ¼¸���ü_ë¼·aº=ê_¸Xémº ê?·8�+µQémº�¸=ºa·÷»/µnë¼·�´Xê+¸�ê?· ¸Xº=ê_¸@¨-µ�ÿ
ê_»_µmº�¸Áê?·

ωy
ü_òÌö��+µQémº�¸=ºa·£ê¼· ¸4<)ë+ò�TË·�ê_µåê¼·��¼·�é�º=»?õ¼·aºa·÷´ ö�· H ê?»+º=ê_¸=º=¸

þ+¸=ñ?µXó Ñ ê+µQë H »+ô_ºa· ê?·��¼·�é�ºX»_õ¼·aºa·÷·�´=º�¸)ö¾·aº=»��_ê_¸�þ?ë?»+µPö¾· émº�¸XO?ê+¸)é�º�<�ñ&»+ý�ÿ
ü8·Øì¼¸Ëë+µmýQ¸Xê¼·�ê?émê_¸=º�¸¿þ?ë?»~ì&¸Xémº�·�º�ò	�?ê+¸�<)·�´Xê+¸j»8ýEöJµQê+µPê_»_µY´�ò�´-´Xë+µPöJµmº�¸¿ê¼·
ωy(t)

»
B(t)

ÿ"º�¸X´)· é�µ¹ê¼·�ë?»��?· ö;µ�W8·�ê?»8ý�ö ê¼·È·=´�º�¸���·aýP»?ë+¸)´=ü8·+ó��Ø·9�Ø» H ó
Ö�Ì+ó�D�µ�þ_¸Xü8·aýE·�ü_ë?»?´X·aºa·hê¼·+�)émüC¸)ë)ô?´)·�T-¸Xº�¸hê?·=þ_ë_µra¿µPê_»_µjï

eV0 cosφ
ð�ó	�YµPü8·

φ0
µ�Ú�ë¼·�´Xê+¸)´�µQémê¼·aºa·���·�ý�·EÛ���ºEó µXó"��·�ýE·�º�·�ê?·w�?·=é�º=»?õ?·�º�·Øê?·XöJ»?ë?·=Tj·"émµ	´�ë_µ�ÿ

ýQ¸Xê¼·�ê?éhê?·Ôé{�)émüC¸)ë)ô?´)·�Tj·Uþ_¸�ñ¼µXó ä üC¸��?·=é�º=»?õ?·�º�·¹é�ñ��	�?·=O_ê_¸¹þ_¸Xþ¼·EìSê+µj´�ò�´
��·aýE·

φ1 < φ0
�2º�¸÷ºPô×þ?ë_»8ì¼¸�<X»?´X· µPê+µQë H »+ô/þ+¸�ÿoö¾·�ñ&ü8·È¸=º÷ë¼·�´=ê_¸X´=µQémê¼·aºa·

»åê_µQO?ê_»+ô{þ+µQë?»_¸QìÊï���» H óÐÖmÌ+ó�ÌCð¾ê?·Xö�·�ñ?ô?´)·+ó(òØ·=é�º=»?õ?·�º�·Ë»+ýQ¸Xé�ºa·�´)·-þ_¸i��·�ý�·	�
ºEó µ)óPþ?ë?»	<=ñ¼»	aË·�´)·Yé�µ�ü+òÌö ë?·=´=ê_¸X´=µQém»_µ

φ0
ó�¦°¸��?ê+¸�¸4<)ë?·�º=ê_¸=º�¸=�a»8ýP¸Xé�ºa·�´)·�Tj·�ÿ

º�·u�?·=é�º=»?õ?·£ï
φ2 < φ0

ðzþ?ë_»8ì¼¸�<X»?´X·Ô»8ýmñ&»(¨¿ê¼·aºa·�µQê_µQë H »8ô��&ê_µQO_ê?»+ô þ+µPë_»_¸Pì
é�µ��+´�µ�ñ&»��¼·�´)·h»¹ºQôÔ¸Xº=»?´X·-´q�)émüC¸)ë)ô?´X·=T¿»+ôÔþ_ë_¸)öJµraËì��8º�ò�ü��8é�ñ?µ�ì&¸X´)·aº�µmñ¼ê_¸
é�µhþ_ë?»	<=ñ¼»	aË·=´X·~ü_òÌöÀë?·=´=ê_¸X´=µQémê_¸=º�¸Ôémò�é�º�¸Eô?ê?»+µ)ó û ýEöJµQé�º=´)·�ê_µmº�¸~þ_¸u��·aýE·
ê?·jê+µPë?·=´=ê_¸X´�µPémê?·�º�·l�?·=é�º=»?õ?·¿¸Xü8·aýP´X·-¸ H ë¼·�ê?»��+µQê?»+ôåü8·�ü_º�¸�»å»8ýEöJµQé�º=´)·�ê_µ�ÿ
º�¸¿ê¼·�µ�ì&ê¼·�é�º=ë¼·�ê¼·hémþ?ë)ô¼ö;¸

φ0
þ_ë_¸)ö;µPê8ôUìS´=»	a¿µQê?»+µQº�¸¿´�¸4<)ë?·�º=ê+¸jê?·=þ_ë¼·�´aÿ

ñ?µQê?»_µXó��"µQë¼·�´=µQémê?»+º�µm�¼·�émº=»_õ?»ÀýE·=þ+¸��_´)·aº£ì³·÷»+ýP´=ò�ë�¨j´X·aº�üC¸�ñ¼µK<)·=ê_»+ôÀþ_¸
φ

¸XüC¸=ñ?¸
φ0

ï���·�ýQ¸)´=»£üC¸�ñ¼µK<C·�ê?»8ô³ðo»Èý�·ÔüC¸)ê_ü?ë+µQº�µQê÷þ_µQë?»+¸Pì�üC¸�ñ¼µK<C·�ê?»8ô º�µ
ê?·�<X»?ë?·�º¹º�¸��_ê_¸nµQê_µQë H »8ô?º�·Ô¸=º H ¸X´X·=ë)ô?TË·~ê¼·Ôë¼·�´Xê+¸)´�µQémê¼·aºa·+ó ¬ þ_¸Xé�¸)ü8·~ê¼·
ì&´X»�a¿µPTj·aºa·Éémµ
�?·=é�º=»?õ?·®é�µU¸4<Xë¼·�ý��+´X·nºa·�ü8·{ê¼·�ë_µ��_µQê¼·aºa·{¸4<=ñ&·=é�º®ê¼·{ê¼·Eì?ÿ
ñ?ò�a~ê¼·y�)é�º=¸XO��_»?´�¸)é�º*��´{üC¸Eô?º�¸Éé�µ��)émüC¸)ë)ô?´X· H ë	�+þ¼·n¸=ºm�¼·�é�ºX»_õ?»�ï <�� h s�Ç ð�ó
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1014 ð��CémüC¸Xë_µQê?»
�?·=é�º=»?õ_»Âé ´X»_é�¸)ü8·�µQê+µPë H »+ô ó ¬ þ_ë_¸=º=»?´�µPê é�ñ��	�?·=O ´=éÒô?üC¸Êé�ñ��	�?·=O_ê_¸ »+ý�ÿ
ö;µQê_µQê_»_µnê?·���·�ýE·�º�· ê¼·��?·=é�º=»?õ_»_º�µ��JéQ´�ò�ë+ýE·�ê_¸ÈéÔºQô+W_ê+¸Xº�¸ ë¼·�ýPémµQO_´)·�ê_µ¹é
¸Xé�ºa·aº�ò��_ê?»8ô H ·�ý�´�ò�´�´X·=ü����_ö�ê?·�º�·hü8·Xö;µQë¼·�»8ñ&»ËìSë�� H »u�"ñ��+ü+º��C·�õ?»?»s��<)»MW8·
ì¼¸)´�µ�ñ&» ì¼¸åýE· H ��<)·¹ê¼·¹´Xém»��_ü?»��?·=é�º=»?õ_»�þ_ë?»��)éQüC¸Xë?»+º�µmñ¼ê?»8ô þ?ë_¸Xõ_µQé=ó [ ºaÿ
ü_ë?»+ºX»+µmº=¸ ê¼·¹þ?ë?»_ê?õ_»?þ¼·{ê?·n·=´�º�¸���·aýP»_ë_¸X´Xü8·aºa·¹ì&¸X´�µmñ?¸¹ì&¸nþ_¸Eô?´)·¹ê¼·åê+¸)´
º=»_þ��)éQüC¸Xë?»+º�µmñ¼» ó ½ ò H ñS·�émê_¸Àï��Ø» H ó ã ó�ÖrD8ð%�°ýE·9�+´�µ�ñ&»��?·=´X·�ê_µmº�¸�ê?· ë¼·�´Xê+¸�ÿ
´�µQémê¼·aºa·�µPê+µQë H »+ô µ¿ê_µm¸�<QWC¸Pì&»¼ö;¸Uì³·Ôémµ-ê?·Xö�·�ñ?ô?´)·
�_µQé�º�¸Xº�·�º�·~ÿ���·aýQ¸=º=ë_¸Xê
ï���» H ó�ÖmÌ+ó vXð%�C»8ñ&»
�+´=µ�ñ&»��¼·�´)·�ê_µ�ê¼·¿ö¾· H ê?»+ºXê+¸Xº�¸jþ_¸�ñ¼µÿ;ém»?ê8W_ë+¸Xº=ë+¸)ê ï���» H ó
Ö�Ì+óUI)ð%�Cþ?ë_»
�+´�µ�ñ&»��¼·�´)·�ê_µYê?·-ö¾· H ê?»+ºXê+¸Xº�¸jþ_¸�ñ¼µY»Ôê¼·=ö�·añ_ô¼´X·�ê_µYê?·x�+µQémº�¸=ºa·
ÿYém»?ê8W_ë+¸���·aýQ¸=º=ë_¸Xê ï���» H óVÖ�Ì_ó.ÿ=ð%��·Éþ_ë?»8�+´=µ�ñ&»��¼·�´)·�ê_µÔê?·Éü_ë¼·aº=ê_¸Xémº�º�·Èê¼·
�)émüC¸)ë+µQê?»_µmº�¸Ëÿ öJ»?ü?ë+¸Xº=ë+¸)ê ï���» H ó�Ö�Ì+ó�¶)ð¬é�ò³¸Xº=´�µmºXê+¸¼ó
ä ´�º�¸���·aýP»_ë_¸X´Xü8·aºa·å¸4<Xµ�ýPþ_µ��?·=´X·i�Cé�º�¸)O��?»_´=¸Xé�ºåê?·�ìS´=»	a¿µQê?»+µmº=¸nê¼·��?·=é�º=»8ÿ
õ_»_º�µ�´�·aýP»?öo�8º�·añ¼ê_¸hê?·=þ_ë¼·�´�ñ?µQê?»_µhï ´�ê?·=þ_ë¼·�´�ñ?µQê?»_µÅê¼·�ºPô8W_ê¼·aºa·Øº=ë¼·aµQü_º�¸aÿ
ë_»+ôSð�ó f ·^�Cémþ+µm¨¿ê¼·aºa·�ë?·�<=¸=ºa·"ê¼·��CémüC¸Xë?»+º=µ�ñ_ôjµ ê_µm¸�<QWC¸Pì&»¼ö;¸ì³·Yé�µ ¸Xém» H �+ë?»
�)é�º�¸)O��?»?´�¸Xémº-ê?·�ìS´=»	a¿µQê?»+µQº�¸jê¼·��?·=é�º=»?õ_»_º�µËï��Ø¸Xü	�)ém»?ë+¸)´=ü8·CðJ´hê¼·�þ?ë+µ2�_ê_¸
ê?·=þ_ë¼·�´�ñ?µQê?»_µ�� þ+µPë_þ_µQê8ì&»?ü���ñ?ô?ë?ê+¸×ê?·ÁºPô8W_ê¼·aºa· ¸)ë	<)»+ºa·+óÜ¦°¸X´)·Áé�µ£þ+¸)é�º=»8ÿ
H ·���ê?·=þ_ë?»¼ö;µQë���´®é�ñ��	�¼·�OÁê?·®é�ñ&·�<=¸®ê¼·=ö¾·�ñ?ô?´X·=ê+µ~ê¼·®ö¾· H ê?»+ºXê+¸Xº�¸Èþ_¸�ñ¼µÔé
�+´�µ�ñ&»��_µQê?»+µhê¼·Uë?·�ì&»	�)éP·Uê?·Ë¸)ë	<)»+ºa·aºa· ¯

B = B0(
R0

R
)n ï ã ó#ÖEvXð

é"ø
��h9��Öjï�ö;µQü8·l��¸)ü��Cém»?ë+¸)´=ü8·)ð�ó ½ »?êMW_ë_¸���·�ýQ¸Xº=ë_¸Xê¼·nïr´=»	a®ó	��» H ó�ÖmÌ+óUg�»
�Ø» H ó�Ö�Ì_ó.ÿXð�é

Ep = 10GeV
é�µØô?´�ô?´)·q�CémüC¸Xë?»+º=µ�ñ é�ò�é�ö;µQü8·i��¸)ü��Cém»?ë+¸)´=ü8·+ó

» · H ê?»+º=ê_¸=º=¸¿þ+¸=ñ?µ�ê¼·+�)émüC¸)ë_»_º�µ�ñ?ô~ë?·=é�º�µÅýE·aµ�ìSê_¸�ézµQê_µQë H »8ô?º�·�ê¼·��CémüC¸Xë)ô+ÿ
´X·�Tj»+º=µ�é�µ{�?·=é�º=»?õ_»��¼þ_¸Xë¼·EìS»{üC¸=µmº�¸~ë¼·EìS»	�)éQ·jê?·j¸)ë	<)»+ºa·aºa·�ê¼·��¼·�émº=»_õ?»_º�µ
ê+µ é�µ�þ?ë_¸)ö;µQê+ô ó�F�ë?»-ö;µQü8·���¸)ü��Cém»?ë+¸)´=ü8·ë?·aýEö;µQë_ò³º�ê¼·��CémüC¸Xë)ô¼´X·=ê_»+ô�éQê+¸)þ
µ H ¸�ñ?ô¼ö��8þ+¸)ë?·�ì&»åüC¸=µmº=¸jê¼·�þ?ë+µ��?ê_¸=º�¸Ué�µ��_µQê?»+µYê¼·-´X·=ü����_ö�ê?·�º�·¿ü8·=ö;µQë¼·hê¼·
�)émüC¸)ë_»_º�µ�ñ?ôÔþ_ë_µ�ìSé�ºa·�´añ?ô?´)·Ø¸=ºhþ+¸)ë)ô8ì&ò�ü8·�ê¼· ∼ 1m2 �=üC¸Xµmº�¸h¸=ºhém´=¸EôUé�ºXë?·�ÿ



Í�Ï�Î ²,³ ,�´K,�ÐÒÑK�ÔÓ)| Õ"!oÖ)w�#%$ ³ w
ê?·U´=¸QìS»åì&¸�¸4<)Tj·Uö�·�éP·jê¼·�ö�· H ê_»_ºa·Uê?·��CémüC¸Xë?»+º=µ�ñ_ô�Ì�I=øXø=øjº�¸Xê¼·	� f ·�º�¸X´)·
ýE·Ôémò ý�ìS·=´X·=ê+µmº=¸¹ê¼·��CémüC¸Xë?»+º=µ�ñ ê?·¹´=»?é�¸)ü_»ÈµQê_µQë H »_» é�µjþ_ë?»8ñS· H ·�ì�� H º=»_þ
��¸)ü��Cém»_ë_¸X´Xü8·ÉÿØém»8ñ&ê¼·9�Ø¸Xü	�)éQ»_ë_¸X´Xü8·/ïeÖP¶)v ã�H ó ð�ó ½ »8ñ&ê¼·aºa·��¸)ü��Cém»_ë_¸X´Xü8·
þ_ë_µ�ìSé�º�·=´añ?ô?´)·9�	�?·=é�º�ò�ü ¸Xº÷þ_ë_ò�é�º�¸)ê+¸)´=»8ì&ê?»8ô�ö�· H ê?»_º émò�é¹ém»+ñ&ê+¸÷ê¼·=ö�·�ÿ
ñ_ô¼´X·�T¿¸j»ném»+ñ¼ê_¸Uê?·=ë?·=é�º=´X·=T-¸Uþ+¸Uë¼·EìS»��CéQ·¿þ_¸�ñ¼µ�´=¸Qì&µQT¿¸hì&¸Ëê¼·=ö�·añ_ô¼´X·=ê+µ
ê?·£ê¼·�þ?ë_µ��_ê?»+ôÀë¼·�ýEö;µPë ê?·÷émê+¸)þ?·Èì¼¸ ê+ô?üC¸=ñ¼üC¸�ü_´)·EìSë?·�º=ê_»�éQ·=ê+ºX»?ö;µQº=ë?·_ó
¬ ém»��_ü?»y�)émüC¸)ë_»_º�µ�ñ&»Éê¼·

E ' 100GeV
þ_¸Xé�ºXë+¸XµQê_»®é�»+ýPþ+¸=ñ_ýE´X·�ê?»+ôÉöJµmº�¸Pì

ê?·Ôém»8ñ&ê¼·���¸)ü��Cém»?ë+¸)´=ü8·~éP·Uþ+¸=ýP´�¸=ñ¼»+ñ¼»Èé�ò�T¿µQé�º=´=µQê+¸~ê¼·=ö¾·�ñ?ô?´X·=ê+µhê¼·Ôö�·�ÿ
éQ·aºa·Uê?·�ö¾· H ê?»+ºa·+ó
¦Ì¸=ýP»�´=»8ìG�Pþ_ë?»?ê_õ?»_þ?ê¼·aºa·Yé�WCµPö�·¬ýE·zþ_¸�ñ��	�¼·�´X·=ê+µ ê¼·	µQê_µQë H µmº=»��?ê+¸ýE·=ë+µ�ì&µQê?»
�?·=é�º=»?õ_»U¸)é�º�·=´X·�ê+µQþ?ë_¸)ö;µQê_µQêhÿs�CémüC¸Xë)ô¼´X·�ê_µmº�¸�ê?·w�?·=é�º=»?õ_»Uµ	ýE·YéQö;µQº=ü8·"ê¼·
´=»?é�¸XüC¸��+µQémº�¸=º=ê_¸®µmñ?µQü_º=ë?»��?ê_¸ þ_¸�ñ¼µ���·nüC¸Xê��Ø» H �+ë¼·�õ?»8ô?º�·®ê?·7�)émüC¸)ë_»_º�µ�ñ?ô
ï ñ&»?ê+µmµPê{»8ñ&»{þ_ë_ò�é�º�µPê+¸)´=»8ì¼µQêSð�é�µØ»8ý�<)»_ë¼·j´¿ý�·�´=»?ém»¼ö;¸Xémº¿¸=ºËº=»?þ?·Ë»nµQê_µQë8ÿ
H »8ô?º�·åê¼·y�?·=é�º=»?õ?·�º�·_ósj-´=»	a¿µQê?»+µmº=¸nê¼·¹ñ¼µQü_»��¼·�émº=»_õ?»÷´nþ?ë+ò�é�º=µQê+¸)´=»8ì¼µPê
�)émüC¸)ë_»_º�µ�ñ µ®é�ò�þ?ë_¸X´�µ�ì¼µQê_¸�éÉµ�ñ?µPü+º=ë_¸)ö¾· H ê?»+ºXê+¸Âïrém»?êMW_ë_¸=º=ë_¸Xê?ê_¸Mð¿ñ¼ò	�_µ�ÿ
ê_»_µËï��Ø» H ó#Ö�Ì+ó#ÖQø-ð%�8ö;¸)T¿ê_¸Xé�º¹ï I ð%�8üC¸Eô?º�¸¿ë¼·�é�º�µYé�µQê_µQë H »+ô_ºa·�ê?·q�¼·�émº=»_õ?»_º�µ
ï¡ �ð ¯

P =
2

3

Z2

R2
(
E

m0
)4 ,

ï ã ó#Ö�ICð

ü+òîì&µmº�¸�¢¹µÅµ�ñ?µPü+º=ë?»��_ê?»8ô�ý�·�ë)ô8ìÔê¼·w�¼·�émº=»_õ¼·aºa·	�M· Ã ÿ°ë¼·EìS»��CéQ·�ê¼·�ü_ë?»?´=»8ÿ
ê?·�º�·�ê¼·Åº=ë?·=üCµmº�¸)ë_»+ô_ºa·Yê¼·^�¼·�émº=»_õ¼·aºa·+ó ½ ñ?µ�ì¼¸)´X·aº=µ�ñ¼ê_¸Yþ_ë?»��CémüC¸Xë)ô¼´X·�ê_µ¾ê¼·
ñ?µQü?»8�¼·�é�ºX»_õ?» ´nþ?ë+ò�é�º=¸Xê_¸X´=»8ì&µQê��CémüC¸Xë?»+º=µ�ñ µUê+µm¸�<PW)¸Pì&»¼ö;¸{ê¼·�ñ&»��?»+µ�ê¼·
H ¸�ñ?ô¼ö Ã »£üC¸)ö;µQê?ém»?ë?·=ê+µËê?·ÔýE· H ��<)·Ôê?·¹µQê_µQë H »+ô_ºa·Ôê¼·Ô»+ýmñ¼ò	�?´X·�ê_µXó�F�ë_»8ÿ
ö;µQëÔýE·hºa·�üC¸)´X·jé�ò³¸)ë?·"a¿µQê?»+µ"µ��)émüC¸)ë_»_º�µ�ñ?ônê¼·¿µ�ñ?µPü+º=ë_¸Xê?»n»nþ+¸=ýP»+ºXë+¸)ê_»nµ
ýG  I �)ê?·XöJ»_ë¼·�é�µ�´q£^  Ã`¤ ï Ñ ´=ë_¸Xþ_µQO_éQü8·�¸)ë H ·�ê?»+ýE·�õ?»8ôUýE·"ô8ìSë_µQê_»�»+ýPé�ñ¼µ�ì?ÿ
´X·�ê?»+ôSð%� þ_ë?»£µQê_µQë H »?» ì¼¸�ÖPø=ø¦¥�ÀoÙ »÷éjþ_µQë?»?öJµmº�ò�ë ã ÿ�� i ó f · H ��<)·�º�·åê¼·
µQê+µPë H »+ô®ê¼·�»8ýQñ?ò	�?´X·=ê+µ�ýE·Ëµ�ì&ê_¸�ýE·=´�ò�ë_º�·=ê+µhê¼·�émê_¸Xþ¼·Uµ ã � v�Iu¥�ÀoÙjó » ¸XThÿ
ê+¸)é�º�ºa·®ê¼·®»+ýmñ¼ò	�?´X·�ê_µ~ê¼·åìS´X·aºa· émê+¸)þ?·åì¼¸)é�º=» H ·¦DLÿ®ù7§ ï

E = 50GeV
ð

» ýE· ê+µQO?ê¼·aºa· üC¸)ö�þ+µQê?éQ·=õ_»+ôÂ´:�CémüC¸Xë?»+º=µ�ñ_ô¡µ÷þ+¸)é�ºa·�´�µPê?· öJ¸XT¿ê¼· ´X»_é�¸�ÿ
üC¸��_µQé�º�¸Xº=ê?·÷ém»_émº�µPö�·_ó¨F"¸Xémº=ë+¸Eô¼´X·�ê_µmº�¸÷ê¼· þ?ë+ò�é�º=µQê+¸)´=»8ì&ê?»×ö¾·9¨¿»?ê?»ÊýE·



Ð�Ñ����2�Ø!�Ö)w('E��w()w'�,�,�´*#%! �.,�â�w�Ö	!2´�Õ2,�#1, Í�Ï�Ï
ñ?µQü?»y�?·=é�º=»?õ_»¹ýE·�ºPô8W_ê_¸=º=¸l�CémüC¸Xë_µQê?»+µì&¸-¸XT¿µ"þ+¸�ÿ�´X»_ém¸Xü?»ÔµQê_µQë H »?»~µ"´�µ2�+µ
ê+µQõ_µ�ñ¼µQé�ò ¸4<Xë¼·�ýEê+¸=�=þ_¸Xê_µra¿µYü8·aºa·�émº=ë+¸���·añ?µPêÔë_ò�é�ºhê?·�ý�· H ��<C·�ê¼·�ém»?êMW_ë_¸=º�ÿ
ë+¸)ê_ê_¸�ñ?ò��+µQê?»_µ^<)»�»?ö�·añ?¸-»�é�ñ?µ�ì&¸X´)·aº�µmñ¼ê_¸-T-µ�é�µÅê¼·�ñ¼¸*a~»Uì³·Øémµ©�+´=µ�ñ¼»��?»
ë?·aýEö;µQë¼·Ëê?·��Cé�º�·=ê+¸)´=ü8·�º�·�»®»8ýPþ_¸�ñ?ýP´)·�ê_µmº�¸~ê¼·�ö;¸XTjê+¸)é�ºEó
F"ë?»Êñ&»_ê_µQO?ê_»_º�µ7�CémüC¸=º=»_º�µ�ñ&»Àé�µu�CémüC¸Xë)ô¼´X·ÈéQ·Xö;¸ µ�ì&»?ê émê_¸Xþ��?·=é�º=»?õ_»���·
þ_ë?»y�)émüC¸)ë_»_º�µ�ñ&»��_þ?ë?»{üC¸X»_º�¸~é�µ��CémüC¸Xë)ô¼´X·aº¿ìS´X·jémê+¸)þ?·i�¼·�é�ºX»_õ?»{é�µØê¼·�ë?»8ÿ
�?·�º srª�«¬«�u ]�ÀQq � ï|�)éQüC¸Xë?»+º�µmñ¼» ê?·Uê¼·�émë_µQTjê_»ÉéQê+¸)þ+¸)´�µ�ð�ó
½ þ+¸Cö;¸XT¿º�·Uê¼·jñ¼»?ê_µQO_ê?»_º�µ��)émüC¸)ë_»_º�µ�ñ&»Éé�µ�»+ýK�	�?·=´X·�ºU´�ýE·�»¼ö;¸Pì&µQO_émº=´=»+ô_ºa·
ê?·9�CémüC¸Xë_µQê?»8ô émê_¸Xþ��¼·�émº=»_õ?»/énö�·=éQ·

m1
ì¼¸£µPê+µQë H »?»� ¥é¹ê_µQþ_¸Pì&´X»�a~ê¼·

öJ»�¨¿µQê¼·	�JüC¸Eô_º=¸�é�µ{é�ò�é�º=¸X»Àé�µn¸=ºp�¼·�émº=»_õ?»�éÉö�·�éP·
m2

ó [ º�ü_´)·�ê_º�¸X´)·aºa·
ö;µ�WM·=ê_»?ü8·{µå»8ýE´�µQé�ºXê+¸=�G�_µÔ»_ê��Ø¸Xë¼ö�·�õ?»8ôÊýE·®é�º=ë	�+ü+º��+ë?·�º�· ê¼·¦�¼·�émº=»_õ?»_º�µ
ê?· ë?·aýPé�º�¸Eô?ê?»_µ

r12
öJ¸2ajµåìS·8<=òîì&µnþ_¸�ñ��	�_µQê?·÷¸=º þ?ë_µ�ìS·�ì¼µPê?·�º�·÷µQê+µPë H »+ô

ï4»¼öJþ	��ñ¼éEð¬´�þ_ë_¸Xõ_µQéQ·Uê¼·U´aý�·�»¼ö;¸Pì¼µQO?é�º=´X»+µ ¯
∆Er12 ∼ ~

ï ã ó#Ö�ÿ=ð
ü+òîì&µmº�¸Èï ã ó#Ö�ÿXð¾ÿ�µ�»8ýE´�µQé�ºXê+¸Xº�¸Ôé�ò ¸=¸=ºXê+¸	¨-µQê?»+µ�ê¼·Uê+µm¸)þ_ë_µ�ì&µ�ñ¼µQê+¸)é�º�ºa·+ó
Ñ ìSê?·�ê_µ H ¸�ñ?ô¼ö¾·w�¼·�é�º�¸=º�µQê_µQë H »8ô?º�·Øê¼·��CémüC¸Xë_µQê?»C�?·=é�º=»?õ_»~ö;¸*a¿µzì³·�<Xòîì¼µ
»8ýPë¼·�ýmW)¸Pì&´)·�ê¼·È´�ò�´ ´=»8ìÀê¼· ´aýE·=»?ö;¸Pì&µQO?é�º=´=»_µ��°þ+¸)ê+µKa¿µ H ¸�ñ?ô¼ö�·��¼·�é�º=¸£¸=º
ºQô+W_ê?·�º�·C Á¸=ºX»_´)·�ýE·ØìS´=»	a¿µQê?»+µQº�¸jê¼·hõ+ô+ñS·aºa·hém»?é�º�µPö�·-ü8·aº�¸Ëõ8ô_ñ?¸=�M·�º�¸X´)·
ê+µ£ê_¸Xém» »?ê���¸)ë?ö�·=õ_»+ô ýE·Êémº=ë��+ü_º"�+ë¼·aºa·/ê¼·:�¼·�é�º=»?õ?»+º�µ)ó�°¸X´X·Êö;¸*a¿µ ì³·
é�µj´X»MìS» ¸=º{é�ñ¼µ�ìSê+¸Xº�¸{é�ò³¸Xº=ê+¸	¨-µQê?»_µ��Sþ_¸�ñ��	�+µPê+¸{ê¼·u<C·�ýE·�º�·åê¼·ÔýE·�üC¸)ê?·~ýE·
ýE·�þ¼·�ýP´)·�ê_µ�ê¼·ËµQê_µQë H »8ô?º�·Ë» »?öJþ	��ñ¼éP· ¯

s = (p1 + p2)
2 = m2

1 +m2
2 + 2m2E ≈ 2m2E ,

ï ã ó#Ö�g)ð
ü+òîì&µmº�¸£´�º=¸Xë¼·aºa·�?·=é�º ¸Xº¦�+ë¼·�´Xê+µPê_»_µmº�¸£µå´aô?ë?ê¼·®þ?ë_»

E � m
ó®��+ü � µ

ü_´)·EìSë?·�º�ò³ºnê?·~þ+ò ñ&ê?·�º�·ÔµQê_µQë H »8ôÈ´Ôém»?é�º�µPö¾·�õ+µPê+º�ò�ë ê¼·Ôö�·=éQ·aºa· ï ½©¯q° ð%�
¸Xþ?ë+µ�ì&µ�ñ?ô?T þ+¸=ñ?µ�ýEê?·�º�· µQê_µQë H »8ô ï √

s
ð��°üC¸Eô_º�¸£ö;¸*a¿µ~ìS·¦<=òîì&µÔ»+ýPë?·aý�W)¸Pì?ÿ

´X·�ê¼·jýE·Ë´aý�·�»¼ö;¸Pì¼µQO?é�º=´X»+µ)ó [ º=ê_¸�±¿µQê?»+µmº=¸ ¯

R =

√
s

E
=

∆E

E
≈
√

2m2√
E

< 1
ï�²Mó¬³Q¶Cð



´>ê?ê µK¶4,%·K,�ÐÒÑK�ÔÓ)| Õ"!oÖ)w�#%$¡¶aw
» þ_ë?»

E � m − R � 1
ó��Ø·�þ?ë_»¼ö;µ���þ?ë_»Âé�º�ò ñ&ü_ê_¸X´=µQê_»_µ£ê?·Áþ?ë+¸Xº�¸Xê��

�)émüC¸)ë+µQê/ì&¸�²�ø=ø:¥�¸úÙ��¾é®þ_ë_¸=º�¸)ê ´Áþ+¸)üC¸�¹�»?ö¾·=ö;µ
R ≈ 1

��ºEó µ)ó�éQ·Xö;¸�³Pø
� µQê_µQë H »8ôÁµ��ØµQü+ºX»_´Xê+¸ ö;¸*a¿µ~ìS·Èé�µå»8ýEþ+¸=ñ_ýP´)·{ý�·®þ_¸�ñ��	�?·=´X·=ê+µnê?· ê	��ajÿ
ê?·�º�·¹»_ê��Ø¸Xë¼ö�·�õ?»8ô�ó�°¸�ýP»���·�ü_ºÔµx<)»8ñ£´�µ�ìSê_ò�a ýE·"<Xµ�ñ_ô_ýE·�êÉ¸=º���»+ýP»_õ?»_º�µ
»/µQémº�µQém´=µQê_»+ô×»+ý�W)¸Pìº<X»+ñ�émò ý�ìS·=´X·=ê+µmº=¸ ê?·8�)éQüC¸Xë?»+º�µmñ�éåìS´X· ê?·=émë_µQT¿ê?»
émê+¸)þ?·��Sê¼·�þ?ë_»¼ö;µQë�� éhµ�ìSê?·=ü_´X»®µQê_µQë H »?»8 	ós»Âº=¸�ýP» é�ñ��	�?·4¹ ½©¯q° ê?·Ô´aýE·�ÿ
»?ö;¸Pì&µ�¹?é�º=´X·4¼¿»_º�µC�?·=é�º=»?õ_»÷émò�´=þ¼·Eì³·�ñS·Ôé¿ñ&·�<=¸)ë?·�º�¸Xë?ê?·�º�·néQ»_é�º=µPö�·å»£õ8ô+ÿ
ñ&·�º�·åµQê_µQë H »+ô£ê¼·��)éQüC¸Xë_µQê_»_µ®ï √

s = 2E
ð�ö;¸*a¿µ¿ìS·y<Xòîì¼µU»8ýEþ+¸=ñ_ýP´)·�ê¼·ÔýE·

´aýE·=»?ö;¸Pì&µ�¹?é�º=´=»_µXó	�"µm¸�<�½C¸Pì&»¼öJ»~éQ·q<X»+ñ¼»7¾=ø H ¸PìS»_ê?»��)ýE·Øì³·hé�µYë¼·�ýP´X»+µYº�µr½Mÿ
ê_»?ü8·aºa·÷»��Ø»+ýP»?ü8·aºa·÷ê¼·�)éQüC¸Xë?»+º�µmñ¼»_º�µ®» ìS·£émµnémò ý�ìS·�ì¼µy�CémüC¸Xë?»+º=µ�ñÀê¼·
ê?·=émë+µ2¼¿ê?»Éémê_¸Xþ_¸X´�µÔï1³Q¶�I)v H ó ð�ó
¿�émüC¸Xë?»_º�µ�ñ&»+º�µ"é�ê¼·�émë_µ�¼jê_»�émê_¸Xþ_¸X´=µéP·"ñ&»8ì¼µQë?»Ôþ_¸-þ_¸�ñ¼µ�ýPê¼·�µPê+µQë H »+ô~´�ò�´
´=ë_ò ýPü8·zémò�é�é�ò³¸Xº=ê_¸�±-µPê_»_µmº�¸¿ï�²MóÀ³P¶)ð�óKj�µ2¹_é�ºX´=»_º�µ�ñ&ê+¸=�Pö�·=üMém»¼ö�·�ñ&ê?·�º�·ÅµQê_µQë8ÿ
H »8ôåì&¸Xé�ºX» H ê¼·aºa·Uê¼·jñ¼»?ê+µQµQêy�)émüC¸)ë_»_º�µ�ñ µ ≈ 1TeV

ï�Á ¤©Â{Ã �}��Ä Â ð¬ü8·aº�¸¹´
é�òG¼-¸Xº�¸Ë´Xë+µEö;µ�þ_ò ñ¼ê¼·aºa·jµQê+µPë H »+ô÷ï √

s
ð¾ý�·-ê¼·�émë_µ�¼¿ê?»némê_¸Xþ_¸X´�µØê?·Ëé�òG¼j»8ô

�)émüC¸)ë_»_º�µ�ñ µ √
s ≈ 2TeV

óÆÅ"üC¸ é�µ »+ý2�?»_é�ñ¼» ºa·�ü8·Êê¼·�ë_µ��?ê?·�º�· µQü_´X»_´)·Eÿ
ñ?µQê_º=ê¼·aºa·ÈµQê_µQë H »8ô

Eeq
�ÌüC¸Eô_º�¸Èº=ë)ô�<)´X·{ìS· »¼ö�·®»�ñ&»_ê_µ�¹?ê_»+ô��)émüC¸)ë_»_º�µ�ñG�

º�¸Éþ+¸=ñ?µmýPê?·�º�·¹µQê_µQë H »+ô<)»<X»+ñ&·åë¼·�´Xê?·nê¼· √
s = 2TeV

�³º�¸{¸=º�ï�²Mó¬³Q¶)ð�é�µ
þ+¸=ñ��	�¼·�´)· ¯

Eeq ≈
√
s

2m
∼= 4

2
· 10−3TeV ≈ 103TeV

ï�²MóÇ²aø)ð

2·aýP»£é�º�¸�¹_ê_¸Xé�º
Eeq

ê¼·ÔìS´X·åþ+¸)ë)ô8ì&ò�ü8·~µUþ_¸aÿ H ¸�ñ?ô¼ö ¸=º{ê?·4¹Mÿ H ë¼·�ê8ì&»_¸�ýEê_»+ô
þ_ë_¸=µQü_º é�ò ýmìS·�ì¼µQê ýE·Èñ&»_ê_µmµQê��)émüC¸)ë_»_º�µ�ñ¥ï

E = 20TeV
ð�óÆÈ"º�º"�+üÀµ{¸��_µ�ÿ

´=»8ì&ê_¸����_µ
�)éQüC¸Xë?»+º�µmñ¼»_º�µnê?·Èê¼·�émë_µ�¼¿ê?»Êémê_¸Xþ_¸X´�µ¹´=»?ê?· H »�¼-µ
<XòîìS·�º®ñ&»8ÿ
ì¼µQë?»Êþ+¸ µQê_µQë H »_»Ê»Á´�µQë_¸Eô_º=ê_¸È´¦<=òîì&µ�¼-µ
¼¿µ
<=òîì&µUì&¸Xé�ºX» H ê¼·aºa·®µQê+µPë H »+ô
√
s ≈ 40TeV

�&º�ó µXó}¼-µ¿»¼ö�·Xö;µj´=ò ýEö;¸*a~ê+¸)é�º�ì³·Ô»+ýK�	�¼·�´)·=ö;µ¿émº=ë��+ü_º"�+ë¼·aºa·
ê?·�öJ»?ü?ë+¸)ém´�µmºa·Uê¼·Uë?·aýPé�º�¸Eô?ê?»+ônì¼¸

10−18cm
ó



Ð�Ñ����2�+É�Ö)w('E��w()w'�,�,%·*#%! �.,%Ê�w�Ö	!Ë·�Õ2,�#1, ´?ê*6
ÜQxCÝU>CÝ�Ü y�è=ãEà�ewA*Ìmâ+á_à�è�Í�A
�YµPü8·

ϕ
µhò H ò ñ&·¹ö;µraËì��

ωy
» þ?ë_µPöJ»?ê?·=´X·�ê_µmº�¸nê¼·u�¼·�é�ºX»_õ¼·aºa·¹¸=ºÔµ�ì&ê¼·aºa·

þ+¸=ñ��CéK��µPë?·U´jìSë�� H ·aºa·+ó=°¸ H ·�´)·hý�·Ëµ�ì&»?êÉþ_µQë?»+¸PìÈ»¼ö�·=öJµ ¯

δE = eVmaxcosϕ
ï�²MóÇ²�³Eð

F"ë?»Uì&¸Xémº�·�º�ò	�?ê+¸�<)·�´Xê+¸j»8ýEöJµQê+µPê_»_µYê?·
ω(t)

»
B(t)

µQê+µPë H »+ô_ºa·hê¼·q�¼·�é�º=»8ÿ
õ?·�º�·~·=´�º�¸Cö�·aºX»��?ê+¸åþ_ë?»_µPö�·Ué�º�¸�¹_ê_¸Xémº=»m<=ñ¼»+ýPü?»åì¼¸~ë_µ�ýQ¸)ê?·=ê_éQê?·�º�·_ó

Ü�ÎCÝU>CÝ?> Ïhà�Í	BXß�â+á_à�è�Í�A�@�Ajß5@_à�Ð	A
Ü�ÎCÝU>CÝ?Î Ñ8ÒKÍ�A�eØà�Í�BXß�â_á+à�è4Í�A
» ö�· H ê_»_º=»_º�µ ~B

é�µ{þ?ë?·=´=»�´ ýE·=´=»?ém»¼ö;¸Xé�º ¸=º�ë¼·EìS»	�)éQ·_óÆ�Ø·�¹��_µQé�º=¸�»¼ö�·
´=»8ìS· ¯

~B = B0
R0

R

n ï�²MóÇ²4²Xð
ü8·aº�¸

0 < n < 1
ó

F"¸º=¸�ýP»-ê¼·*�_»?êh´�ò�ê�±¿ê?»_º�µz�?·=é�º=»?õ_»-émµ�ýE·=ü_ë?»_´�ô?´)·aºYþ+¸)´�µ��_µ��E·´�ò³ºXë+µ�±hÿ
ê_»_º�µUþ+¸�ÿoö�·añ¼üC¸¹ºEó µjé�µ�ì&¸4<=ñ¼»	aË·=´X·aºnü_òÌö õ+µPê+º�ò�ë¼·åê?·¹émê_¸Xþ¼·+ó�Ó�ýEþ+¸=ñ_ýP´)·aº
é�µ¹´)·�ü	���_öJê_» º=ë+ò�<)»s�;üC¸)»+º=¸Èì¼¸)é�º=» H ·�º ë¼·�ý�ö;µQë?»Ê¸=º

1m × 60cm
» ö�·�éP·

m 1
4
≈ 36t

ó

Ü�ÎCÝU>CÝJÔ Õ�è�Ö á�×�A�eØà�Í�B)ß�â+á+à=è�Í�A
�Yµ2¹_ê?»8ô þ?ë?»_ê?õ_»?þ émµUémò�é�º�¸X»£´{ë_µ�ì=�+´X·=ê+µ�ê¼·{ö�· H ê?»_º=»�émò�é¿ém»+ñ¼ê_¸®ê¼·=ö�·�ÿ
ñ_ô¼´X·�¼¿¸�»Éém»+ñ¼ê_¸Ôê¼·�ë¼·�é�º=´)·�¼¿¸~þ+¸=ñ?µ�þ+¸ Ã ó

f · ÃGØ £¡ö�· H ê_»_º=ê_¸=º�¸åþ+¸=ñ?µh´Uº�µmýP»®ö�· H ê_»_º=»®µ ≈ 8, 5T Ù ó
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Ü�ÎCÝU>CÝ?Ü ÝwÌ�ä�Ö�Þ+è4A*@�Ò
F"ë?»Èém´�¸Xµmº�¸�ìS´=»	a¿µQê?»_µjþ_¸åü?ë+ò H ¸X´=»®¸Xë�<X»_º=»��¼·�é�º=»?õ?»+º�µU»+ýmñ?ò��_´)·aºÔém»?ê�½Mÿ
ë+¸Xº=ë+¸)ê_ê_¸��Sü8·aº�¸�ý�·y³�þ_µQë?»+¸PìÈ»+ýmñ¼ò	�_µQê?·�º�·�öJ¸�¼¿ê_¸XémºËµ ¯

P =
2

3

z2

R2

E

m0

4 ï�²MóÇ²"¾Cð
ßY¸)ê_ü?ë_µmº=ê_¸�ýE· Ã  �àÀº�¸X´)·�»8ýQñ?ò	�?´X·=ê+µØµ ¯
d = 9km

�
L = 27km

�+ýE·
E = 2x45GeVf ·�³�¸4<X¸Xë_¸=º�µ�ìS»_ê®µ�ñ¼µQü+ºXë+¸)ê H ��<)»�²��Çá"I�¥�¸úÙjó�Å"üC¸Ôë?·aý H ñ?µ�ì³·=öJµ�ér�_ö�·�ë?ê_»+ô

º�¸Xü��2üC¸�¹_º�¸£µ
I = 9, 15MA

� º=¸÷ê?·XöJ»_ë¼·=öJµ��®�_µ¹»+ýmñ¼ò	�_µQê?·�º�·Èö;¸�¼¿ê_¸Xé�ºÈµ
P ≈ 47MW

ó

Ü�ÎCÝU>CÝ?â Þ�ß5Í)à=á+â+ã(Ò�ä?â�@�Al@�A�ß�á�ÒKãl@_â®ß5@+à4Ð+à�è�Ò
äÌ·aý H ñ?µraËì³·=ö;µ�ë_µP·�ü?õ_»+ô®é�ê+µPþ+¸PìS´=»	a�ê¼·~öJ»�±-µPê?· ¯

S = (p1 + p2)
2 = m2

1 +m2
2 + 2m2E ≈ 2m2E

ï�²MóÇ²*DMð
ü+òîì&µmº�¸yå×µ�µQê_µQë H »8ô?º�·Uê¼·Uémê_¸Xþ¼·+ó
j�µ2�Ø»?ê_»?ë¼·=ö;µhþ_¸�ñ¼µ�ýPê¼·¿µPê+µQë H »+ô ¯

R =

√
S

E

ï�²MóÇ²4áXð

f ·���»?üMém»_ë¼·�ê¼·~öJ»�±-µPê?·U»¼ö�·=öJµ
R =

√
2m2√
E

ó}F�ë_»

p = 200GeV =⇒ R = 0, 1
ï�²MóÇ²"ICð

Ã ö;¸*a¿µØìS·Ëé�µ�þ_¸X´=»�±¿» ·�üC¸�é�µØ»?þ_¸�ñ?ýP´X·�ºC�)émüC¸)ë_»_º�µ�ñ&»Éê¼·Uê?·=émë+µ2¼¿ê?»{émê+¸�ÿ
þ+¸)´�µXó��"µQü8·Ëë?·aý H ñ?µ�ì³·=öJµx²l�¼·�é�º=»?õ?» é�»?ö�þ���ñ&ém»

p1 = (E, ~p), p2 = (E,−~p) ï¡²8ó?²�æ=ð
Ì¸ H ·=´X·i¼-µ�»?ö¾·=ö;µ ¯

S = (p1 + p2)
2 = 4E2, R = 2

ï�²MóÇ²"g)ð



Ð�Ñ����2�+É�Ö�Û('*ç(Û()w'�,�,%·*#%! �.,%Ê1Û�Ö	!Ë·�Õ2,�#1, ´?ê5´
j-·Éë?·aý H ñ¼µ�ì³·=ö;µi�CémüC¸Xë?»+º=µ�ñ_ô Æ ¸Kè Ä"éëê ª hs��´�ò�´�Á ¤©Â{Ã ó®Ì¸�¹8�CémüC¸Xë)ô¼´X·nþ?ë+¸�ÿ
º�¸Xê?» »Á·=ê+ºX»_þ?ë+¸Xº�¸Xê?»Êì&¸®µPê+µQë H »+ô�³ Æ ¸úÙjó f ·Éê_µ H ¸È»?ö�·Xö;µ √

S = 2TeV
ó

Å"üC¸�öJ»�±-µPê?·�º�·�<=µ�±¿µ��Ø»?üMém»?ë?·=ê?·���º�¸�ê_µm¸4<2½)¸PìS»?ö¾·aºa·�ê?»¿µPê+µQë H »+ô�<)»l<)»8ñS·
E = 2.103TeV

Ü�ÎCÝU>CÝíì î�è�Òmã�â	ïJà=ß�ã
äÌ·aý H ñ?µraËì³·=ö;µ¹ë+µP·=ü_õ?»+ô ö;µKajì=� µ�ñ¼µPö;µPê+ºa·�ë?ê_»��¼·�émº=»_õ?» óoð�ë_¸Eô_ºÈ´aýE·=»?ö;¸�ÿ
ì¼µ�¹?é�º=´X»?·�µ�þ?ë+¸)þ+¸)ë_õ?»_¸Xê¼·�ñ¼µQê®ê¼·Ué�µ��_µQê?»+µmº=¸UýE·Ëë+µP·=ü_õ?»+ô ¯

N = Lσ
ï�²MóÇ²a¶)ð

ßY¸Xµ���»_õ?»+µPê+ºa· Ã é�µ-ê?·=ë_»��¼·Ôém´=µmº=»¼ö;¸XémºEód�"µQü8·Ô´Ôþ_ò�ë_´X»8ô éQê+¸)þ »¼ö�·
n1

�³·
´�ò�´�´�º=¸Xë?»8ô

n2
ê¼·C<)ë+¸�¹¦�¼·�é�º=»?õ?»îó�È�ýEê?·*�¼·�´X·Xö;µ�éwñò�_µQé�º�¸Xº�·�º�·Ôê?·~þ_ë_µQém»8ÿ

�?·=ê+µhê¼·¿ì&´)·aºa·�émê_¸Xþ¼·+ó�°¸ H ·�´)·

L =
n1n2

s
f,

ï�²MóU¾=øCð
ü+òîì&µmº�¸
óÅµhé�µ��_µQê_»_µmº�¸�ê¼·Uémê_¸Xþ_¸X´�µQº�µXó

s = 4πσxσy
ï�²MóU¾	³�ð

L =
n1n2

4πσxσy
f

ï�²MóU¾�²Xð
Å"üC¸Àë¼·�ý H ñ¼µ�ìS·Xö;µ÷þ?ë+¸Pì&ò ñ�a~»_º�µ�ñ¼µQê »?ê+º�µPë_´)·�ñ ¸=ºÀ´=ë_µPö;µ��¬º�¸ ö;¸*a¿µPö ì³·
ì¼µ���»?ê_»?ë?·Xö;µ-»?ê+º�µ H ë?·añ¼ê¼·�ém´=µmº=»¼ö;¸Xémº ¯

Lint =

∫
Ldt

ï�²MóU¾4¾)ð

Å"üC¸
L = const

�?º�¸
Lint = LT

é�ë¼·�ýEö;µPë_ê_¸Xé�º
pb−1 ó f ·��)émüC¸)ë_»_º�µ�ñ?ô Ã  Æà

`bunch = 1cm
�
lLEP = 26, 66km

�
nbunch = 30.1010

��´p�)éQüC¸Xë?»+º�µmñ_ô é�µ
ì&´X»�aË·�º
D
ô � h�õ Ç ÿ Ä �?ü8·aº�¸¹ë?·aýEö;µQë?»+º=µ�»¼öÀéQ·

σx = 200µm, σy = 8µm.
ï�²MóU¾"DMð



´>ê ö µK¶4,%·K,�ÐÒÑK�ÔÓ�Ú Õ"!oÖ�Û�#%$¡¶"Û
j-·Ëþ?ë+µPéQö;µmº=ê_µPö

L =
n1n2

4πσxσy
=

3.1020.3.102.106

4π200.10−4.8.10−4.22
≈ 2.1031 ï�²MóU¾�áXð

» éQþ_ë¼·�´=¸��?ê_»?ü8·U»?ö¾·Ué�º�¸�¹?ê_¸Xé�º
L = 2, 4.1031

��÷�¦À÷ §{ø���¨&k�2©_ª�ùo�ûú;ülý�þ�ÿ

• ½ »_ê�½_ë+¸)õ_»?ü+ñ?¸Xº=ë+¸)ê
ä°·�<=¸=ºX»É´Uþ+µQë?»_¸Qì³·j¸=ºm³Q¶�á4æ�ì¼¸m³P¶4g=ø H ¸PìS»_ê¼·+ó�¿�émüC¸)ë)ô?´)·¿þ?ë+¸Xº�¸Xê?»åì&¸
µPê+µQë H »?»¦I=øXøCù�¸oÙjó

• F�ë_¸=º�¸)ê+µQê ½ »?ê�½_ë_¸=º=ë_¸Xê
¿�émüC¸Xë)ô¼´X·¬þ?ë+¸Xº=ë_¸Xê?»Øì¼¸w²"g`¥�¸úÙjó f ·	»?ê	a¿µQü_º�¸Xë?»-ö��Øé�ñ���aË·�º ¯ Ã��t¤©Â £
ÿ©áaø¹ù�¸oÙ
½ »_ê�½_ë_¸=º=ë_¸Xê ¯ ³Pø=øCù�¸úÙ
j-»¼·=ö;µQº�ò�ë?·�öo�¹µ

d ≈ 200m
ó

•
� Ä Ã ÿ©F"ë_µQém»��¼·�¼¿»{émµ�ê¼·aº=ë	�+þ?´X·�¼j»®þ?ë+ò�émº�µQê?»
¿�émüC¸Xë?»+º=µ�ñ ê?·®ê?·=émë+µ2¼¿ê?» émê_¸Xþ_¸X´=µUÿYþ?ë_¸=º�¸)êMÿú·�ê_º=»?þ_ë_¸=º�¸)êÊì&¸®µQê_µQë8ÿ
H »_»

2x31GeV
�&ü8·aº�¸~ì&»¼·=öJµmº�ò�ë_ò³º��{µ

d ≈ 300m
ó}ä°·"<X¸=º=»È´~þ_µQë?»+¸�ÿ

ì³·
³P¶�æ�³�ÿë³P¶4g�³ H ¸Pì&»?ê¼·	�Cü8·aº=¸j´=ë_µPö;µQº�¸-ýE·+a~»?´�¸Xºjê¼·-émê_¸Xþ¼·�µYê8ô¼üC¸�ñ&üC¸
ìSê?»îó

• Ä�à�Ä

f ·=þ+¸��_´)·/ë¼·"<X¸=ºa·�þ_ë_µ�ýº³Q¶�æ�I H ¸Pì&»?ê?·��zü8·�º�¸ é�µ »+ýPþ_¸�ñ?ýP´X·À»Âì&¸Xé�µ H ·
ïrü8·�º�¸Ë»?ê	a¿µQü_º�¸XëåýE·-þ+¸�ÿoö;¸�¼¿ê?»
�CémüC¸Xë?»_º�µ�ñ&»å»åéQ·Xö;¸Xé�º=¸Pô?º�µ�ñ&ê+¸8ð�ó��"µ�ÿ
H ¸X´=»+ô_ºjìS»?·Xö;µmº�ò�ëÉµ

d = 2.2km
»åì&¸Xé�º=» H ·ËµQê+µPë H »?»åì&¸�D�á�ø�¥�¸oÙjó

È�<X¸�ýPê¼·*�+µQê?»_µ�ê¼·ËµQüMémþ_µQë?»?ö;µPê+º=»_º�µ ¯
§ Â�� ê_¸)ö;µQë ¯ §:¸�ó éNÂ�ê ¸ Ä

p, π± (∼ 200GeV )
��§ Â{¤ Á ¯ νµ(∼ 27GeV )
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 ´?êrv
¤©Â�� ê_¸)ö;µPë ¯ ¤ ª êQé Ç Â�ê ¸ Ä ï�ó «Àª� � ñ Ä ó é ¸ Ù éëê�Ä õ é�� ª hSð
Spp̄S

´=ü+ñ����?´X·Ë·�ê_º=»?þ_ë_¸=º=ë_¸Xê_µQêÈ·�ü	�_ö���ñ&·�º�¸Xë�ï�Å�Å�ð émò�é"é�º�¸2½M·=é�º=»��Mÿ
ê_¸Ë¸�½8ñS·(aËì³·�ê�¸Xó f ·�þ_¸��?´X·jë?·�<=¸Xº�·Ëþ?ë+µ�ý�³Q¶�g	³4�+ü8·aº�¸jìS´X·�º�·Ëémê_¸Xþ¼·¿éP·¿é
µPê+µQë H »?»

2x270GeV
ó*�Ø·zê+µ H ¸zéQ·	ë¼·�ýEþ+¸=ñ?¸*a¿µQê?»�ì¼µQº�µQü_º�¸Xë?»+º=µ

UA1, UA2

•
Ã  Æà

F��Cémê?·�º-µ"´hµQüMéQþ8ñ¼¸)·�º�·=õ_»+ôåþ?ë+µmý�³Q¶4gX¶ H ¸PìS»_ê¼·+ó�°¸X´)·�µ`�)éQüC¸Xë?»+º�µmñnê¼·
ê¼·�éQë+µ�¼jê_»�émê_¸Xþ_¸X´=µ��Pü8·aº�¸Yþ	�)émüC¸)´X·aºa·ÅµQê_µQë H »8ô�µ

2x50GeV
ó"ÓØö�· ìS»¼·Eÿ

öJµmº�ò�ë
d = 9m, l = 27km

�mü8·aº�¸�õ+µPê?·�º�·ö���´�ò ýQñ¼»+ýE·¬ê¼·
1.5x109CHF

ó
�Ø·Ëê_µ H ¸�éQ·Uë¼·�ýPþ_¸�ñ¼¸*a¿µQê?»åì¼µQº�µQü_º�¸Xë?»+º=µ ¯

ALEPH − 3000t, 500000 CHF

DELPHI − 3500t, 200000 CHF

L3− 7500t,

OPAL− 2700t,

¿�émüC¸Xë?»+º=µ�ñ_ô®»+ýPë¼·�ýr½C¸Pì&´)·¿¸)üC¸�ñ¼¸
900GWh

H ¸QìS»�±¿ê_¸?ó
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